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Preface  to  the  Second  Russian  Edition 


The  first  edition  of  Theory  of  Elasticity  of  an  Anisotropic 
Body  was  published  in  1950.  Since  1950  the  theory  of  elastic¬ 
ity  for  anisotropic  bodies  has  been  continually  developed 
and  enriched  with  new  investigations  of  both  serious 
problems  of  a  general  nature  and  individual  aspects  of  these 
problems.  Thus,  the  general  theory  has  been  placed  on  a 
rigorous  scientific  basis  and  a  number  of  laws  have  been 
established,  with  the  result  that  this  theory,  first  worked  out 
by  B.  de  Saint-Venant  and  P.V.  Bekhterev,  has  been 
revived.  A  wide  range  of  individual  topics  from  the  field 
of  generalized  plane  strain,  torsion,  and  bending  have  been 
worked  on,  and  a  very  large  number  of  special  problems 
relating  to  these  topics  have  been  solved.  New  problems 
have  been  considered  and  solved,  namely  those  of  the  torsion 
and  bending  of  bodies  of  revolution,  of  stress  concentration 
in  three-dimensional  systems  (in  rigorous  terms).  Of  great 
importance  is  the  development  and  construction  of  many 
entirely  new  anisotropic  materials  which  possess  a  number 
of  advantages  over  those  previously  known  (for  example, 
glass-fibre  reinforced  plastics).  Thus,  over  a  quarter  of  a 
century  this  branch  of  science  has  made  great  progress, 
both  in  a  theoretical  and  a  purely  practical  way,  i.e. ,  in 
constructing  new  anisotropic  materials.  Nevertheless,  what 
was  achieved  in  the  theory  of  elasticity  for  anisotropic 
bodies  prior  to  1950  has  not  lost  its  significance  in  our  time 
(the  seventies  of  the  twentieth  century),  and,  it  seems  to  us, 
deserves  repeating,  partly  in  new  terms,  in  the  second 
edition  of  the  book. 

Of  course,  it  is  not  possible  in  a  small  book  to  describe 
every  new  development  in  this  field  over  a  quarter  of  a 
Century.  We  therefore  wish  to  make  it  clear  from  the  outset 
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that  the  material  presented  here  is  not  exhaustive.  More¬ 
over,  some  topics  and  problems  are  not  considered  at  all; 
we  give  solutions  to  those  that  seem  to  us  to  be  the  most 
important  and  interesting  in  terms  of  practical  application 
(including  some  new  ones).  As  in  the  first  edition,  we  deal 
with  anisotropic  bodies  undergoing  only  small  elastic 
strains  and  following  the  generalized  Hooke’s  law.  As 
before,  inelastic  strains  in  an  anisotropic  body  are  not  con¬ 
sidered  at  all,  and  among  the  specific  topics  and  problems  we 
exclude  from  consideration  stability  problems  for  plates 
(thin  slabs)  and  shells,  dynamics  problems,  and  general 
problems  in  three  dimensions.*  Of  the  new  problems  we 
mention  some  involving  the  bending,  torsion,  and  other 
types  of  deformation  of  non-homogeneous  bodies,  and  also 
indicate  several  problems  solvable  in  rigorous  terms. 

On  the  whole,  the  second,  revised  edition  is  somewhat 
larger  than  the  first  edition,  although  we  have  found  it 
possible  to  exclude  some  sections  that  were  in  the  first 
edition. 

The  second  edition  of  the  book  includes  nine  chapters 
covering  six  topics:  (1)  general  concepts  and  equations; 
(2)  the  simplest  problems;  (3)  the  elastic  equilibrium  of  a 
body  bounded  by  a  cylindrical  surface  in  which  the  stresses 
do  not  vary  along  the  generators  (generalized  plane  strain, 
generalized  torsion,  plane  problem,  pure  torsion — Chaps.  3 
to  6);  (4)  the  equilibrium  of  an  anisotropic  cantilever; 
(5)  the  torsion  of  bodies  of  revolution,  and  (6)  the  axially 
symmetric  deformation  of  bodies  of  revolution. 

At  the  end  of  the  book  we  have  appended  a  list  of  refer¬ 
ences  containing  the  titles  of  works  used  directly  in  the  text, 
arid  also  of  other  works  on  the  theory  of  elasticity  for 
anisotropic  bodies  (monographs  and  papers)  which  appear  to 
be  important  and  interesting.  Also  included  here  are  some 
basic  courses  in  elasticity  and  several  handbooks  used  in 
the  derivation  of  a  number  of  formulas.  When  a  reference  is 
given  in  the  text,  we  indicate  the  number  of  the  work  in 
the  list  in  square  brackets.  The  list  of  references  makes  no 
claim  to  be  complete.  An  attempt  to  reflect  all  the  known 


*  Incidentally,  only  a  few  solutions  of  such  problems  are  so  far 
known.  ' 
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literature  on  the  questions  discussed  in  the  book  and  relat¬ 
ed  questions  would  result  in  a  very  large  list.  We  have 
decided  against  this,  in  the  belief  that  more  complete  lists 
of  the  literature  will  be  given  in  the  relevant  review  papers 
and  bibliographical  indices.  At  present  such  indices  are 
available  for  non-homogeneous  bodies  (isotropic  and 
anisotropic),  compiled  by  G.B.  Kolchin  and  E.A.  Faver- 
man  [18]  and  covering  works  appearing  between  1923  and 
1973  inclusive  (more  than  2600  items). 


S.  G:  Lekhnitskii 


From  the  Preface  to  the  First 
Russian  Edition 

In  modern  structures  the  members  are  made  not  only  of 
materials  that  are  usually  considered  as  homogeneous  and 
isotropic  in  design,  but  also  of  anisotropic  materials,  which 
show  a  sharp  difference  in  elastic  properties  for  different 
directions. 

An  example  of  such  materials  is  provided  by  natural 
wood;  it  is  well  known  that  the  elastic  modulus  of  wood  in 
tension  parallel  to  the  grain  is  considerably  greater  than  the 
corresponding  modulus  in  tension  perpendicular  to  the 
grain,  and  that  its  elastic  constants  depend  on  the  direction 
in  relation  to  the  wood  fibres.  Synthetic  materials  used  in 
aircraft  construction,  such  as  delta  wood,  aircraft  plywood, 
fabric  laminate,  are  anisotropic  (and,  moreover,  non-homo¬ 
geneous)  materials.  Crystals  and  some  rocks  exhibit  aniso¬ 
tropy  of  elastic  properties.  Anisotropy  of  concrete  has  been 
noted  and  investigated  by  various  authors. 

Besides  members  made  of  materials  having  anisotropy 
dependent  on  the  internal  structure  (“natural”  anisotropy), 
in  modern  structures  elements  with  so-called  structural  or 
artificial  anisotropy  are  also  used.  They  include  plates  and 
shells  of  isotropic  material  that  are  corrugated  or  reinforced 
with  closely  spaced  stiffeners. 

To  design  anisotropic  members  undergoing  elastic  strains, 
it  is  necessary  to  know  how  to  determine  the  stresses  and 
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strains  in  anisotropic  bodies  theoretically,  i.e.,  to  solve 
problems  of  the  theory  of  elasticity  for  anisotropic  bodies. 
As  is  known,  the  number  of  independent  elastic  constants  in 
an  isotropic  body  is  two  (Young’s  modulus  and  Poisson’s 
ratio).  In  the  case  of  an  anisotropic  homogeneous  body  the 
number  of  independent  elastic  constants  may  be  consider¬ 
ably  larger,  viz.  21  in  the  general  case  of  anisotropy.  To 
solve  problems  of  the  distribution  of  stress  and  strain  in  an 
anisotropic  body,  it  is  necessary  to  proceed  from  the  equa¬ 
tions  of  the  theory  of  elasticity  that  take  account  of  the 
difference  in  elastic  properties  for  different  directions  and 
accordingly  contain  more  than  two  elastic  constants.  Such 
problems  may  be  encountered  by  a  designer,  and  also  by  a 
specialist  in  mining  engineering  and  a  physicist  working 
with  crystals. 

At  present  the  theory  of  elasticity  for  isotropic  bodies  is 
comprehensively  and  thoroughly  developed  (owing  above  all 
to  the  works  of  the  Soviet  scientists  G.V.  Kolosov, 
N.I.  Muskhelishvili,  B.G.  Galerkin,  P.F.  Papkovich, 
and  many  others).  The  theory  of  elasticity  for  anisotropic 
bodies  is  not  so  well  developed,  but  in  this  field,  too,  a  great 
body  of  material  has  been  accumulated  in  the  form  of  papers 
published  in  various  periodicals,  collections  of  papers,  and 
several  monographs.  The  problems  most  completely  studied 
are  those  of  the  state  of  stress  and  the  stability  of  anisotropic 
plates  (an  account  of  these  problems  is  given,  for  example,  in 
the  author's  book  Anisotropic  Plates),  while  other  problems 
have  not  yet  received  a  sufficiently  full  systematic  treatment. 

We  believe  that  at  present  there  is  an  urgent  need  to  collect 
together  the  accumulated,  but  not  yet  systematized 
material,  to  put  it  in  order,  and  to  publish  it  as  a  separate 
monograph.  It  would  help  designers  and  other  specialists 
who  deal  with  problems  of  the  elasticity  of  anisotropic  bodies 
in  gaining  some  insight  into  these  problems  and  in  using 
the  results  of  investigations  to  work  out  their  particular 
problems.  The  present  book  is  such  a  monograph,  containing 
both  the  author’s  investigations  (taking  up  a  major  part  of 
the  book)  and  the  results  obtained  by  other  scientists. 

The  book  covers  the  following  topics:  the  general  equations 
of  the  theory  of  elasticity  for  anisotropic  bodies  (Chap.  1); 
the  simplest  cases  of  elastic  equilibrium  (Chap.  2);  the  state 
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of  stress  in  an  anisotropic  body  bounded  by  a  cylindrical 
surface  in  which  the  stresses  do  not  vary  along  the  generators 
(Chaps.  3  and  4);  the  state  of  stress  in  an  anisotropic 
cantilever  of  uniform  section  deformed  by  a  transverse  force 
(Chap.  5);  the  symmetrical  deformation  and  torsion  of  bodies 
of  revolution  (Chap.  6). 

It  is  seen  from  this  that  the.  book  makes  no  claim  to  cover 
all  problems  of  the  theory  of  elasticity  for  anisotropic 
bodies,  but  presents  only  some  of  the  most  studied  but  as 
yet  unsystematized  problems.  It  contains  no  investigations 
of  the  bending  and  stability  of  anisotropic  plates  since  these 
problems  are  fairly  completely  worked  out  in  the  author’s 
book  Anisotropic  Plates.  The  problem  of  plane  strain  and 
generalized  plane  stress  is  outlined  briefly  (in  connection 
with  the  more  general  problem),  among  the  special  cases 
only  the  most  important  being  discussed.  The  book  does  not 
touch  upon  the  problems  of  the  equilibrium  and  stability  of 
anisotropic  shells  or  the  dynamics  of  an  elastic  body  (except 
for  the  general  equations  of  motion).  In  all  cases  it  is  as¬ 
sumed  that  the  strains  are  elastic  and  small,  and  that  the 
material  follows  the  generalized  Hooke’s  law.  At  the  end 
of  the  book  there  is  a  list  of  references,  which  includes  some 
basic  courses  in  elasticity  as  well  as  works  treating  special 
problems. 


S.G.  Lekhnitskii 


Chapter  1 


GENERAL  EQUATldNS 
OF  THE  THEORY 
OF  ELASTICITY 
OF  AN  ANISOTROPIC 
BODY 


The  present  chapter  is  introductory.  Here  we  recapitulate 
the  fundamental  principles  of  the  theory  of  elasticity  and 
the  general  equations,  which  will  be  used  in  what  follows 
for  the  construction  of  solutions  to  specific  problems  of  the 
theory  of  elasticity  for  anisotropic  bodies. 


1.  States  of  Stress  and  Strain 
in  a  Continuous  Medium 

In  studying  the  states  of  stress  and  strain  in  anisotropic 
bodies  produced  by  an  external  load,  we  make  a  number  of 
assumptions  imposing  certain  restrictions.  The  most 
important  of  these  reduce  to  the  following. 

(1)  A  body  is  solid  (a  continuous  medium),  the  stresses 
on  any  plane  within  the  body  and  on  its  surface  are  forces 
per  unit  area.  In  other  words,  the  couple  stresses,  which  are 
introduced  in  some  present  works,  are  neglected,  as  is  done 
in  the  classical  theory  of  elasticity. 

(2)  The  relation  between  the  components  of  strain  and 
the  projections  of  displacement  and  their  first  derivatives 
with  respect  to  the  co-ordinates  is  linear,  i.e. ,  we  consider 
only  small  strains. 

(3)  The  stress-strain  relations  are  linear,  i.e.,  the  materi¬ 
al  follows  the  generalised  Hooke’s  law;  the  coefficients  in 
these  linear  relations  may  be  either  constant  (homogeneous 
body)  or  variable,  i.e.,  functions  of  position,  continuous  or 
discontinuous  (in  the  case  of  a  non-homogeneous  body). 

(4)  The  initial  stresses,  i.e.,  those  existing  without  any 
external  load,  including  the  thermal  stresses,  are  disregarded; 
specific  problems  of  dynamics  are  not  considered. 
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Thus,  we  approach  the  theory  of  anisotropic  elastic 
bodies  from  the  standpoint  of  the  classical  linear  theory  of 
homogeneous  or  non-homogene ous  elastic  bodies.  Of  course, 
dynamic  problems,  stability  and  vibration  problems, 
problems  involving  large  strains  and  some  others,  as  well  as 
problems  for  an  inelastic  anisotropic  body  fall  out  of  our 
view. 

In  considering  specific  problems,  we  shall  mostly  use 
Cartesian  or  cylindrical  orthogonal  co-ordinates,  and  only 
in  certain  cases  spherical  co-ordinates. 

We  first  indicate  the  major  notation  used.* 

The  co-ordinates  of  points  in  three-dimensional  space  are 
denoted  for  different  co-ordinate  systems  as  follows:  x,  y, 
z  =  Cartesian,  r,  0,  z  =  cylindrical,  p,  0,  <p  —  spherical. 

The  same  letters  are  used  to  designate  the  co-ordinate 
directions. 

The  stresses  acting  on  planes  normal  to  the  co-ordinate 
directions  are  each  resolved  into  three  components:  one 
normal  (normal  stress)  and  two  tangential  (shearing  stresses). 
The  normal  stresses  are  denoted  by  the  letter  rr  with  one 
subscript  indicating  the  direction  of  the  normal  to  a  plane 
(and  of  the  stress).  The  shearing  stresses  are  denoted  by  the 
letter  t  with  two  subscripts  (the  direction  of  the  normal  to  a 
plane  and  the  direction  of  the  stress).  On  planes  normal  to 
the  axes  of  a  Cartesian  co-ordinate  system  we  have  the  stress 
components 

Gx,  T-Xl n  T XZ1  tyjC!  Gy,  XyZ\  Tj;,,  X  Zy,  az. 

The  stress  components  constitute  a  stress  tensor;  it  is 
often  written  as  a  matrix,  which,  for  reasons  of  the  equilib¬ 
rium  of  an  infinitesimal  element  of  the  body,  is  symmetrical 
(and  hence  the  tensor  is  symmetrical): 


Gx 

rx  y 

Tjcz 

Xxy 

Gy 

Tyz 

Xxz 

xyz 

Gz 

*  The  basic  formulas  and  equations  of  continuum  mechanic 
underlying  the  theory  of  elasticity  are  not  derived  here  since  thej 
may  be  found  in  courses  in  elasticity  (see,  for  example,  the  course 
by  A.E.H.  Love  [29],  V.V.  Novozhilov  [34],  L.  S.  Leibenzon  [24]) 
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The  tensor  is  of  rank  two. 

The  expressions  for  the  stress  tensors  in  a  cylindrical 
and  a  spherical  system  are  written  as 


0> 

Tr0 

D-Z 

^p0 

Tp(p 

oe 

'KQz 

i 

"Cp0 

<*0 

TOcp 

*rz 

Uz 

°z 

Tp(p 

^0<p 

Oy' 

Figure  1  shows  planes  normal  to  the  co-ordinate  directions 
x,  y,  z  and  r,  0,  z  of  a  Cartesian  and  a^iylindrical  co-ordinate 


Fig.  1. 

system  and  the  stress  components  on  them,  which  are  all 
considered  positive. 

Knowing  the  stress  components  at  a  point  (of  which  only 
six  are  consequently  independent)  on  three  mutually  perpen¬ 
dicular  planes  passing  through  any  point  of  a  body,  we  can 
determine  the  stresses  on  a  fourth  plane  passing  through  the 
same  point.  Denoting  the  normal  to  the  fourth  plane  by  n 
and  the  projections  on  the  x,  y,  z  axes  of  the  stress  acting 
on  this  plane  by  Xn,  Yn,  Zn,  we  have  three  formulas  to 
determine  the  unknown  projections: 

•Xn  —  ox  cos  (n,  x)  +  Txy  COS  (n,  «)  +  T*zCOS(rt,  z),  1 

Y'n  ~  ^xy  COS  (n,  x)  -f-  oy  cos  (n,  y)  -f  %yz  cos  (n,  z),  >•  (1.1) 

^n  =  TxzCOS  («,  x)  -f  Tyz  COS  (n,  y)  +  Oz  COS  («,  z).  ) 

2-0800 
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Similar  formulas  can  be  written  in  cylindrical,  spherical, 
and  other  curvilinear  co-ordinates.  Besides  Cartesian  co-ordi¬ 
nates,  only,  cylindrical  and  spherical  co-ordinates  will  be 
encountered  in  this  book. 

In  this  chapter  we  shall  also  use  another  notation  for  the 
stress  components  in  the  derivation  of  some  theoretical 
propositions,  namely  ati  (i  =  1,  2,  3)  for  the  normal 
stresses  and  a i;-  (i  /,  i,  j  =  1,2,  3)  for  the  shearing  stresses. 

.  The  projections  of  the  displacement  of  a  point  on  the 
axes  of  Cartesian,  cylindrical,  and  spherical  co-ordinates 
are  denoted  as 

u,  v,  w  (Cartesian), 

ur,  u6,  w  (cylindrical), 

Up,  u6,  uij,  (spherical). 

The  deformation  of  a  body  in  the  neighbourhood  of  a  given 
point  is  characterized  by  the  components  of  strain,  namely 
three  extensions  and  three  shearing  strains.  The  first  three 
are  denoted  by  the  letter  s  with  a  subscript  indicating 
the  original  direction  of  a  segment,  which  lengthens  or 
shortens,  the  last  three  are  denoted  by  the  letter  y  with  two 
subscripts  indicating  the  original  perpendicular  directions, 
(for  example,  ex  and  ey  are  the  extensions  of  segments, 
originally  parallel  to  a?  and  y,  yxy  is  the  change  in  angle 
between  segments  whose  original  directions  were  x  and  y ). 

1 

The  strain  components  e*  and  yYi/  constitute  a  symmet¬ 
rical  tensor  of  rank  two.  Written  as  a  matrix,  it  is  of  the 
form,  for  a  Cartesian  system  x,  y,  z, 

1  1 

ex  2  Yxy  2  Yxz 

1  ;  1 

2  Yxy  Ey  2  Yyz  • 

i_  1 

2  Yxz  'J  Yyz  Bz 

For  other  orthogonal  co-ordinate  systems  this  matrix  it 
written  in  a  similar  way,  and  we  shall  not  give  it  here. 

We  further  indicate  the  relation  between  the  components 
of  strain  (in  certain  cases  we  shall  denote  them  by  e;j,  ni}) 
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and  the  projections  of  displacement  in  three  co-ordinate 
systems. 

(1)  Cartesian  system: 

_  du  dv_  dw  x 

8*-  *  ’  I 

do ,  dw  dw  .  du~  du  .  dv  |  '  ’  ' 

Vv*  =  ~dT  +  1>ir'  y*z~dx+dz’  ^xv~~dy'~dl’  ' 

(2)  Cylindrical  system: 


UUT  L  (Vt*0  |  Uj-  uw 

&T  ~  IT  ’  e0  =  7~  ~30~+T  ’  e*==_37' 

_  dug  1  dw  _  dw  ,  duT 

YQz  ~  ~dT  +  T  30  ’  Vrz  ~  17  +  ~dT  > 

1  duT  |  gue  “e 
Tre  ~  r  30  3r  r  * 

(3)  Spherical  system: 

^“p  _  1  a«e  ,  “p 

8p  “  ”ap"  ’  60 p  30  '  p  ’ 

**=7hrw+ fcotQ+T> 


Ye<(,~?  (“3T  —  “<PCOt0)  +  psLe  Iqf"*  (ll4) 

1  3ap  (  3u< p 

^p<,p  p  sin  0  3(p  '  3p  p  ’ 

v  ,  —  1  dUp  |  du8  “6 

ip0  p  30  '  3p  p  ’  j 

If  the  strains  are  not  small,  the  extensions  and  shears, 
8i>.Yi/,  are  related  to  the  displacements  by  non-linear 
equations.  An  example  are  the  relations  for  a  Cartesian 
co-ordinate  system: 

^r/i+s^+(*)*+(*)*+(*-)--lf  L.5) 

du  dv  du  du  ,  dv  dv  .  dw  dw 
Sin  y  =  dy'dx'  dx  dy  '  dx  dy  '  dx  dy 
(f  +  8ac)  (t  +  8p) 


2* 
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The  other  three  components,  zz,yyz,  yxz,  are  found  from 
(1.5)  by  cyclic  permutation  of  the  subscripts. 

Finally,  what  we  shall  need  in  the  following  is  the  differen¬ 
tial  equations  of  equilibrium  and  motion  for  a  continuous 
medium  (not  necessarily  elastic).  The  equilibrium  equations 
are  written  as  (denoting  the  projections  of  body  forces  per 
unit  volume  on  the  co-ordinate  directions,  respectively,  by 
X ,  Y,  Z ;  if,  0,  Z;  P,  0,  <D) 

(1)  Cartesian  co-ordinate  system: 


do. e  ,  foxy 
dx  '  dy 
dXxy  dOy 
dx  dy 
dtxz  | 

dX  Qy 


dz 

dXyz 


dz 

da. 


dz 


+  *  =  0, 
+  Y~0, 
-|-  Z  ==  0; 


(1.6) 


(2)  cylindrical  system: 

daT  ,  1  dtrQ  ,  dxrz  ,  or-~Oe  ,  o  n 

-w-+7-w-^r+—r~  +  R-~0' 

dxrQ  |  1  dag  .  dXQz  .  2xr9  |  n 

dr  ~r  r  ae  dz  r  '  ~ 

dxrz  ,  1  9%qz  daz  |  Xrz  ,  ,j  f-|, 

~dr  •"  7  —ffl~  +  17"  +  ~~r  rZ  —  V, 


(3)  spherical  system: 


~w+ 

p  ' 

-4- 

ao  1 

p  sin  0 

dcp  1 

i 

1" 

}(2ae- 

-  o-e  —  -f  tP0  cot  0)  +  P  —  0, 

drpd 

i 

d$e  | 

1 

3t6<p 

dp  1 

p 

ae  1 

p  sin0 

acp  * 

+  |[(ae-a,)  cot  0  +  3tp6]  +  0  =  0, 

drP<f> 

An  l 

dT>Q(p 

L  1 

dOfp 

*  -3sr+ 

+  y  (2re<f  cot  0  +  3tp(P)  +  <D  ==  0. 


(1.8) 
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The  equations  of  motion  are  easily  obtained  from  the 
equations  of  equilibrium  by  adding  inertia  terms  to  the  body 
forces.  The  inertia  terms  are  equal  to  the  density  p  times 
the  negative  of  the  projections  of  acceleration,  which  are 
usually  expressed  in  terms  of  the  projections  of  displacement. 
Thus,  for  a  Cartesian  co-ordinate  system  and  small  strains, 
to  the  functions  X,  Y,  Z  must  be  added 

-  -  d2v  -  d2w 

~  p  ~aW  ’  ~~  P  It?  ’  _f) 

(the  displacements  are  functions  of  the  co-ordinates  of  points 
of  a  body  before  deformation  and  the  time  t ).  The  other 
equations  of  motion  will  not  be  needed  in  later  parts  of  the 
book,  and  we  therefore  leave  the  discussion  at  this  point. 


2.  Transformation  of  Stress  Components 

to  New  Axes 

In  practice  cases  frequently  occur  where  the  stress  compo¬ 
nents  referred  to  one  co-ordinate  system  x,  y,  z  (“old”)  are 
known,  and  it  is  required  to  determine  them  for  another 
system  x' ,  y' ,  z'  (“new”).  It  is  assumed  that  both  systems 
are  orthogonal,  but  not  necessarily  Cartesian. 

Retaining  the  previous  notation  for  the  stress  compo¬ 
nents  referred  to  the  system  x,  y,  z,  and  indicating  the 
components  in  the  new  system  x' ,  y  ,  z'  by  primes,  we  obtain 
the  required  transformation  formulas  by  using  expressions 
(1.1)  for  the  projections  of  the  stress  on  a  plane  with  an 
arbitrarily  directed  normal.  We  assign  the  cosines  of  the 
angles  between  the  axes  of  the  old  and  new  co-ordinate 
systems  by  Table  1.  Thus,  Zn  =  cos  (x' ,  x),  l23  = 

=  cos  (y\  z),  etc. 

Consider  a  plane  with  normal  x  and  the  stress  on  it  with 
projections  Xx>,  Yx-,  Zx>  on  the  old  axes.  By  projecting 
the  stresses  on  the  directions  of  the  axes  of  the  new  system, 
we  obtain 


°*  —  Xx-lti  -f-  Y X'li2  +  Zx.li3, 

T-xy  =  Xx'lzt  -f"  Yx'l2£-\-  Zx’l23, 
^xz  —  Xxd3 1  -T  Y x'hz  +  %X'la 3. 


(2.1) 
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Cosines  Table  1 


X 

y 

z 

x' 

hi 

hz 

hi 

y' 

hi 

hi 

hi 

z' 

hi 

hi 

ha 

Substituting  expressions  (1.1),  where  n  —  x' ,  we  obtain 
three  stress  components  as  homogeneous  quadratic  functions 
of  the  cosines  We  next  consider  the  stresses  on  planes 
with  normals  y  ,  z\ 

Below  are  twoTfinal  formulas: 


°X  =  °xlu  +  ayl  12  4*  CTZ^13  4- 

+  2tj/zZ12Z13  -f-  2xxzluli3  4-  2Txyluli2, 
Xyz  —  Oxl2ll3i  4-  Oylz 2^32  4"  ®z^23^33  4 

+  Tyz  (Z22Z33  4-  hsht)  +  T*z  (hiha 4*  hihi)  + 

+  (*21*32+  ^22*3l)-  I 


(2.2) 


The  remaining  four  components  of  o',  t'  are  found  by 
cyclic  permutation  of  the  subscripts  of  Z;j-. 

In  a  similar  way  we  obtain  formulas  for  the  inverse 
transformation  from  the  stresses  o',  t'  to  the  stresses  o,  t. 
We  give  two  of  these: 


+  ^yzhthi  4"  2,Xxzliil3i  4"  2Ts.yZ11Z2i, 

— UxZl2Z13  4'°I!/^22^23H_<Jz^32^33  4'  '(  (2-3) 

+  T yz  (^22^33  4~  ^23^32)  4"  Taz  (Zj2^3s4  hzhs)  4 

'  4-’T 

xy  (^12^23  4"  ^22^13) • 

The  formulas  for  the  transformation  of  stresses  to  new 
qjfes  can  easily  be  written  by  using  the  concise  tensor  not  a- 
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tion  [31],  with  the  necessary  change,  as  noted  above,  of 
the  notation  for  the  stress  components.  Let  us  denote  (for 
the  present)  all  stress  components  by  a  single  letter  a  with 
two  subscripts:  like  subscripts  for  the  normal  components 
and  unlike  subscripts  for  the  tangential  components  (atj). 
Thus,  dn  —  d*,  d 23  =  tvz,  etc.  The  six  formulas  for  the 
transformation  of  stress  components  to  new  axes  are  then 
written  as  a  single  formula: 

3  3 

°'hl=  S  2  aijhillj-  (2.4) 

i=l  5=1 


In  this  notation  the  summation  signs  are  usually  omitted 

dfci  =  (fijlhihj ■  (2-5) 

In  this  formula  k,  l  are  fixed,  and  i,  j  are  indices  to  be 
summed  from  1  to  3.  The  formulas  for  the  transformation 
from  a'ij  to  d;;-  are  written  in  a  similar  way: 

df  j  —  (f’hihihj-  (2.6) 

Here  the  indices  i,  j  are  fixed,  and  k,  l  are  summed. 

We  give  formulas  for  the  transformation  between  stresses 
in  a  Cartesian  co-ordinate  system  and  stresses  in  a  cylindri¬ 
cal  system  r,  0,  z  (the  z  axes  of  both  systems  are  coincident). 


Cosines  Table  2 


X 

V .  . 

z 

x' 

cos  0 

sin  0 

0 

' 

y' 

sin  0 

cos  0 

0 

z' 

0 

0 

1 
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Table  1  for  the  cosines  takes  the  form  of  Table  2.  The  fina 
formulas  are  written  as 


ar  =  a*  cos2  0  -(-  oy  sin2 8  -j-  2rxy  sin  0  cos  0, 
a0  =  ax  sin2  0  +  <Jy  cos2  8— 2T.,.,,  sin  0  cos  0, 

Tre  =  (ay  —  ax)  sin  0  cos  8  +  rxy  (cos2  0  —  sin2  0) , 

T Tz  =  tKZ  COS  0  -f-  T yz  sin  0, 

t0z= — Ta:2sin0+TI/zcos0,  az  =  az. 


(2.7 


The  formulas  retain  the  same  form  for  rotation  transfor¬ 
mation,  i.e.,  for  the  transformation  from  the  stresses 
dx,  ay,  .  .  .,  jxy  to  stresses  ax,  ay,  .  .  x'xy  referred  to  a 
co-ordinate  system  x' ,  y' ,  z'  obtained  by  rotating  the  firs 
system  through  an  angle  q>  about  the  z  axis  (0  =  cp). 

The  transformation  of  strain  components  to  new  axes  i; 
made  by  formulas  closely  similar  to  (2.5)-(2.7)  since  these 
components  constitute  a  tensor  analogous  to  the  stress  tensor. 
On  comparing  these  two  tensors,  we  see  that  to  the  normal 
stress  a  corresponds  the  extension  e,  and  to  the  shearing, 

stress  t  corresponds  one  half  of  the  like  shear,  y  y.  Conse¬ 
quently,  the  formulas  for  strain  components  referred  to  new 
axes  are  obtained  from  (2.3)  by  substituting  e  for  a  and 

yV  for  t. 


3.  Generalized  Hooke's  Law 

The  foregoing  formulas  and  equations  are  valid  for  every 
continuous  medium,  irrespective  of  its  physical  properties. 
Proceeding  to  an  elastic  body,  we  must  choose  a  model 
reflecting  the  elastic  properties  to  obtain,  in  addition  to  the 
equations  of  Secs.  1  and  2,  relations  between  the  strain  and 
stress  components.  Since  we  are  considering  only  small 
strains,  the  model  in  question  is  taken  to  be  a  continuous 
medium  following  the  generalized  Hooke’s  law.  In  other 
words,  we  shall  consider  only  such  media  and  bodies  in 
which  the  strain  components  are  linear  functions  of  the 
stress  components.  These  functions  must  be  homogeneous 
since  it  is  assuiped  that  in  the  absence  of  stresses  the  strain 
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components  are  also  zero,  and  vice  versa,  i.e.,  if  e  =  y  =  0, 
then  cr  =  t  =  0. 

Bodies  obeying  the  generalized  Hooke’s  law  may  be  differ¬ 
ent,  and  hence  it  is  necessary  to  give  a  classification  reflecting 
their  features,  if  only  approximately.  As  far  as  the  elastic 
properties  are  concerned,  all  bodies  may  be  divided,  on  the 
one  hand,  into  homogeneous  and  non-homogeneous,  and,  on 
the  other  hand,  into  isotropic  and  anisotropic.  By  a  homo¬ 
geneous  body,  with  regard  to  its  elastic  properties,  is  meant 
one  whose  elastic  properties  are  the  same  at  different  points; 
a  non-homogeneous  body  has  different  elastic  properties  at 
different  points.  If  the  elastic  characteristics,  for  example 
the  elastic  moduli  (see  below),  vary  from  point  to  point  in 
a  continuous  manner,  the  non-homogeneity  may  also  be 
termed  continuous;  if,  however,  the  elastic  characteristics 
undergo  discontinuities  in  passing  from  point  to  point,  for 
example  change  abruptly,  the  non-homogeneity  is  said  to 
be  discontinuous  or  discrete.  A  stepwise  change  occurs  in 
bodies  composed  of  several  parts  with  different  elastic  prop¬ 
erties  (of  different  materials). 

An  isotropic  body,  with  regard  to  its  elastic  properties, 
is  one  in  which  these  properties  (elastic  resistance)  are  the 
same  for  all  directions  drawn  through  a  given  point;  an 
anisotropic  body  has,  in  general,  different  elastic  properties 
for  different  directions  drawn  through  a  given  point. 
Directions  for  which  the  elastic  properties  (elastic  resistance) 
are  the  same  are  said  to  be  elastically  equivalent.  For  an 
isotropic  body  all  directions  drawn  through  a  given  point 
are  elastically  equivalent,  while  for  an  anisotropic  body 
not  all,  but  only  some  are.  Depending  on  the  structure,  a 
body  may  be  isotropic  or  anisotropic  and  at  the  same  time 
homogeneous  or  non-homogeneous.  Note,  further,  that  two 
basic  types  of  anisotropy  may  be  distinguished  in  different 
media:  (1)  rectilinear  and  (2)  curvilinear.  Rectilinear  aniso¬ 
tropy  is  discussed  in  this  section,  and  curvilinear  anisotropy 
will  be  taken  up  later,  in  Sec.  10. 

In  the  general  case  of  anisotropy  each  strain  component  is 
a  linear  function  of  all  six  stress  components.  Consider  a 
homogeneous  body  having  anisotropy  of  the  most  general 
kind.  Referring  it  to  a  Cartesian  co-ordinate  system  whose 
position,  for  the  present,  is  left  unspecified,  we  write  down 
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th .  equations  expressing  the  generalized  Hooke’s  law  for 
this  system  (with  obvious  abridgements): 

Ejc  =  a-ifix  +  <*12°!/  +  al3  °z  +  aiiXyz  +  ai5txz  4~  ai6j:xyi 
=  a2jax  +  a22°y  +  ••  •  +a26T*i/i 

Yxy  —  a6iax  +  a62°y  "I'  •  •  -  Jraeexxy  . 


In  the  general  case  Eqs.  (3.1)  contain  36  coefficients 
ai},  but  actually  they  are  always  fewer,  as  will  be  shown 
later. 

Suppose  that  the  sixth-order  determinant  of  the  coefficients 
at]-,  written  down  successively,  is  not  zero,  and  hence 
Eqs.  (3.1)  are  solvable  for  0  and  t.  We  obtain  the  generalized 
Hooke’s  law  equations  for  the  general  case  in  an  alternative, 
equivalent,  form: 


Qx  —  Alts,x  -f  Atzsy  4-  Ai3&z-\-  Aiiyyz-\-  Ai3yxz  -j~  Al(iyXy, 
av  =  Az 4-  AZ2&y  -!-••.  4~  Az^xy , 

. t'- . 

xxy  =  A6iEx-\- A62Ey .  4"  A^yXy. 


(3.2) 


Suppose  that  a  body  for  which  Eqs.  (3.1)  and  (3.2)  arc 
true  is  extended  by  constant  forces  p  parallel  to  one  of  the 
co-ordinate  axes,  say  the  x  axis.  Then  dj  =  p  and  the 
remaining  five  stress  components  are  zero. The  strain  compo¬ 
nents,  as  found  from  Eqs.  (3.1).  are  constant  for  every  point 


8x  =  anp,  &y—a2ip.  82=.a31p,  |  3 

Yfz  =  a4lP,  Y  xz~  a5lP>  YjUy“a6lP-  J 

It  is  obvious  that  small  segments  passing  through  different 
points  and  parallel  to  the  x  axis  lengthen  by  the  same  amounts, 
and,  in  general,  all  segments  parallel  to  the  same  direction 
n  and  drawn  through  different  points  undergo  equal  elonga* 
tions  (dependent  on  the  constants  atj  and  proportional  to 
p).  For  this  reason,  the  anisotropy  of  the  homogeneous  body 
under  consideration  may  be  termed  rectilinear,  and  the 
body  itself  rectilinearly  anisotropic.  In  such  a  body  all 
parallel  directions  are  elastically  equivalent.  It  follows 
from  formulas  (3.3)  that  under  simple  (or  biaxial  and  triaxial) 
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tension  elements  of  the  same  size  in  the  form  of  rectangular 
parallelepipeds  with  respective  parallel  faces  deform 
identically,  no  matter  where  they  are  isolated,  and 
transform,  in  general,  into  oblique  parallelepipeds  having 
no  right  angles  between  the  faces. 

Note  that  we  may  agree,  exclusively  for  ease  of  presenta¬ 
tion,  to  describe  a  non-homogeneous  body  as  “rectilinearly 
anisotropic”  if  the  generalized  Hooke’s  law  equations  for  it 
are  given  in  a  Cartesian  co-ordinate  system  ( a*;- ,  Atj  are 
given  functions  of  x,  y,  z). 

We  return  to  a  homogeneous  body.  In  a  homogeneous  body 
the  coefficients  ai}  and  AtJ  from  Eqs.  (3.1)  and  (3.2)  will  be 
called  the  elastic  constants.  In  a  non-homogeneous  body, 
when  these  coefficients  are  functions  of  position,  they  will  be 
called  the  elastic  characteristics.  Considering  atj  and  A tj 
separately,  we  shall  refer,  following  P.  V.  Bekhterev,  to  an 
as  the  strain  coefficients,  and  to  An  as  the  elastic  moduli 
[8,  51].  In  the  literature  there  are  some  other  names  and 
symbols  for  these  quantities.  For  example,  in  Voigt’s  book 
[38]  the  symbols  St ,  and  ctj  are  used  for  atj  and  A ,  j,  respective¬ 
ly;  A.  K.  Malmeister  employs  the  terms  compliance 
constants  and  elasticity  constants  for  the  strain  coefficients 
and  the  elastic  moduli,  respectively  ([31],  Chap.  II,  Sec.  21). 

Equation^  (3.  l)'and  (3.2)  show  that  the  number  of  elastic 
constants  in  every  body  is  36.  Actually  this  is  not  so  even 
in  the  most  general  case  if  there  exists  an  elastic  potential 
(and  this  will  always  be  assumed)  equal  to  strain  energy  per 
unit  volume.  This  is  the  case  when  changes  in  a  body  take 
place  isothermally  or  adiabatically  during  deformation. 
Considering  only  equilibrium  problems,  we  shall  assume 
that  changes  take  place  isothermally  during  deformation, 
i  e.,  the  temperature  of  each  element  remains  constant. 
In  Eqs.  (3.1)  and  (3.2),  by  atj  and  A  i  j  are  implied  isothermal 
elastic  constants,  which  are  in  general  different  from 
adiabatic  ones  (see  [23],  pp.  66-67  or  [29],  p.  106;  see  also 
126],  Chap.  1,  Sec.  2). 

In  this  case  we  have  the  equalities 


AV 

9et  ’ 


_  dV 
V  dtv 


V  - 


dV 


(3.4) 
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We  differentiate  the  stress  components  with  respect  to 
the  strain  components: 


dOx 


do,, 


dox 


dx. 


xy 


°y  UCix  dyxy  dex 


etc. 


dey  dex 

It  follows  from  equalities  (3.5)  and  (3.2)  that 
A2i  —  A12,  A31  =  413,  .  .  465  —  / 

and,  in  general, 

An  =  Aji  ( i ,  j  =  1,  2,  .  .  .,  6). 
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(3.5) 


(3.6) 


By  solving  Eqs.  (3.2)  for  e  and  y,  we  obtain  six  expres¬ 
sions  for  e  and  y  in  which  the  coefficients  on  the  right-hand 
sides  are  also  symmetrical: 

aij  =  an  ( i ,  j  =  1,  2,  .  .  .,  6).  (3.7) 

We  can  now  write  the  generalized  Hooke’s  law  equations 
in  the  general  case  as 


ex  —  aliax~h  a12°'p4-  • 

•  •  “t“  UjgTj-y,  j 

ey  =  ai2°x  +  a22aS  +  • 

•  •  4"  ,  1 

(3.  8) 

7 xy  —  aiB°x  4~  ~f~  • 

•  •  “t-  a66TKyt  / 

a*  =  Anzx  4-  Al7s,y  . 

•  •  A-  Al3yxy, 

Oy  =  Ai2EX  4-  42285,  4-  • 

•  *  +42e7-cy, 

(3.9) 

Xxy  —  Aieex  4-  Az6Ey  4- . 

•  •  4-  Aeeyxy . 

By  integrating  the  six  equations  (3.4),  we  obtain  an 
expression  for  the  elastic  potential  in  the  form  of  a  homo¬ 
geneous  quadratic  function  of  the  strains: 

-  1 

y  —  ~2  ^u8*  +  Ai2sxey  +  ...  +  Ai3zxyxz-\~  Al3Exyxy  -f- 

1 

+  Y  ^22e*  +  ■  •  •  +  A 2sSvyXi  +  A26Eyyxy  + 


1 

+  Y  ^557*2  +  '456yX2Yxy  4* 

+  YA*rf*»-  (310) 

L 


GENERALIZED  HOOKE’S  LAW 


2§ 


$  3} 

By  breaking  (3.10)  into  six  groups,  each  of  six  terms, 

V  —  "I"  (-^li8* 4"  *  ■  •  8*+ •  •  • 

•  - 2  (^iee*+'-  •  •-+  ^eeTscy)  Y xy,  (3.11) 


and  substituting  the  expressions  for  a*,  aB,  .  .  t^,  we 

obtain  a  formula  that  is  very  simple,  and  easy  to  remember, 
for  the  elastic  potential: 

l7  =  C®*8*  H-  H“  ’r*yY*y)-  (3.12) 

If  the  expressions  for  the  strain  components  (3.8)  are 
substituted  in  this  formula,  we  obtain  V  as  a  homogeneous 
quadratic  function  of  the  stresses.  The  expression  for  V  is 
constructed  in  the  same  way  as  (3.10),  the  only  difference 
being  that  e,  y  are  replaced  by  a,  t  with  the  corresponds 
subscripts,  and  Atj  are  replaced  by  the  strain  coefficients  atj‘ . 

—  1 

F  =  OjjDl  -f-  ai2axay  +  • .  ■  +  ai6ax'txy  + 

1 

+  ~2  a22°y  +  •  •  •  +  a2(Pyxxy  + 


4 fleecy  (3.13) 

In  general  case  of  anisotropy  the  number  of  elastic  con¬ 
stants  A  ij,  atj  is  21,  but  among  these  the  independent 
constants  are  fewer.  V.  V.  Novozhilov  [34]  states  that, 
geometrically,  all  co-ordinate  systems  are  equivalent, 
nevertheless  as  regards  the  elastic  and,  in  general,  physical 
properties  symmetry  may  be  observed  even  in  the  most 
general  case.*  Consequently,  even  in  the  most  general  case 
the  number  of  independent  elastic  constants  is  not  21,  but 
fewer,  viz.  18.  In  Novozhilov’s  course  (Secs.  19  and  20)  it 
18  recommended  that  the  so-called  invariant  constants  be 


See  also  [21],  [73]. 
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used  in  stress  analysis,  and  it  is  shown  how  they  can  be 
determined  from  the  constants  atj  referred  to  an  arbitrary 
co-ordinate  system.  We  shall  not  elaborate  upon  this  poinf 
in  the  future,  but  in  each  case  it  will  be  assumed  that  a 
system  of  co-ordinates  x,  y,  z  (or  a  curvilinear  system)  and 
the  constants  atj  and  A  a  referred  to  it  are  given.  For  bodiec 
with  well  developed  elastic  symmetry,  however,  it  is  possible 
to  indicate  at  once  axes  for  which  the  constants  a Ais  are 
invariant  (for  example,  for  an  orthotropic  and  a  transversely 
isotropic  body;  see  Sec.  4). 

In  the  generalized  Hooke’s  law  equations  (3.8)  and  (3.9) 
the  elastic  constants  (or  characteristics)  take  up  unlike 
positions,  and  they  must  be  somehow  classified.  One  of  the 
principles  of  classification  in  the  general  case  was  suggested 
by  P.V.  Bekhterev  who  divided  all  coefficients  atj  (anc 
accordingly  Atj)  into  six  groups  [8].  In  this  work  the  author 
very  thoroughly  investigated  (theoretically)  the  generalize 
Hooke’s  law  equations. 

Other  authors,  as  N.G.  Chentsov  [61],  Ya.I.  Sekerzh- 
Zen’kovich  [119],  replace  the  constants  atj  and  Atj  in  specia 
Cases  of  anisotropy  by  the  so-called  engineering  constants 
namely  Young’s  and  shear  moduli,  Poisson’s  ratios,  etcr 
A.L.  Rabinovich  proposed  a  comprehensive  system  o 
engineering  constants  for  the  most  general  case  of  a  homo 
geneous  anisotropic  body  [108].  Let  a  body  be  referred  ti 
some  fixed  coordinate  system.  Introducing  new  symbols  fo' 
a,ij ,  we  can,  following  A.L.  Rabinovich,  write  Eqs.  (3.8) 
as  follows: 

—  vv*°v  ~  + 

+  %z,  xxyz  +  Tlt*,  X^XZ  ,  xxxy) 

1  . 

- (  vxyax  T  °y  —  vzyaz  +  • 

~P  %jz.  yxyz  ~P  ^Iz*.  yxxzA~  X\xy.yxxy)i 

1 

ez  =  —  (  —  v*z°a:  vyz°y  ~P  ^z  ~P 

d~  hyz.  z xyz  ~P  Tlz*,  zxxz  +  f\xy  ,  zxxy)i 


}  (3-14 
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yyz  ==  -q - (f)*,  yzax  +  T1 v •  Vzay  A"  vzaz 

+  T»z+H'z*,  yz'txzT~  H>jcy.  yzlxy)i 

Y*z  ^  ~Q -  ('I*.  Z*0*-)”  %•  zx®y  fiz,  zx®z  4" 

+  (J'yz,zx'ryz‘T  tjcz  +  (Ixy  ,  xac^xy)  ■> 
yxy  =  Q^'  l1!*,  X y°x  +  'I y.  xyay  fiz.  xy°z  + 

“l"  ftyz,  xy^yz  +  l^zx.  xy^xz  ~h  Yjcy)  • 


Here  Exx,  Eyy,  Ezz  are  Young’s  moduli  in  tension-com¬ 
pression  in  the  directions  of  the  x,  y,  z  axes;  Gyz,  Gxz,  Gxy  are 
the  shear  moduli  for  planes  parallel  to  the  co-ordinate  planes; 

vz*>  •  •  •!  vyz  are  Poisson’s  ratios  characterizing  the 
contraction  in  the  direction  of  one  axis  when  tension  is 
applied  in  the  direction  of  another  axis  (for  example,  vyx 
is  the  ratio  characterizing  the  contraction  in  the  direction 
of  the  x  axis  when  tension  is  applied  in  the  direction  of  the 
y  axis).  These  constants  correspond  to  the  well  known 
Young’s  modulus,  shear  modulus,  and  Poisson’s  ratio  for 
an  isotropic  body.  The  other  constants  are  new  for  an  elastic 
body  and  are  zero  in  an  isotropic  body. 

The  coefficients  p,2X,  yz,  .  .  .,  Hz*,  xy  are  termed  Chentsov’s 
coefficients;  they  characterize  shears  in  planes  parallel  to 
the  co-ordinate  planes  produced  by  shearing  stresses  acting 
in  other  planes  parallel  to  the  co-ordinate  planes.  The 
constants  r\yZtX,  r\zx,  ,rj*y,  z  are,  according  to 

A.L.  Rabinovich,  the  mutual  influence  coefficients  of  the 
first  kind;  they  characterize  extensions  in  the  directions  of 
the  co-ordinate  axes  produced  by  shearing  stresses  acting  in 
the  co-ordinate  planes.  Finally,  r\x,  yz,  yz,  .  .  :,  x\z<  xy 
express  shears  in  the  co-ordinate  planes  due  to  normal  stresses 
acting  in  the  directions  of  the  coordinate  axes;  they  are 
termed  the  mutual  influence  coefficients  of  the  second  kind.* 


*  It  seems  to  us  that  there  is  no  need  to  identify  Young’s  moduli 
hy  two-letter  subscripts;  one  letter  will  suffice.  The  subscripts  on 
I  oisson’s  ratios  must  be  interchanged  to  make  then)  agree  with 
he  notation  previously  introduced  by  other  authors. 
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Equations  (3.14)  are  all  written  down  only  for  the  given 
co-ordinate  system;  for  other  systems  the  values  of  the 
coefficients  change,  but  the  total  number  of  independent 
elastic  constants  is,  as  before,  18. 

In  solving  specific  problems,  we  shall  mostly  use  the 
symbols  al}  and  Aiy,  the  engineering  constants  will  be 
introduced  in  cases  where  a  body  has  well  developed  elastic 
symmetry,  i.e. ,  it  is  orthotropic  or  transversely  isotropic. 

We  finally  note  that,  by  changing  the  notation  for  the 
elastic  constants  and  stress  components,  we  can  write  the 
generalized  Hooke’s  law  equations  in  an  extremely  simple 
form.  Let  the  elastic  constants  be  denoted  by  the  letter  a 
(or  accordingly  A ),  not  with  two,  but  with  four  subscripts, 
setting 

(1)  atj  =  amnkl  if  i,  j  =  1,  2,  3  (all  possible  cases  where 
/  =  i  are  not  excluded); 

(2)  aij  —  2amnhi  if  either  of  the  two  subscripts,  i  or  /, 
is  4,  5,  6; 

(3)  ai}  —  4amnki  if  both  subscripts  i,  j  =  4,  5,  6. 

The  six  equations  (3.8)  are  then  written  as  a  single  one, 
[31]: 


Zij  =  aijhPki  (i,  j,  k,  l  =  i,  2,  3).  (3.15) 


The  signs  denoting  summation  over  k  and  over  l  in  each  of 
the  six  equalities  (3.15)  are  usually  omitted  in  this  system 
of  writing.  The  number  of  all  constants  aijhl  with  four 
subscripts  is  81,  but,  when  grouped,  they  reduce  to  constants 
whose  number  is  21  (of  these  18  constants  are  independent). 
The  generalized  Hooke’s  law  equations,  solved  for  the  stress 
components,  are  of  the  form 


°i)  —  (3.16) 


However,  the  notation  for  the  elastic  constants  by  means 
of  the  letters  a  and  A  with  four  subscripts  and  Eqs.  (3.15), 
(3.16)  will  be  used  just  once  throughout  this  book,  in  Sec.  5. 
We  shall  therefore  not  elaborate  upon  this  point,  but  refer 
the  reader  to  the  book  by  A.K.  Malmeister,  V.P.  Tamuzh, 
and  G.A.  Teters  [31]  (Chap.  II,  Sec.  21). 
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4.  Basic  Cases  of  Elastic  Symmetry 

If  the  structure  of  an  anisotropic  body  has  some  kind  of 
symmetry,  the  elastic  properties  also  exhibit  symmetry.  The 
elastic  symmetry  (as  it  is  commonly  called)  is  expressed  in 
the  fact  that  at  each  point  there  are  symmetrical  directions 
equivalent  as  regards  the  elastic  properties. 

The  relationship  between  the  structural  symmetry  and  the 
elastic  symmetry  for  crystals  is  established  by  F.  Neumann’s 
principle,  which  may  be  stated  as  follows:  with  respect  to 
its  physical  properties  (including  the  elastic  properties), 
a  material  exhibits  the  same  kind  of  symmetry  as  its  crystal¬ 
lographic  form,  or  more  perfect  symmetry  (see  [291,  p.  155). 
The  principle  is  also  extended  to  bodies  that  are  not  crystals, 
but  have  structural  symmetry  (wood,  plywood,  glass-fibre 
reinforced  plastics). 

If  there  is  symmetry^  of  the  elastic  properties  (elastic 
symmetry)  in  an  anisotropic  body,  the  generalized  Hooke’s 
law  equations  for  it  are  simplified  since  some  of  the  coef¬ 
ficients  ai}  are  zero,  while  among  others  there  are  linear 
relations.  These  simplifications  may  be  derived  by  applying 
the  following  method.  Let  a  body  be  referred  to  a  co-ordinate 
system  x,  y,  z,  and  to  a  second  system,  x' ,  y' ,  z' ,  symmetrical 
with  respect  to  the  first  one,  the  symmetry  being  of  the 
same  kind  as  that  observed  in  the  body.  The  directions  *f 
the  respective  axes  of  x,  y,  z  and  x' ,  y  ,  z'  are  equivalent  as 
regards  the  elastic  properties,  and  hence  the  generalized 
Hooke’s  law  equations  are  written  identically  for  the  symmet¬ 
rical  co-ordinate  systems.  After  writing  these  equations  in 
the  x,  y,  z  and  x' ,  y  ,  z'  systems,  we  next  transform  to  either 
of  them  expressing,  say,  x',  y',  z'  in  terms  of  x,  y,  z.  On 
comparing  the  resulting  similar  equations,  we  find  relation¬ 
ships  among  ai}  andA^.  Instead  of  the  generalized  Hooke’s 
law  equations  we  can  take  the  expression  for  the  elastic 
potential  written  in  the  basic  system  x ,  y,  z  and  in  the 
symmetrical  system  x' ,  y' ,  z’ .  Transforming  in  the  second 
expression  to  the  x,  y,  z  system,  and  equating  the  elastic 
potentials,  we  arrive  at  the  same  results. 

Leaving  out  the  derivation,  which  may  be  found,  for 
example,  in  Chap.  VI  of  Love’s  book  [29],  we  give  the  gene- 
‘‘alized  Hooke’s  law  equations  and  schematic  expressions 
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for  the  elastic  potential  in  the  form  of  triangular  matrices, 
corresponding  to  the  formula  for  V  written  in  terms  of  the 
stresses.  We  shall  first  consider  homogeneous  bodies,  and 
then  make  some  remarks  concerning  non-homogeneous 
bodies. 

The  following  four  cases  of  elastic  symmetry  are  the  most 
important,  and  these  will  now  be  discussed. 

(1)  Plane  of  elastic  symmetry.  Suppose  that  through  each 
point  of  a  body  there  passes  a  plane  possessing  the  following 
property:  every  two  directions  that  are  symmetrical  with 
respect  to  this  plane  are  equivalent  as  regards  the  elastic 
properties.*  A  direction  normal  to  the  plane  of  elastic  sym 
metry  will  be  termed  the  principal  direction  of  elasticity 
(or  simply  the  principal  direction  if  no  other  principal 
directions,  e.g.  those  of  the  stress  and  strain  tensors,  art! 
considered  at  the  same  time).  In  this  case  only  one  principa 
direction  passes  through  a  point  of  a  body. 

If  the  z  axis  is  taken  normal  to  the  plane  of  elastic  symmet 
ry  and  the  other  two  axes  lie  in  this  plane,  we  conclude  the. 
eight  elastic  constants  must  be  zero,  namely 

ali.=  #24  —  asi  ~  a4e  —  ais  =  ats  =  ast  —  ase  —  0, 

and  the  number  of  elastic  constants  atj  reduces  to  13.  TI 
generalized  Hooke’s  law  equations  are  of  the  form 

=  allax  +  al2ay  +  alS°z  +  al6lxyi 
ey  =  ai2ox  -f-  a22ay  -f-  #2  saz  +  a26  Xxyt 

ez  —  ^18°*  +  UitPy  +  d33°z  +  ®36T*!/t  ^ 

Yyz  =  a44 T'yi  d'  ^45^X2  1 
yXz  =  akb^yz  + 

Vxy  —  al<Px  +  a26°i/  +  +  a66  . 

The  schematic  expression  for  the  elastic  potential  is  (tl 
halves  on  the  diagonal  corresponding  to  the  terms  a|,  o'fr  .  . 


*  Other  pairs  of  symmetrical  directions  are  not.  in  general,  equivw 
tin t  to  the  directions  of  the  first  pair. 
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!>  4j 


-4b  are  rejected) 


#13 

0 

0 

aie 

#28 

0 

0 

#26 

a33 

0 

0 

#36 

#44 

#45 

0 

aS5 

0 

#66 

(4.2) 


By  solving  Eqs.  (4.1)  for  o,  x,  we  obtain  equations  differ¬ 
ing  from  (4.1)  only  in  that  cr,  t  are  replaced  by  the  corres¬ 
ponding  e,  y,  and  atj  by  Aij.  For  arbitrary  directions  of 
the  axes,  these  equations  contain  13  strain  coefficients  at}, 
not  explicitly  related  in  any  way.  Nevertheless,  there  are  12, 
and  not  13,  independent  constants  in  (4.1)  and  (4.2),  and, 
knowing  atj,  we  are  able,  in  principle,  to  find  them  (Sec.  3). 

Consider  an  element  of  a  body  in  the  form  of  a  rectangular 
parallelepiped  in  which  two  pairs  of  faces  are  oriented 
arbitrarily  and  the  planes  of  the  other  two  are  planes  of 
elastic  symmetry.  Let  these  two  faces  be  acted  on  by  uni¬ 
formly  distributed  normal  forces  equivalent  to  stresses  az 
(Fig.  2).  From  Eqs.  (4.1)  we  find  the  strain  components: 


ex  ~  #13az> 

Yfz  =  0, 


Yxz  : 


:  #23CTzj  ®z  —  #33® 

:  0,  \xy  —  #86 ®z 


:1 


(4.3) 


This  shows  that  in  tension  or  compression  in  a  direction 
perpendicular  to  the  plane  of  elastic  symmetry  the  angles 
between  segments  normal  to  the  plane  of  elastic  symmetry 
and  lying  in  it  remain  right.  A  rectangular  parallelepiped  is 
transformed  into  a  right  parallelepiped,  i.e. ,  its  lateral 
faces  remain  rectangular  and  the  bases  are  changed  into 
parallelograms. 

(2)  Three  planes  of  elastic  symmetry  ( orthotropic  body). 
If  through  each  point  of  a  body  there  pass  three  mutually 
Perpendicular  (orthogonal)i  planes  of  elastic  symmetry,  and 
fhe  like  planes  of  elastic  symmetry  are  parallel  at  all  points, 
'then,  taking  the  co-ordinate  axes  normal  to  the  planes  of 
elastic  symmetry  (along  the  principal  directions),  we  find 
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that,  in  addition  to  eight  elastic  constants  of  the  precedin 
case,  there  are  four  more  constants  equal  to  zero: 

a16  "  fl26  =  a86  ^  a45  =  0. 

The  generalized  Hooke’s  law  equations  and  the  schemati 
expression  for  the  elastic  potential  in  terms  of  the  constant 
aif  take  the  form 

ex  =  Uj  jO*  +  &i2ay  +  diS^zi 

ey  =  alz°x  4“  0-22 °y  +  a23°z!  , 

8Z  =  at?Px  +  a23°y  4*  a33°zi  J 

"Vyz  “  ®blT'yz>  yxz  =  @5b'^xzi  Yxy  ~  ) 

aii  a12  al3  0  0  0 

a2‘2  a23  0  0  0 

0  0  0 

(4.f 

o44  0  0 

a55  0 

a66 


We  introduce  the  engineering  constants  Et,  GIS ,  vj;-  usir 
numeral  subscripts  instead  of  the  letter  ones.  Equatioi 
(4.4)  are  then  written  as 


1  v,, 

Ta*~ta'- 


- 

ez 1 


0  - 

fi,  * 


V- 

--r4a 


_ 0 _ o 

Et  Es 


Ez  x  Et 


E. 


Vyz 


n  T!/Z)  Vacz  —  n  Torz>  Yj V' 

"23  "13 


a  T*y 
"12 


(4- 


A  body  having  three  orthogonal  planes  of  elastic  symmeti 
at  each  point  (or,  what  is  the  same  thing,  three  mutuall 
perpendicular  principal  directions)  is  said  to  be  orthogonall 
anisotropic,  or,  more  shortly,  orthotropic.  The  principa 
directions  at  a  given  point  may  not  be  equivalent.  Of  tb 
twelve  elastic  constants  entering  into  Eqs.  (4.6)  only  nirt 
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5  4) 

are  independent  since,  by  virtue  of  the  symmetry  of  the 
matrix  of  the  right-hand  sides  of  the  equations  expressing 
the  generalized  Hooke’s  law,  we  always  have 

^lv21=^2v12i  ^2V32  =  ®3v23i  ^3V13  =  7?xVsl.  (^-7) 


The  co-ordinate  axes  normal  to  the  planes  of  elastic  symmet¬ 
ry  are  called  the  principal  co-ordinate  axes. 

It  is  important  to  note  that  no  further  reduction  of  the 
number  of  elastic  constants  is  possible  here  since,  in  contrast 
to  the  case  of  a  single  plane  of 


elastic  symmetry,  au  from  Eqs. 
(4.4)  or  Et,Gij ,  vu  from  Eqs.  (4.6) 
are  invariant  constants  them¬ 
selves.  They  are  alternatively 
called  the  principal  constants 
(in  distinction  to  the  constants 
from  the  equations  written  for 
an  arbitrary  system  x ,  y,  z).  Note 
that  the  element  represented  in 
Fig.  2  with  faces  parallel  to  the 
planes  of  elastic  symmetry,  when 
extended,  remains  a  rectangular 
parallelepiped,  but  changes  its 
dimensions. 


(3)  Plane  of  isotropy  ( axis  tig.  2 

of  rotational  symmetry).  Trans¬ 
versely  isotropic  body.  Consider  a  body  possessing  the 
following  properties:  through  all  points  there  pass  parallel 
planps  of  elastic  symmetry  in  which  all  directions  are  elastic¬ 
ity  equivalent  (planes  of  isotropy).  In  other  words,  at 
each  point  there  is  one  principal  direction  and  an  infinite 
number  of  principal  directions  in  a  plane  normal  to  the 
first  direction.  Such  a  body  may  also  be  regarded  as  a  body 
through  each  point  of  which  there  passes  an  axis  of  elastic 
symmetry  of  infinitely  high  order,  i.e.,  a  rotational  axis. 
A  body  with  such  properties  is  said  to  be  transversely 

isotropic  ([29],  p.  160). 

^et  z  axis  taken  normal  to  a  plane  of  isotropy,  with 
he  x  and  y  axes  directed  arbitrarily  in  this  plane.  The 
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generalized  Hooke’s  law  equations  are  then  written  as 
ex  —  a11crx+  al2Oy  -f-  al3oz, 

+  ail°y  +  aaPzi 

Sz  =  &13  (ax  4"  ay)  +  &33°zi 

Y»z  =  a44T!/z>  Yxz  =  akk^xzi  Vxy  =  ^(all  ai2  )xxy 

The  number  of  independent  elastic  constants  is  five. 

We  introduce  the  engineering  constants:  E ,  E'  —  Young’s* 
moduli  for  tension  or  compression  in  the  plane  of  isotropy 
and  in  a  direction  normal  to  it,  v  =  Poisson’s  ratio  characteriz¬ 
ing  transverse  contraction  in  the  plane  of  isotropy  when 
tension  is  applied  in  this  plane,  v'  =  the  same  when  tension  is 
applied  in  a  direction  normal  to  the  plane  of  isotropy,  G  — 
=  E/2  (1  -f-  v),  G'  —  shear  moduli  for  the  plane  of  isotropy 
and  any  plane  perpendicular  to  it.  Equations  (4.8)  are  rewrite 
ten  as* 

1  1 
^x~~g~(ax  voy)  Y»z  =  ~gr  tyz’ 

e»=="F^"'v0,*  +  as')~  TF°2'  Y*z  =  -gr%z,  (4-9! 
v'  i  i  i 

ez  =  l  ~Jp~  (°x  +  °u)  +  -gT  xy  —  ~q  ^ xy  ■  j 

In  some  works  a  transversely  isotropic  material  is  callei 
transtropic  for  short  (see,  for  example,  [6]). 

(4)  Isotropic  body.  If  all  directions  in  a  body  are  elastic 
ally  equivalent  and  principal,  then,  putting  E'  =  E 
v'  =  v,  G' —G  —  E/2  (1  -)-  v)  in  (4.9),  we  obtain  the  well 
known  equations'  expressing  the  generalized  Hooke’s  lav 
for  an  isotropic  body  of  Young’s  modulus  E ,  Poisson’ 
ratio  v,  and  shear  modulus  G,  namely 

1  1 

~  g  [®.r  v  (®y  -b  ®i)]’  Vyz  =  'tyzi 

ey~~jfl(Jy  v  (°x  "i"  ^z)]:  Yxz  —  ~q  txzi  (4.11 

1  1 

ez  **"“  ~g  fffz  v  (°x  4"  ®J/)]  •  Y xy  —  ~Q'fxy 

*  InJ86]  and  [28]  the  generalized  Hooke’s  law  equations  for  a  tran- 
versely  isotropic  body  are  given  in  an  alternative,  equivalent,  fore 
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Besides  the  four  basic  cases  of  elastic  symmetry  there  is 
a  number  of  others.  Typical  kinds  of  symmetry  here  are 
those  of  single  crystals  of  various  elements  and  compounds. 
It  has  been  proved  that  there  are  altogether  32  kinds  of 
geometrical  crystal  symmetry.  However,  the  number  of 
classes  of  elastic  crystal  symmetry  is  much  fewer  (nine) 
since  the  same  form  of  the  generalized  Hooke’s  law  equations 
for  crystals  applies  to  several  cases  of  their  geometrical 
symmetry.  We  shall  not  elaborate  here  upon  results  of 
investigations  of  this  subject,  but  refer  the  interested  reader 
to  Love’s  book  [29]  (Chap.  VI)  and  the  author’s  book  [26] 
(Sec.  4),  where  there  are  references  to  literature. 

5.  Transformation  of  Elastic  Constants 

to  a  New  Co-ordinate  System 

In  solving  a  specific  elasticity  problem  we  have  to  use 
the  generalized  Hooke’s  law  equations,  which  involve  the 
elastic  constants  a or  A  a-  In  the  case  of  an  anisotropic 
body  these  quantities  depend  on  the  directions  of  the  axes 
of  a  co-ordinate  system .  and  if  the 
directions  of  the  axes  change,  so 
do  the  values  of  the  elastic  con¬ 
stants.  An  exception  is  an  isotrop¬ 
ic  body  for  which  the  generalized 
Hooke’s  law  equations  retain  the 
same  form  in  any  orthogonal  co-or¬ 
dinate  system,  and  the  correspond¬ 
ing  elastic  constants  remain  un¬ 
changed  (invariant).  In  studying 
R  state  of  stress  the  following 
question  often  arises:  the  constants 
aij  and  Atj  are  known  for  a  co-ordinate  system  x,  y,  z, 
but  it  is  more  convenient  to  use  another  orthogonal 
system,  x' ,  y\  z  (Fig.  3).  It  is  required  to  find  the  con¬ 
stants  a\j,  A\j  for  the  second  system.  To  begin  with,  we 
must  assign  a  table  of  the  cosines  of  the  angles  between 
the  new  and  old  directions  of  the  co-ordinate  axes  (see 
Table  1). 

We  apply  the  following  method.  Consider  the  expressions 
>°r  the  elastic  potential  in  the  first  (“old")  and  second  (“new") 
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systems,  and  equate  them.  We  obtain  an  equality  whose 
left-hand  side  involves  the  components  of  stress  or  strain 
referred  to  the  x,  y ,  z  system,  and  the  right-hand  side  involves 
the  same  quantities  for  the  x' ,  y' ,  z'  system.  We  next  express 
the  components  of  stress  or  strain  referred  to  the  old  co-ordi¬ 
nate  system  in  terms  of  the  components  of  stress  or  strain, 
respectively,  for  the  new  system. 

On  comparing  the  coefficients  of  the  squares  and  products 
of  the  components  of  stress  or  strain  referred  to  the  new 
system  on  the  left-hand  and  right-hand  sides  of  the  equality, 
we  obtain  the  required  formulas  for  the  new  elastic  constants, 
namely  the  expressions  for  a\j  in  terms  of  at}  or  for  "in 
terms  of  Atj. 

Let  at)  be  the  strain  coefficients  in  the  generalized  Hooke’s 
law  equations  for  the  x,  y ,  z  system,  and  let  it  be  required  to 
determine  a\)  for  an  orthogonal  co-ordinate  system  x' ,  y' , 
z\  In  the  general  case  when  no  elements  of  elastic  symmetry 
are  present,  the  generalized  Hooke’s  law  equations  referred 
to  the  old  system  are  of  the  form  of  (3.8),  and  the  elastic 
potential  ^determined  by  formula  (3.13).  For  the  x' ,  y' , 
z"co-ordinate  system,  we  have  the  following  equations  and 
expression  for  V :* 

ex  =  *11°*  +  &itaV  +  •  •  •  +  1 


V yz  =  au Ox  +  a,MOy  +  .  .  .  +  a4eT*!/i  | 

.  —  f  *  *  ' 

^  —  ~2  auax  4-  a^oxay  4 - h ai'Px*xy  4* 

1 

+  y  a22 a’v2  +  •  •  ■  4*  a2e 4-  •  .  • 

•••4- 1 -a^xZ-  (5.2) 

By  equating  the  two  expressions  for  V,  we  obtain  the 
equality 

1  i 

~2  ali®x  “1“  ai2 +  •  •  *  “h  ~2  a68Txy  = 

=="2"ail°r*2_hai2<J*0rV  4*  •  •  •  4*  ~2~au'1:xy  (5.8) 

*  Of  the  generalized  Hooke’s  law  equations  we  write  down  just 
two,  omitting  a  number  ol  terms;  in  the  expression  for  V  we  also 
leave  out  some  terms  [cf.  (3.8)  and  (3.10)1. 
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Substituting  the  expression  for  a,  t  in  terms  of  a',  r'  on 
the  left-hand  side  [formulas  (2.3)  are  written  in  abridged 
form],  we  obtain 

ax  —  +  av^n  +  •  •  •  +  2Tsej,l11/2i, 


Tj/z--0atl12/i3-|-Oy/22^23+  '  ’  '  +T*!/ (^12^23+ 42^13)) 


By  equating  the  coefficients  of  the  squares  and  products  of 
the  primed  stresses,  we  obtain  the  required  transformation 
formulas.  The  equalities  contain  a\j  as  linear  functions  of 
ai)  and  fourth-degree  homogeneous  functions  in  the  cosines 
ltj.  The  formulas,  when  written  out  in  full,  are  rather 
unwieldy,  but  they  may  be  written  very  compactly  by 
introducing  abbreviations  qi}  defined  by  Table  3. 

The  first  subscript  in  the  symbols  qtj  indicates  a  line 
number  in  Table  3,  and  the  second  subscript  a  column  num¬ 
ber.* 

9ll  =  ^111  943  =  2/33l23,  9m  =  ^81^12  +  ^82^11- 

With  the  help  of  these  expressions  dependent  on  ltj  all 
transformation  formulas  may  be  written  as  a  single  one: 

6  r. 

aij  =  Li  2  amnQimqjm  (5\5) 

m= 1 n=i 

or,  omitting  the  summation  signs,  as 

=  ^mn^im^ljn  (5*6) 

(*,7  =  1,2,  .  .  .,  6;  the  indices  m  and  n  are  to  be  summed). 

It  is  also  easy  to  write  formulas  for  the  transformation  of 
the  elastic  moduli  Atj  to  new  axes,  which  are  obtained  by 
using  the  expression  for  V  as  a  function  of  e  and  y.  These 
formulas  are  given  without  derivation;  they  are  all  obtained 
from  a  single  one: 

_ _ Aij  =  AmnqimQ)n-  (fi-7) 

*  In  the  first  edition  of  this  book  [26]  Table  2  corresponding  to 

fable  3  is  drawn  up  in  a  somewhat  different  way,  which  is  virtually 
unimportant.  Moreover,  we  find  it  more  convenient  to  change  the  nota- 
'tion  for  the  cosines. 
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Symbols  q( .  in  Transformation  Formulas  for  atj  Table  3 


■ 

1 

2 

3 

4 

5 

6 

lh 

lh 

m 

^12^13 

hshi 

I12I11 

111 

ih 

haha 

n 

^22^21 

l$l 

a 

ih 

I33I32 

^33^31 

^32^31 

2^31^21 

2^32^2 

2^33^13 

Isahz  4  haha 

2f3i4i 

2^32^12 

2^83^13 

haha  4  ^32^1* 

2*3^1 8  1  ^3lh* 

^31^12  4  I32.ll  1 

2f 1 2^22 

2l13/23 

^13^22 4 l 12^23 

lllh2  4*12^21 

Here  the  symbols  qi}  are  taken  from  a  table  differing, 
from  Table  3  only  in  that  the  factor  2  appears  in  front  o 
the  products  of  the  cosines  lij  in  boxes  at  the  intersection  o 
lines  1,  2,  3  and  columns  4,  5,  6,  while  at  the  intersection  o 
lines  4,  5,  6  and  columns  1,  2,  3  the  products  of  the  cosine, 
are  entered  without  the  factor  2  (see  [311,  pp.  82  and  83) 
Formulas  (5.6),  (5.7)  and  Table  3  enable  one  to  determin 
Young’s  modulus  for  any  direction  n  if  the  elastic  constant 
atj  are  known  for  a  given  fixed  co-ordinate  system  x,  y,  ? 
We  write  out  in  full  the  expression  for  the  constant  a\x 
reciprocal  to  the  modulus  En : 

dU  =  -g—  =  All +  a22^2  4  assl?3  4 

4-  (2a23  4-  o-n)  l\^i3  4-  (2aj34  <*55)  l\a^\i 4-  (2flj2  4-  aee)  In ^2  4$ 
4-  2li2li3  [(a14  4  a56)  l\x  +  a2il\2  4- a3^iSl  4 
4-  2li3lu  4  (a25  4-  a4«)  4-  a33 1\3\  4 

4  21h1i2  [fligln  4- a2«l?2  4-  (a3)  4-  a45)  1?31-  (48, 

Here 

x  —  n ,  ln  —  cos  ( n ,  x),  llt  =  cos  (n,  y),  il3  —  cos  (n,  z). 
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The  formulas  for  the  transformation  of  the  strain  coeffici¬ 
ents  may  be  written  in  a  different  way  if  these  coefficients 
are  denoted  by  the  letter  a  with  four  subscripts  and  not  with 
two,  and  if  we  use  the  shorthand  form  of  writing  the  genera¬ 
lized  Hooke’s  law  equations.  We  present  these  formulas,  all 
contained  in  a  single  one,  without  derivation;  they  are 
taken  from  the  book  repeatedly  cited  above  ((311,  p.  71). 

®t jkl  ~  ^mnsphm^jn^hs^lp-  (5-9) 

For  given  i,  7,  k ,  l,  the  indices  m,  n,  s ,  p  are  to  be  summed 
from  1  to  3.  Formula  (5.9)  transforms  the  components  of  a 
tensor  of  rank  four  to  new  axes;  consequently,  the  constants 
a-uki  constitute  a  tensor  of  rank  four  (or,  what  is  the  same 
thing,  they  are  its  components).*  Of  course,  the  transforma¬ 
tion  formulas  (5.9)  are  not  at  variance  but  in  full  accord 
with  the  foregoing  transformation  formulas  (5.5),  (5.6). 

The  transformation  of  the  strain  coefficients  to  new  axes 
reveals  a  number  of  invariant  relations  among  This 

question  is  discussed* in  [6]. 

6.  Transformation  of  Elastic  Constants  When 

the  Co-ordinate  System  is  Rotated 

Consider  a  special  case  when  a  new  co-ordinate  system  x' , 
y’ ,  z'  is  obtained  from  the  old  system  x,  y,  z  by  rotation 
through  a  certain  angle  cp 
about  the  common  axis 
z  =  z’  (Fig.  4).  All  formu¬ 
las  for  the  transformation 
of  the  elastic  constants  will 
involve  the  cosines  Zi7-, 
which  in  this  case  are  giv¬ 
en  by  Table  4. 

(1)  Transformation  of  the 
strain  coefficients  ai}.  Let  a 
body  possess  anisotropy  of 
the  general  kind  (21  or,  more 
precisely,  18  invariant  elastic  constants).  As  before,  let  atj 
denote  the  elastic  constants  referred  to  the  old  co-ordinate 

*  A.  L.  Rabinovich  proposed  a  different  interpretation  of  the 
strain  coefficients  in  [108],  namely  that  ai}  should  be  regarded  as 
the  components  of  a  symmetrical  tensor  of  rank  two  in  six-dimen¬ 
sional  space. 
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Cosines  Table  4 


X 

y 

Z 

X* 

COS  (p 

sin  cp 

0 

y' 

-sin  (p 

COS  cp 

0 

z’ 

0 

0 

1 

system  x,  y,  z,  and  let  a[ j  denote  the  constants  referred  to  a, 
new,  rotated,  system  x',  y' ,  z  .  The  formulas  for  a[j  are 
obtained  as  special  cases  of  (5.5),  (5.6),  but  in  the  present 
case  the  symbols  qi}  must  be  taken  from  Table  5,  which  is 
obtained  from  Table  3  by  substituting  the  values  of  the 
cosines  liS  (see  [31],  p.  84). 

It  will  be  recalled  that  qt j  denotes  the  number  or  expres¬ 
sion  located  at  the  intersection  of  the  ith  line  and  the  /th 
column  in  Table  5. 

Below  we  give  complete  expressions  (without  any  omis¬ 
sions)  for  the  elastic  constants  obtained  by  formula  (5.5) 
using  the  data  of  Table  5: 

a'u  =  flu  cos4  cp  +  (2ai2  +  a86)  sin2  (p  cos2  cp  4- 

4-  a22  sin4  (p  -f  2  (flee  cos2  <P  +  a26  sin2  <p)  sin  (p  cos  (p, 
a',  =•■  au  sin4  cp  +  (2ai2  4-  a66)  sin2  (p  cos2  cp  -f 

-j-  2  cos4  (p  —  2  (a)6  sin2  cp  -f-  a26  cos2  (p)  sin  cp  cos  (p, 
ali  =  (fln  4-  «22  —  2 an  —  a66)  sin2  cp  cos2  cp  +  a12  4- 

+  (a18  —  a26)  (cos2  cp  —  sin2  cp)  sin  cp  cos  cp, 

«66  —  4  (a, ,  +  a22  —  2a12  —  ae6)  sin2  cp  cos2  cp  +  flees  — 

—  4  (a18 —  a26)  (cos2  cp  —  sin2  cp)  sin  cp  cos  cp, 
alt  =  [2a^2  sin2  cp  —  2au  cos2  cp  4 

4-  (2a12  -f-  a66)  (cos2  cp  —  sin2  cp)  ]  sin  cp  cos  cp  -f- 
+  a18  cos2  cp  (cos2  cp  —  3  sin2  cp)  -f 

~r  a28  sin2  ep_(3  cos2  cp —  sin2  cp), 
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4  =  ( 2a22  cos2  (p  — ‘2au  sin2  (p  — 

—  (2a12  +  flee)  (cos2  (p  —  sin2  q>) J  sin  <p  cos  <p 
+  aia  sin2  cp  (3  cos2  <p —  sin2  <p)  -f 

-j- a26  cos2  <p  (cos2  ip  —  3sin2cp);  J 

4  =  a44  cos2  <p  —  2a45  sin  (p  cos  cp  -j-  a55  sin2  <p ,  'i 

4  =  (a44  —  055)  sin  (p  cos  <p  +  a45  (cos2  (p  —  sin2  (p),  >  (6.2) 
4  —  a44  sin2  cp  +  2a45  sin  cp  cos  <p  +  a55  cos2  cp;  J 

a' 4  =  flu  cos3  cp  +  (a46 —  a15)  sin  cp  cos2  cp  -f  1 

+  (a24  —  Use)  sin2  cp  cos  cp  —  a25  sin3  cp, 
a'u  --  a24  cos3  cp  —  (a48  +  a25)  sin  cp  cos2  cp  -f 

+  (®u  +  fl5e)  sin2  cp  cos  <p —  a15  sin3  cp, 

4  =  a46  cos3  (p  +  ( —  2a14  -f  2 a24  —  a56)  sin  cp  cos2  cp  -f 
+  (2a15— 2a25  —  a46)  sin2  tp  cos  cp  +  a56  sin3  cp, 

4  =  a\s c°s3  9  +  («i4  +  Use)  sin  cp  cos2  cp  -f 

+  (®25  +  «4e)  sin2  9  cos  q>  +  a24  sin3  cp, 

4  =  azb  c°s3  cp  +  («24  —  Use)  sin  cp  cos2  cp  + 

+  (al5— a46)  sin2  cp  cos  cp  +  a14  sin3  cp, 

4  =  a5e  cos3  <p  ~h  ( —  2a15  4-  2a25  -f  a46)  sin  cp  cos2  cp  -f 
+  ( —  2a14  +  2a24 —  a56)  sin2  cp  cos  cp  —  a46  sin8  cp; 


4  =  a13  cos2  cp  -j-  a36  sin  cp  cos  cp  -+-  az3  sin2  cp, 

4  =  2  (a23 —  a13)  sin  cp  cos  cp  +  (cos2  cp  —  sin2  cp), 
4  —  ai3  sin2  cp  —  a36  sin  cp  cos  cp  4-  a23  cos2  (p, 

a33  —  a33i 

4  =  fl34  cos  (p  —  a  35  sin  (p, 

4  ■=  a34  sin  cp  +  035  cos  (p. 


(6.4) 


If  a  body  is  orthotropic  and  if  the  old  axes  x,  y,  z  are  the 
principal  axes  of  elasticity,  i.e. ,  they  are  normal  to  the 
planes  of  elastic  symmetry,  then  in  the  formulas  for  the 
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Symbols  qij  in  Transformation  Formulas  fora4J  Table  5 


Bn 

i 

2 

3 

,  4 

i  j  „„  > 

5 

jgm 

i 

cos2  <p 

sin2  <p 

0 

0 

0 

sin  <p  cos  (p 

.  '2  ; 

sin2  <p 

cos2  <p 

0 

0 

0 

3 

0 

0 

1 

0 

0 

0 

4 

0 

0 

0 

COS  (p 

-sin  cp 

(0 

5 

0 

G 

0 

sin  (p 

cos  cp 

0 

6 

-2sin  <f  cos  <f 

o 

o 

cos2cp-sin2(p 

transformation  of  the  elastic  constants  (6.1)  to  (6.4)  we 
must  put 


a14  =  a15  =  °16  —  aH  =  a25  —  a26  ==  ®34  ~  a35  ~  a36  = 

=  ®45  =  a46  =  ®56  =  0. 

Clearly, 

aU  a2i  ~  ®««  fl16  =  a2b  =  abt  ~  a3i  ~  a3b  ~  (&-5) 

but  au,  a'6,  a'3ts,  a’u  are  not,  in  general,  zero. 

In  practice  the  following  question  may  arise.  Suppose  we 
have  some  reasoas  to  consider  a  body  as  orthotropic,  but 
we  know  only  the  direction  of  one  principal  axis,  taken  as 
the  z  axis  of  a  co-ordinate  system  x,  y,  z,  and  the  elastic 
constants  ai}  for  this  system.  We  now  ask  the  question:  how 
can  one  determine  the  directions  of  the  other  two  planes  of 
elastic  symmetry,  or,  what  is  the  same.;  thing,  angle  <p 
that  the  principal  x  axis  makes  with  the  x  axis?  The  answer 
to  this  question  follows  directly  from  formulas  (6.1),  (6.2), 
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and  (6.4):  the  angle  (p  is  found  as  the  numerically  smallest 
solution  of  four  equations: 

®ie  (<P)  =  *«  (<P)  =  <>,  (6.6) 

®3«  (<P)  =  *«  (<P)  =  0.  (6.7) 

After  simple  manipulation  Eqs.  (6.6)  become 

taa  4q>  —  2  .  tan  2<p -  -£±£*- ,  (6.8) 


tan  2(p  =  -a-dL+ al° 

“ll  — a22 


and  the  condition  for  the  existence  of  common  (i.e.,  iden¬ 
tical)  solutions  for  them  is  written  as 

(*16  ®2e)  U®11  *22^  (®16  ®26)21  =  (®16  d~  ®2e)  X 

X  (®n  *12)  (®n  d-  ®22  2flj2  (6-9) 

Moreover,  the  angle  <p  must  satisfy  Eqs.  (6.7)  or 


tan  2cp  = - - — 

“13 —  “2; 

and  hence  we  must  have 
al«d~“26  _  _ 

“ll  —  “22  0 


tan  2<p  =  - 


“55 — “44 


“13 — “is 


2<*45 

“55  —  “44 


(6.10) 


(6.11) 


If  any  one  of  conditionsj  (6.9)  and  (6.11)  is  not  fulfilled, 
this  means  that  the  body  is  not  orthotropic. 

It  is  important  to  note  that  in  studying  the  plane  problem, 
which  will  be  discussed  in  detail  in  Chap.  4,  Eqs.  (6.10) 
may  be  disregarded  simply  because  the  equations  and  formu¬ 
las  do  not  involve  a36  and  a45.  Equations  (6.8)  will  determine 
the  positions  of  the  axes  x',  y' ,  which,  though  not  being, 
strictly  speaking,  principal  (a'3e  and  a'ib  are  not  zero),  can 
be  treated  as  principal  in  the  plane  problem  since  in  the 
x  i  y' ,  z'  system  the  equations  for  the  plane  problem  are  no 
different  from  those  for  an  orthotropic  body. 

Consider  an  elementary  example.  Suppose,  for  a  given 
co-ordinate  system  x,  y,  z,  that 

*11  =  *22'  *13  =  *23'  *44  =  ®S5i  *16  =  *26  ^  6, 

*36  ^>6,  fl45.<^  0. 

Ihe  four  equations  (6.8)  and  (6.10)  then  become 

tan  4cp  =  0,  tan  2q> oo.  (6.12) 
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From  the  first  equation  we  find  cp  =  0,  -5- ,  ~  t  ..  ..  and 

from  the  second  cp  =  ^  ,  ....  The  numerically  smallest 

cp  satisfying  both  equations  is  cp  =  n/4.  The  body  is  ortho¬ 
tropic;  two  planes  of  elastic  symmetry  are  inclined  to  the 
co-ordinate  planes  at  angles  of  45°  and  135°. 

The  formulas  for  the  elastic  constants  of  an  orthotropic 
body  become  more  vivid  if  the  engineering  elastic  constants 
Et,  Gt},  Vjj  are  introduced.  Instead  of  (6.1),  (6.2),  and  (6.4) 
we  then  have 


i^)  siD2<pcos2cp+— 

<=(^r+x+‘5r“^r)  sin2<pcos2'p- 

a««  (*b7  +  % 


1  2vls 

+  E, 

g12  y 

i  2vls 

i  ■ 

"+  Es 

Gls 

v12 

E, 


1  \ 

■ —  sin2  cp  cos2<p4- 
r12  f 


[  (6.13) 


«;.=[2  ( 
<  =  [2  ( 


sin2 

1  _ 

cos2  <p  \ 

_L 

(J_ 

2vls  ' 

1  X 

El  ) 

V  G„ 

Ei  i 

1  x 

X  (cos2 

(P- 

-sin2 

<P) 

sin 

(p  cos 

9. 

cos2 

jjP__ 

sin2  (p  \ 

2v12  ' 

|x 

E* 

Et  ) 

\  g12 

El  , 

X  (cos2 

<P  - 

-  sin2 

<P) 

J  sin 

cp  cos 

<p; 

cos2  <p 

■  4- 

sin2  (p 

1 

<=(-i'~^7)sin(f,C0S(P’ 


J2S  ^13 

sin2  <p  ,  cos2  (p  4 

^23  ^13 


(6.14) 
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-( 


sin2  cp  - 

i  2 


cos2(p)  * 


4.=  —  (-^-cos2<p  +  -^-sin2(p). 


1 

E  3  ’ 

(  V13 
\  E1 

--^p-)sin  (p  cos  cp. 

zero. 

(6.15) 


Below  are  given  some  invariants  for  an  orthotropic  body, 
i.e.,  quantities  that  are  unaltered  when  the  co-ordinate 
system  is  rotated  about  the  common  axis  z: 


•Ci  ®u  1"  ®ss  "b  2sls  p  “h  g 


2vi8 
'  Ei  ' 


■a. 


Aai*  =  G 


4v 


la 


la 


E , 


1  1 

/3  =  a4-i-ai5-^  +  g^, 

T  —  n‘  I  n’  —  /  v13  .  v33  \ 

•‘4  — <*13  +aS3—  (  +  fi’jj  J 


!  (6.16) 


-  V31  +  V32 

E3 


The  questions  associated  with  the  transformation  of  the 
elastic  constants  of  an  orthotropic  body  when  the  co-ordinate 
axes  are  rotated  have  been  studied  by  N.  G.  -Chebtsov; 
formulas  (6.3)  and  (6.4)  have  been  derived  in  his  work  [61] 
(the  notation  used  by  N.  G.  Chentsov  is  somewhat  different 
from  that  adopted  here).  The  same  questions  are  treated  in 
the  handbook  [6]  and  in  the  book  [7]. 

(2)  Transformation  of  reduced  elastic  constants  fitj.  As  will 
be  shown  later,  in  studying  the  elastic  equilibrium  of  an 
anisotropic  body  bounded  by  a  cylindrical  surface  we  have 
to  deal  mostly,  not  with  the  constants  at],  but  with  their 
non-linear  combinations: 


(*,7  =  1.2,  4,  5,  6).  (6.17) 

“33 

lfiese  expressions  have  been  termed  the  reduced  elastic 
constants.  In  seeking  solutions  of  various  problems,  the 
following  question  may  arise:  the  reduced  constants  are 

4 — o  «  o  o 
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known  for  a  certain  co-ordinate  system  x,  y,  z  with  the  a 
axis  parallel  to  the  generators  of  the  cylindrical  surface,  and 
it  is  required  to  determine  these  constants  for  another 
system  x' ,  y' ,  z'  rotated  with  respect  to  the  x,  y,  z  system 
about  the  common  axis  z'  =  z  through  an  angle  cp. 

We  state  without  derivation  that  the  formulas  for  th<j 
transformation  of  the  reduced  constants  are  obtained  from 
(6.1)  to  (6.3)  if  dij  are  replaced  by  Pj;  with  the  same  sub¬ 
scripts,  and  a’i}  by  P^-.  We  thus  obtain  15  formulas  for  the 
fifteen  since  they  are  obvious,  we  shall  not  write  them 
out.* 

If  the  old  axes  x,  y,  z  are  principal,  then 
Pi4  =  Pis  ==  Pis  =  P24  =  P25  =  Pm  =  P45  = 

=  P46  —  Pse  —  0 


and  in  consequence 


Pu=p;4=p4«=p;*=p;5=p;,=o. 


7.  Transformation  of  Complex  Parameters  When 
the  Co-ordinate  System  is  Rotated 

All  problems  considered  in  this  book  for  a  homogeneous 
body  in  Cartesian  co-ordinates,  except  for  the  simplest 
ones,  reduce  to  finding  unknown  functions  U  (x,  y)  satisfying 
second-,  fourth-,  or  sixth-order  differential  equations  of 
the  form 

dimU  dtmU  dtmV 

a0  gx2m  "T  at  ^im-l  Qy  +  •  •  •  +  a2m  gy2m  —  f  (xr  2/)  •  (Al) 

Here  m  —  1,  2,  or  3;  a0,  at,  .  .  .,  a2m  are  given  constants 
depending  on  the  elastic  constants,  and  /  (x,  y)  is  a  given 
(usually  continuous)  function  of  the  co-ordinates  x.  y. 

Associated  with  Eq.  (7.1)  is  the  algebraic  (characteristic) 
equation  of  degree  2m: 

a2m}x  ™  +  .  .  .  +  a0  =  0.  (7.2) 

As  will  be  shown  in  Chap.  3,  for  every  perfectly  elastic 
body  the  roots  p,ft,  ph  of  this  equation  are  complex  or  pure 

*  The  formulas  for  the  transformation  of  $i}  and  their  brief  deri 
vation  may  be  found  in  the  first  edition  of  this  book  [26]  (pp.  43-44) 
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imaginary  numbers;  they  are  called  the  complex  parameters 
of  anisotropic  material.*  In  solving  various  problems'  we 
often  have  to  transform  from  one  co-ordinate  system,  x,  y,  z, 
where  z  is  an  axis  normal  to  a  plane  of  elastic  symmetry,  to 
another  system,  x' ,  y' ,  z\  rotated  through  an  angle  (p  about 
the  common  axis  z'  —  z. 

The  complex  parameters  are  changed  under  this  transfor¬ 
mation.  It  is  required  to  find  the  transformation  formulas 
for  the  complex  parameters  when  the  axes  are  rotated. 

To  solve  this  problem,  we  divide  the  left-hand  side  of 
Eq.  (7.1)  into  2 m  linear  differential  operators  of  the  first 
order,  i.e.,  we  represent  it  as 

DiDi  . .  .  DmDiD 2 . . .  DmU  =  /  ( x ,  y),  (7.3) 

where 

7-i  0  d  vr  •  d  —  d  ,,  .  0  . 

55— =  (&=  1,  2,  . . . ,  m). 

(7.4) 

On  transforming  from  the  x,  y,  z  system  to  a  new  one,  we 
obtain 

x  =  x  cos  cp  4-  y  sin  (p,  y'  =  — x  sin  (p  +  y  cos  cp,  (7.5) 
d  d  ,  a  . 

W~WC0S(f>  +  Wsln*' 

d  d  .  .  d 

Substituting  these  expressions  in  (7.3),  we  find 

D'mD\D'2...  D'mU  =  U{x',y'),  (7.7) 

where 

jy  _  d  cos  (p  — sin  <p  d  _  d  ,  d 

A  dy'  costp+Hfc  simp  dx'  dy'  dx'  ’ 

fy d  pift  cos  q>  —  sin  <p  d _ d  — ,  d 

dy  coscp-bpifc  sin  (p  dx'  dy’  dx'  ’ 

,  .  *  ,®ee  [27],  Sec.  10.  A  bar  above  the  letter  denotes,  as  usual,  the 
complex  conjugates. 
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and  (x' ,  y’)  is  a  given  function  of  x'  and  y' .  On  comparing 
(7.8)  and  (7.4),  we  find  the  formulas  for  the  complex  pa¬ 
rameters  in  the  new  co-ordinate  system: 

.  gfcCQS  <p  — sin  (p  Pft  cos  <p  — sin  <p  -  g. 

cos  (p-f  sin  <p  ’  ™  coscp+iIft  sin  q>‘  '  ' 

An  inspection  of  the  transformation  formulas  (7.9)  reveak 
the  following: 

(1)  if  the  parameters  are  complex  for  one  co-ordi¬ 

nate  system,  they  remain  complex  or  pure  imaginary  foe 
any  other  system  rotated  through  an  angle  <p  about  the 
common  axis  z;  conversely,  if  for  any  material  or  co-ordinate 
system  pfc,  come  out  real,  they  remain  so  in  any  othe 
(Cartesian,  rotated)  co-ordinate  system; 

(2)  if  among  the  complex  parameters  there  are  equal  one: 
(pm  =  p„),  the  corresponding  complex  parameters  pm,  jv 
are  also  equal; 

(3)  if  one  of  the  complex  parameters  is  i  or  —  i  (i  =  V  —  1 
for  any  co-ordinate  system,  the  corresponding  paramete. 
for  any  other  system  rotated  with  respect  to  the  first  one  i. 
respectively  equal  to  i  or  —  i  (the  case  of  an  isotropic  body) 

8.  Surfaces  and  Curves  Representing  the  Variation 
of  Elastic  Constants  with  Change  in  Direction 

As  has  been  shown,  the  elastic  constants  for  a  fixed  poin 
depend  on  quantities  characterizing  a  direction,  viz.  oi 
lij,  and  in  particular  on  <p.  Various  geometrical  construe 
tions  havej  been  proposed  which  illustrate,  in  a  vivid  way 
the  variation  of  a  particular  elastic  constant  for  differen 
directions  drawn  through  a  point  O.  For  any  specific  mate 
rial,  several  methods  may  be  suggested  for  such  construe 
tions.  We  shall  discuss  some  basic  methods  without  sped 
fying,  for  the  present,  a  material  for  which  the  geometrica 
construction  is  performed,  but  focusing  our  attention  on  th- 
way  the  corresponding  geometrical  images  are  constructed. 
Specific  elastic  constants  and  geometrical  constructions  fo, 
them  will  be  discussed  later  in  this  section. 

(1)  Direction  surfaces  and  curves.  As  has  been  shown,  the 
elastic  constants  transformed  to  new  axes  are  homogeneou 
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polynomials  of  the  fourth  degree  in  the  direction  cosines. 
It  is  well  to  recall  here  that  in  the  theory  of  stress  the  normal 
stress  is  a  quadratic  function  of  the  direction  cosines  of  the 
normal  to  a  plane  on  which  it  acts.  By  using  the  normal 
stress  formula,  one  can  construct  what  is  known  as  the 
Cauchy  direction  surface,  which  oSers  a  means  of  assessing 
(at  least  to  some  degree)  the  variation  of  the  normal  stresses 
on  planes  passed  through  a  given  point. 

In  a  similar'  way  it")  is  possible  to  construct  surfaces 
characterizing  the  variation  of  Young’s  modulus  En  for 
diSerent  directions  (see  Saint-Venant’s  work  [112])  and  of 
other  elastic  constants.  We  lay  oS,  along  the  n  directions 
from  an  arbitrarily  chosen  point  taken  as  the  origin  0  of 
some  fixed  system  x,  y,  z,  segments  whose  lengths  are  related 
to  the  modulus  by  the  equation 

r  =  (8-1) 

Here  Jc  is  a  scale  factor,  which  may,  for  example,  be  taken 
equal  to  1 I^EX,  where  E1  is  Young’s  modulus  for  the  x 
direction. 

We  now  turn  to  formula  (5,8).  By  expressing  the  cosines 
ln.  I12,  lls  in  terms  of  the  co-ordinates  by  the  formulas 

*..=7-,  *12  =  7-,  l»  =  T  M 

and  laying  oS,  along  diSerent  directions  emanating  from  the 
origin,  segments  equal  to 

r  =  (8.3) 

we  conclude  that  the  ends  of  the  segments  r  describe  a 
fourth-degree  surface,  which  is  called  the  direction  surface 
for  the  const ants'ajj  or  for  Young’s  modulus.  The  equation 
°f  this  surface  is  of  the  form 

“h*4  +  a22 yk  +  assz4  +  (2a23  +  dkk)  y2z2  + 

+  (2a13  +  a 55)  z2x2  4-  (2a, 2  +  a66)  x2y2  + 

+  2yz  [(a14  +  a56)  x2  +  a2ly2  +  a3lz2]  + 

+  2z:r[a15£2  “t-  (®2s  “h  aw)  l/2-t-®35Z2]  -4- 

-{-2xy\ai6x2  +  a29y2  + 

+  (a36-j-a45)z2]  =  a11.  (8.4) 
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The  lines  of  intersection  of  this  surface  and  the  planes 
passing  through  the  origin  are  called  the  direction  curves 
for  Young’s  modulus.*  The  equations  are  simplified  if  the 
body  is  orthotropic.  By  choosing  the  x,  y,  z  axes  normal  to 
the  planes  of  elastic  symmetry,  we  obtain  the  equation  of 
the  direction  surface: 


jL+jL 

Ei_  '  '  E  3 


-2  (^yV+^V+^fxV)  + 


,  l/?za  Z2Z2  .  I2!/2  1 

^  G23  GlS  @12  Ei 


(8.5) 


The  equation  of  the  direction  curve  on  the  xy  plane  is  of 
the  form 


where 


Xx*  +  2  Bx2y2  +  y*  =  %,  (8.6) 

=  B=-^—  —  \zi.  (8.6a) 


Figure  5  shows  the  direction  curves  of  Young’s  modulus 
for  two  values  of  the  parameters:  (a)  %  =  0.5,  B  =  10  and 


(b)  K  —  0.5,  B  =  0.05.  In  special  cases  the  direction  curves 
may  degenerate  into  ellipses  and  circles.  Several  examples 

*  The  names  “direction  surface"  and  “direction  curve”  for  an  elastic 
constant  appear  to  have  been  first  suggested  by  A.  L.  Rabinovich 
([108],  pp.  19-20). 
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are  considered  in  Saint-Venant’s  work  [i  12],  but  we  shall 
not  discuss  them  here. 

(2)  Tension  coefficient  surfaces.  A  visual  representation  of 
the  resistance  of  material  to  tension  and  compression  can 
be  obtained  by  laying  oS,  from  a  given  point  along  different 
directions,  segments  whose  lengths  are  proportional  to  the 
constant  a'n\ 


r  —  ka' 


(8.7) 


(or,  what  is  the  same  thing,  are  inversely  proportional  to 
Young’s  modulus  for  the  given  direction).  The  ends  of  such 
segments  describe  a  surface  known  as  the  “tension  coefficient 
surface”. 

Figure  6  shows  the  general  view  of  the  tension  coefficient 
surface  for  a  material  having  symmetry  as  in  a  cubic  crystal 


(%1  ®22  a33i  ®23  —  a13  ~  ®12!  a44  —  ®55  —  ®66>  the 

other  atj  =  0).  The  rotation  of  the  figure  through  a  = 
=  2jt/4‘=  90°  brings  all  its  points  in  coincidence.  Such  a 
surface  is,  for  example,  obtained  in  an  alpha-iron  single 
°rystal.  The  surface  cuts  off  equal  segments  on  the  three 
axes  of  symmetry  (principal  axes  of  elasticity).  Figure  7 
sil°ws  the  general  appearance  of  the  tension  coefficient 
surface  for  an  orthotropic  material.  The  co-ordinate  axes 
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are  principal,  i.e.,  they  are  normal  to  the  planes  of  elastic 
symmetry.* 

(3)  Anisotropy  diagrams.  There  are  other  methods  avail¬ 
able  fur  the  construction  of  surfaces  characterizing  the 
variation  of  elastic  constants. 

We  shall  consider  the  so-called  anisotropy  diagrams,  which 
are  three-dimensional  figures,  but  can  be  sufficiently  well 

represented  on  a  plane. 
A  Cartesian  co-ordinate 
system  is'used  for  the  con- 
strucion. 

The  following  procedure 
for  construction  has  cer¬ 
tain  advantages  over  the 
others:  let  co-ordinate  sys¬ 
tems  x,  y,  z  and  x',  y’ ,  z' 
with  a  common  origin  0  be 
taken  so  that  the  y  and  y' 
axes  lie  in  the  xy  plane 
(basic  plane;  Fig.  8).  The 
angle  between  the  y'  and  y 
axes  is  taken  as  one  co-ordi¬ 
nate,  <p,  and  the  angle  between  the  x  axis  and  the  xy  plane  as 
the  other  co-ordinate,  0.  Thus,  the  elastic  constant  whose  beha¬ 
viour  we  are  studying  is  represented  as  a  function  of  two 
variables,  cp  (lying  in  the  xy  plane)  and  0  (in  a  plane  per¬ 
pendicular  to  xy).  Next  a  three-dimensional  co-ordinate 
network  (the  first  octant)  is  taken;  values  of  cp  from  0  to 
90°  are  laid  oS  along  the  abscissa  axis,  angles  0  along  the 
ordinate  axis,  and  absolute  values  of  the  elastic  constant 
along  the  z  axis.  The  values  of  the  elastic  constant  are  laid 
oS  from  points  with  co-ordinates  cp,  0  along  verticals, 
without  distortion.  Curves  showing  the  variation  of  the 
constant  are  first  plotted  for  <p  ==  cp„  =  0  and  values  of  0 
are  taken  at  equal  intervals  (for  example,  at  15°,  or  at  5°  for 
a  mure  accurate,  plotting,  etc.).  Next  curves  are  plotted  for 
cp  =  cp!  and  0  varying  from  0  to  90°.  The  construction  is 
performed  by  using  the  means  of  modern'  computing  tech- 

*  Figures  7  arid  8  are  taken  from  the  first  edition  of  this  book 
[26],  p.  52j  wherd  reference  is  also  made,  to  [108]  and  [47]  as  original 
sources.  - 
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nique,  which  we  shall  not  consider  here.  When  all  curves  have 
been  plotted,  they  represent  sections  of  a  certain  surface. 
The  main  convenience  of  this  diagram  lies  in  the  fact  that, 
though  it  represents  a  surface  in  oblique  projection,  the 
values  of  the  elastic  constant  are  plotted  without  distortion 


Fig.  9 

along  the  vertical  and  can  always  be  determined  from  the 
graph  for  any  pair  of  angles  <p  and  0.  Figure  9  shows  a 
diagram  for  Young’s  modulus  of  one  of  the  modern  materials 
(glass-fibre  reinforced  plastics)  taken  from  the  book  [7]. 
There  are  also  other  methods  available  for  the  plotting  of 
anisotropy  diagrams  (surfaces),  and  in  particular  in  polar 
co-ordinates.  This  subject  is  sufficiently  well  treated  in  [6] 
and  [7], 
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9.  Some  Anisotropic  Elastic  Materials 

Among  real  anisotropic  bodies,  the  materials  to  be  men¬ 
tioned  in  the  first  place  are  single  crystals  of  various  sub¬ 
stances,  and  also  bars  and  plates  cut  out  of  single  crystals. 

It  has  been  proved  that  there  are  altogether  32  kinds  of 
geometrical  symmetry  of  single  crystals  combined  into  seven 
syngonies  named  as  follows:  (1)  triclinic,  (2)  monoclinic, 
(3)  rhombic,  (4)  tetragonal,  (5)  trigonal,  (6)  hexagonal, 
and  (7)  cubic.  Every  natural  crystal  has  one  of  the  32  kinds 
of  symmetry,  and  may  be  placed  into  one  of  the  seven  syngo¬ 
nies  [11].  As  to  the  classes  of  elastic  symmetry,  they  are  much 
fewer  in  number  since  thesame  form  of  the  generalized  Hooke’s 
law  equations  applies  to  several  kinds  of  geometrical  sym¬ 
metry.  According1  to  the  elastic  properties,  all  crystals  may 
be  divided  into  only  nine  classes  or  groups.  The  expressions 
for  the  elastic  potential  (and  hence  for  the  generalized  Hooke’s 
law  equations)  for  these  nine  classes  may,  for  example,  be 
found  in  Love’s  course  129]  (Chap.  VI,  Article  109)  and  in 
a  series  of  works  cited  below,  and  so,  not  being  specially 
concerned  with  the  elasticity  of  crystals,  we  leave  them  out. 
We  only  note  that  the  elastic  constants  of  crystalline  sub¬ 
stances  (single  crystals,  minerals,  and  rocks)  have  been  de¬ 
termined  experimentally  by  many  investigators.  We  must, 
in  the  first  place,  mention  the  classical  investigations  by 
Voigt  described  in  his  course  in  crystal  physics  [38].  Below 
are  given  the  values  found  by  Voigt  for  the  elastic  constants 
of  quartz  (rock  crystal)  forming  crystals  of  trigonal  syngony 
(12  non-zero  constants  atj,  the  z  axis  is  directed  along  the 
axis  of  symmetry  of  the  third  order,  the  x  axis  along  the 
axis  of  the  second  order): 

Oi1  =  o22  =  12.73  -HT7,  a33  =  9.71-10-7,  ) 

a12=  — 3.67  - 1 0-7 ,  al3  =  a23  —  — 1.49- 10-7, 

a44  =  ass  =  19.66  •  10'7,  a66  =  2  (aH  —  a12), 

a56  ■—  fl14  ”  T  ®24  —  —  4.23-10  7, 

a15  =  ®25  —  ®35  "  ®45  =  aI6  =  a26  ~  ®36  —  a46  —  a34  ~  0 

(in  cm2/kgf*).  j 

*  kgf  is  kilogram-force  in  distinction  to  kg  for  kilogram-mass. 
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The  numerical  values  of  the  elastic  constants  for  several 
single  crystals  and  minerals  are  given  in  [47].  The  literature 
on  this  subject  is  also  indicated  in  [68].  In  the  review  paper 
by  K.S.  Aleksandrov  and  T.V.  Ryzhova  [41]  the  elastic 
constants  are  given  for  more  than  two  hundred  substances 
forming  crystals  of  various  syngonies,  a  large  list  of  ref¬ 
erences  is  appended,  and  some  methods  are  presented  for  deter¬ 
mining  the  elastic  constants  (see  also  [70]). 

The  elastic  constants  are  also  known  for  some  rocks,  and 
in  particular  for  fine-grained  and  laminated  rocks.  Because 
of  lamination,  these  rocks  may  be  regarded,  to  a  first  approx¬ 
imation,  as  homogeneous  and  transversely  isotropic.  We 
give  numerical  values  of  the  elastic  constants  for  one  of  these 
rocks,  viz.  coarse  dark-grey  aleurolith.  This  is  a  laminated, 
tightly  bound  sedimentary  rock  containing  from  60  to  70  per 
cent  of  fragments  of  quartz  and  feldspar.  The  binding  mate¬ 
rial  in  amounts  of  40  down  to  30  per  cent  of  the  total  com¬ 
position  is  argillaceous,  with  admixed  muscovite  and  cal- 
cite.  The  thickness  of  laminae  is  of  the  order  of  1  to  4  mm. 

By  taking  the  z  axis  normal  to  the  planes  of  laminae, 
which  are  regarded,  to  a  first  approximation,  as  planes  of 
isotropy,  we  obtain  the  generalized  Hooke’s  law  equations 
(4.9)  for  this  material.  The  following  values  have  been  found 
experimentally  for  Young’s  moduli,  the  shear  moduli,  and 
Poisson’s  ratios  (see  [86]): 

E  =  6.21  •  105,  E'  —  5.68-105,  G'  =  2,29-105  \ 

(in  kgf/cm2);  l  (9. 2) 

G  —  2.55,  v  =  0.22,  v'=0.24  I 

(the  last  three  values  are  less  accurate  than  the  first  three 
since  they  have  been  found  by  calculation  and  not  experi¬ 
mentally). 

In  spite  of  marked  difference  between  the  elastic  constants 
E  and  E' ,  G  and  G' ,  v  and  v',  aleurolith  should  be  considered 
low  anisotropic  since  the  parameters  determining  the  degree 
of  anisotropy  in  it  are  close  to  those  for  an  isotropic  body. 
Por  any  specific  shape  of  a  body  made  of  aleurolith  and  for 
particular  forces,  the  stresses  differ  very  little  from  those 
m  an  isotropic  body  of  the  same  shape  and  loaded  in  the  same 
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manner.  The  elastic  constants  for  many  anisotropic  materials 
and  rocks  are  given  in  the  handbook  [14]. 

In  connection  with  the  subject  of  the  elastic  properties 
of  rocks  the  work  [50]  is  of  special  interest.  It  contains  the 
numerical  values  of  all  engineering  elastic  constants  for 
forty  seven  different  rocks,  which  may  be  regarded,  to  a 
first  approximation,  as  transversely  isotropic  (aleuroliths,  phy  1- 
Iites,  shales,  sandstones,  limestones,  granites,  granodiorites, 
etc.).  The  numerical  values  of  the  constants  are  taken  from 
the  experimental  investigations  of  several  authors.  The 
analysis  of  these  data  has  suggested  the  following  conclusion. 
Although  the  shear  modulus  G'  for  planes  normal  to  the  plane 
of  isotropy  is,  strictly  speaking,  an  independent  constant  and 
is  in  no  way  related  to  the  other  elastic  constants,  it  is  pos¬ 
sible  to  indicate  an  approximate  formula  connecting  G' 
with  principal  Young’s  moduli  and  Poisson’s  ratios  for  forty 
five  rocks  (out  of  47).  In^our  notation  [see  Eqs.  (4.9)]  this 
approximate  formula  is  of  the  form 


G'  = 


EE' 

E(i  +  2v')  +  E'  ' 


(9.3) 


In  the  case  of  an  isotropic  body  it  transforms  into  the 
exact  formula  for  the  shear  modulus  G  =  E/2  (1  +  v). 
Thus,  for  forty  five  of  the  rocks  examined  it  is  permissible 
to  assume,  with  an  accuracy  sufficient  for  practical  purposes, 
that  the  number  of  independent  elastic  constants  is  four 
and  not  five.  As  will  be  shown  in  Chap.  4,  the  degree  (or  inten¬ 
sity)  of  anisotropy  in  the  case  of  a  two-dimensional  (plane) 
problem  is  characterized  by  two  quantities.  The  anisotropy 
of  the  foregoing  rrocks,  however,  can  be  characterized  by 
only  one  quantity,  and  the  authors  propose  that  this  quan¬ 
tity  should  be  taken  as  the  ratio  of  the  principal  moduli 
p  =  E/E'. 

Among  non-crystalline  anisotropic  materials,  we  may 
mention  wood  of  various  species  of  tree  with  regular  annual 
rings.  Strictly  speaking,  wood  is  a  non-homogeneous  mate¬ 
rial,  but  if  the  curvature  of  rings  and  the  non-homogeneity 
are  neglected,  a  block  of  wood  may  be  regarded,  to  a  first  ap¬ 
proximation,  as  a  homogeneous  body.  Three  orthogonal 
planes  of  structural  symmetry  may  be  distinguished  in  it, 
and  these  are  simultaneously  planes  of  elastic  symmetry: 
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the  hrst  plane,  yz,  is  normal  to  the  wood  grain,  the  second 
(tangential)  plane,  xy,  is  parallel  to  the  annual  rings,  and 
the  third  (radial)  plane,  xz ,  is  orthogonal  to  the  first  two 
(Fig.  10).  All  planes  parallel  to  yz,  xz,  and  xy  are  also  planes 
ofj  elastic^  symmetry  (of 
course,  withj|sufficiently  regular 
structure  when  there  are  no 
flaws,  knots,  or  other  defects 
of  wood).  The  generalized 
Hooke’s  law  equations  referred 
to  the  above  co-ordinate  sys¬ 
tem  are  given  by  (4.4)  and  (4.6) 
and  involve  nine  indepen¬ 
dent  [(and  invariant)  elastic 
constants. 

A  simplified  model  of  wood 
is  sometimes  used,  namely  p.  ^ 

it~is  regarded  as  a  transverse¬ 
ly  isotropic  material,  i.e., 

the  difference  in  the  elastic  properties  for  different  directions 
in  planes  normal  to  the  grain  is  neglected. 

Below  are  given  values  of  some  elastic  constants  and 
graphs  for  pine  wood  using  [102 J  and  [108]  (Elf  E2  are  Young’s 
moduli  for  tension  and  compression  in  directions  parallel 
to  the  grain  and  in  tangential  directions,  respectively): 

^i  =  l -10s,  Ei  =  0.042  -10\ 

v21  =  0.01,  X  =  4s- =  0.042, 

1  (9-4) 

G,2  =  0.075 -106  (in  kgf/cm2); 

e  =  7& - v21  =  0.27. 


The  values  of  Elt  E2,  v2l  have  been  obtained  directly  from 
experiment,  and  the  shear  modulus  has  been  calculated  by 
the  formula  for  the  transformation  of  elastic  constants  using 
experimental  data.  Figure  11  shows  a  curve  of  values  of 
Young’s  modulus  plotted  against  the  compression  direction, 
taken  from  [108],  where  there  are  also  some  other  graphs  for 
elastic  constants.  Figure  12  shows  the  direction  curve  for 
Young’s  modulus  of  pine. 
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In  the  repeatedly  cited  book  [6]  there  are  comprehensive 
tables  of  numerical  values  of  all  nine  constants  for  wood  of 
twelve  different  species  of  tree  (pp.  54  to  57  and  60  to  79). 


Another  example  of  an  anisotropic  material  is  plywood. 
A  sheet  of  plywood  is  usually  made  of  an  odd  number  of 
wood  (veneer)  plies  placed  symmetrically  with  respect  to 
the  middle  one  and  bonded  over  the  surfaces  of  contact  with 


Fig.  12 


Fig.  13 


a  certain  binder;  in  most  grades  of  plywood  the  directions  of 
fibres  of  adjacent  plies  are  mutually  perpendicular. ~A  sheet 
of  plywood  is  a  non-homogeneous  body,  but,  if  the  dimen¬ 
sions  are  great  compared  with  the  ply  thickness,  it  may  be 
regarded,  to  a  first  approximation,  as  a  homogeneous  and 
orthotropic  plate,  i.e. ,  the  non-homogeneity  may  be  neglected. 
The  planes  of  elastic  symmetry  are  normal  to  the  wood  grain. 

Let  the  state  of  stress  in  a  plywood  plate  be  generalized 
plane  stress,  i.e.,  one  which  is  produced  by  forces  acting  in 
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its  middle  plane.  We  take  the  middle  plane  of  the  whole 
plywood  sheet  as  the  xy  plane,  with  the  x  and  y  axes  directed 
parallel  and  perpendicular  to  the  fibres  of  the  outer  plies 
(see  Fig.  13  showing  an  element  of  three-ply  plywood). 
By  introducing  into  consideration  the  average  values  (across 
the  thickness)  of  the  stress  and  strain  components  parallel 
to  the  middle  plaine,  ax,  ay,  xxy,  ex,  ey,  yxy,  and  neglecting 
the  average  stress  <rz,  we  write  the  three  equations  expressing 
the  generalized  Hooke’s  law  as 


-  _  i  - 

—  ~q~ 


Here  E1,  E2,  G,  v1;  v2  are  the  averaged  engineering  elastic 
constants  for  the  plate  as  a  whole  (they  depend  on  the  elastic 
constants  of  the  plies,  their  number  and  thicknesses). 

Below  are  given  numerical  values  of  the  elastic  constants 
for  four  kinds  of  plywood. 

(1)  Three-ply  birch  plywood  bonded  with  bakelite  film. 
This  plywood  is  a  material  with  pronounced  anisotropy,  and 
one  whicji  is  very  suitable  for  illustrating  theoretical  inves¬ 
tigations  on  the  plane  problem,  in  particular  on  the  question 
of  stress  concentration  around  holes.  It  is  on  this  material 
that  we  have  illustrated  nearly  all  our  investigations; 
comparison  between  the  stress  graphs  for  a  plate  of  birch 
plywood  and  for  an  isotropic  plate  shows  in  a  particularly 
vivid  way  how  the  anisotropy  affects  the  stress  distribution. 
The  values  of  elastic  constants  are  given  in  the  author’s 
books  [26]  to  [28].  In  the  present  book,  too,  we  shall  inves¬ 
tigate  the  stress  distribution  in  plates  with  holes  and  give 
stress  graphs  for  a  plate  of  birch  plywood  and  for  a  similar 
isotropic  plate. 

(2)  BC-1  plywood,  grade  1;  seven  veneer  plies,  the  sheet 
thickness  is  8  mm. 

(3)  BOG  bakelite-bonded  plywood;  seven  veneer  plies, 
the  sheet  thickness  is  7  mm. 
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(4)  ®C®  plywood  of  increased  water-resistance;  the 
sheet  thickness  is  10  mm. 

The  elastic  constants  of  plywood  (2),  (3),  and  (4)  [from 
Eqs.  (9.5)]  are  taken  from  the  handbook  [6]  (p.  84). 


Elastic  Constants  of  Plywood  (Four  Kinds) 


Table  6 


Elastic  constants 

Name  of  grade  of  plywood 

Birch 

ply¬ 

wood 

BC-l 
grade  1 

E<X>C 

oco> 

Ei’i0~*  (in  kgf/cm2) 

je2-io-5 

E'-lGr* 

G-10-5 

Vl 

v2 

1.2.,'. 
0.6  ' 

0.24 

0.07 

0.071 

0.036 

i 

Table  6  gives  numerical  values  of  the  elastic  constants 
for  the  four  kinds  of  plywood,  namely  the  moduli  Et,  E2 
in  tension  along  the  principal  directions  (along  the  fibres  of 
the  jacket  and  perpendicular  to  the  fibres)  and  also  the 
moduli  E'  in  tension  at  an  angle  of  45°  to  the  fibres,  the 
shear  moduli  G  and  Poisson’s  ratios  vx,  v2. 

Note  that  the  shear  modulus  G  for  OCO  plywood  is  not 
given  in  [6],  but  it  can  be  calculated  if  Elt  E2,  E' ,  v1(  and  v2 
are  known  (as  has  been  done  in  Table  6). 

Speaking  of  anisotropic  materials,  we  must  refer,  if  only 
briefly,  to  modern  composite  materials,  which  have  found 
wide  application  by  now  in  modern  engineering  owing  to 
their  valuable  strength,  elastic,  and  other  properties.  Such 
materials  are  composed  of  reinforcing  elements  of^  high 
strength  and  stiffness  and  of  a  less  strong  and  less^stiff 
binder  providing  the  solidity  of  a  composition.  Extensive 
use  is  made  of  glass-fibre  reinforced  plastics,  which  are  com¬ 
posed  of  a  plastic  material  reinforced  with  very  fine  glass 
fibres  (cords)  twisted  into  strands  of  100  to  200  fibres,  or 
with  glass  fabric  of  various  weave.  Some  glass-fibre  reinforced 
plastics  are  produced  by  contact  moulding  and  cold  curing 
of  hinder,  others  are  made  by  winding  glass  fibres,  strands, 
strips  and  hot  moulding,  and  by  other  technological  processes. 
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Information  on  glass-fibre  reinforced  plastics  (as  to  what 
kinds  are  used  in  engineering,  how  they  are  fabricated,  their 
grades,  etc.)  may  be  found  in  [6]  (Chap.  1)  and  in  [7]  (Chap.  1). 
They  also  provide  detailed  data  on  the  strength  and  elastic 
properties  of  glass-fibre  reinforced  plastics,  on  quantities 
characterizing  these  properties,  and  on  procedures  for 
determining  the  strength  and  elastic  characteristics  (see 
also  the  monograph  [15]).  One  of  the  first  works  on  glass- 
fibre  reinforced  plastics  (of  the  CBAM  type)  was  that  by 
A.  K.  Burov  and  G.  D.  Andreevskaya  [10]. 

A  reinforced  material  may  be  regarded,  to  some  order  of 
approximation,  as  a  homogeneous  and  anisotropic  elastic 
medium  having  a  certain  kind  of  structural  symmetry, 
depending  on  the  symmetry  of  reinforcement,  which  entails 
elastic  symmetry.  Some  glass-fibre  reinforced  plastics  may 
be  treated  as  orthotropic  elastic  media  (of  course,  within 
the  limits  in  which  the  strains  produced  by  an  external  load 
may  be  considered  elastic);  others  may  be  regarded  as  trans¬ 
versely  isotropic  and  even  as  isotropic  media.  The  question 
as  to  how  the  elastic  characteristics  of  a  reinforced  material 
can  be  determined  theoretically  is  studied  in  detail  in  [55]. 
Of  numerous  glass-fibre  reinforced  plastics  we  shall  consider 
three  kinds,  which  are  of  great  importance  in  shipbuilding. 
These  glass-fibre  reinforced  plastics  are  studied  in  two 
papers,  [46]  and  [45],  which  contain  comprehensive  infor¬ 
mation  on  these  materials.  Besides,  we  shall  consider  one 
more  glass-fibre  reinforced  plastic  the  information  on  which 
may  be  found  in  the  handbook  [6].  We  list  these  materials. 

(1)  Unidirectional,  wound  glass-fibre  reinforced  plastic. 
It  is  composed  of  a  binder  reinforced  with  parallel  glass 
fibres.  Compared  to  glass-fibre  reinforced  plastics  of  different 
structure,  it  exhibits  a  maximum  strength  and  stiffness  in 
the  reinforcement  direction.  The  material  may  be  regarded 
as  a  transversely  isotropic  body  with  planes  of  isotropy 
normal  to  the  fibres.  By  taking  the  z  axis  along  the  fibres, 
the  generalized  Hooke’s  law  equations  for  this  body  are 
obtained  in  the  form  of  (4.8)  or  (4.9). 

(2)  Glass-fibre  laminate  of  orthogonal  reinforcement. 
Its  base  is  formed  by  several  layers  of  parallel  fibres,  layers 
with  fibres  directed  in  a  certain  manner  alternating  with 
layers  in  which  the  fibres  are  perpendicular  to  those  of  the 
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first  layer  (for  example,  (a  layer  of  the  first  kind,  a  layer  of 
the  second  kind,  a  layer  of  the  first  kind  and  so  on,  which  is 
designated  as  1  :  1,  or  two  layers  of  the  first  kind,  a  layer  of 
the  second  kind,  two  layers  of  the  first  kind  and  so  on,  which 
is  designated  as  2  :  1,  etc.).  This  material  may  be  regarded 
as  an  orthotropic  one,  in  which  one  plane  of  elastic  symmetry 
is  normal  to  the  fibres  of  the  first  kind,  the  second  is  normal 
to  the  fibres  of  the  second  [kind,  and  the  third  is  parallel  to 
the  layers  (orthogonal  to  the  first  two).  For  this  material 
and  the  other  two,  (3)  and  (4),  the  generalized  Hooke’s  law 
equations  are  of  the  form  of  (4.6). 

(3)  GT8T  hot  moulded  glass-fabric  laminate. 

(4)  Plastic  based  on  glass  fabric  of  grade  AGTT  (6)-Ca-0 
and  polyester  resin  of  grade  I1H-3  (ACTT(6)-C2-0  and 
IIH-3). 

All  elastic  constants  have  been  obtained  for  these  four 
materials;  their  values  are  given  in  Table  7.* 


Elastic  Constants  of  Glass-fibre  Reinforced  Plastics  [Four  Kinds]  Table  7 


•  Elastic 

constants 

Name  or  grade  of  plastics 

Filament- 
wound  uni¬ 
directional 

Orthogonally 

reinforced, 

2  :  1 

CT8T 

ACTT  (6)-C2-0 
and  HH-3 

' 

(in  kgf/cm2) 

5.70 

3.68 

3.59 

1.79 

Ei- 10-5 

99 

1.40 

2.68 

2.93 

1.31 

e9- 10-5 

t» 

1.40 

1.10 

1.83 

0.43 

Gu-i0rs 

99 

0.57 

0.50 

0.76 

0.28 

99 

0.50 

0.41 

0.63 

0.24 

Gs,-10-* 

99 

0.57 

0.45 

0.66 

0.24 

Vl2 

0.277 

0.105 

|WI fjfi 

0.15 

0.400 

0.431 

HR?] 

0.31 

vai 

0.068 

0.405 

m 

0.08 

10.  Curvilinear  Anisotropy 

In  a  homogeneous  body  with  rectilinear  anisotropy,  all 
parallel  directions  are  equivalent  as  regards  the  elastic 

*  We  have  somewhat  changed  the  notation  of  [45] ,  [46],  and  [6], 
In  all  cases  it  is  assumed  that  the  direction  of  the  x  axis  corresponds 
to  that  for  which  the  modulus  E  =  Et  is  maximum. 
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properties,  and  all  elements  in  the  form  of  identical  rectan¬ 
gular  parallelepipeds  with  respectively  parallel  faces  have 
the  same  elastic  properties.  But  homogeneous  bodies  may 
have  curvilinear  as  well  as  rectilinear  anisotropy.  The  curvi¬ 
linear  anisotropy  of  a  homogeneous  body  is  characterized 
by  the  fact  that  the  equivalent  directions  for  its  different 
points  are  not  parallel,  but  obey  some  other  laws.  If  we  choose 
a  system  of  curvilinear  orthogonal  co-ordinates  so  that 
the  co-ordinate  directions  at  each  point  coincide  with  the 
equivalent  directions  (as  regards  the  elastic  properties), 
then  infinitesimal  elements  isolated  by  three  pairs  of  co¬ 
ordinate  planes  will  have  the  same  elastic  properties.  Con¬ 
versely,  elements  formed  by  three  pairs  of  orthogonal  planes 
will,  in  general,  have  different  elastic  properties. 

Let  a  body  be  homogeneous,  curvilinearly  anisotropic, 
and  let  it  obey  the  generalized  Hooke’s  law,  i.e.,  the  strain 
components  are  linear  functions  of  the  stress  components,  and 
vice  versa.  Denote  the  co-ordinate  directions  of  the  curvi¬ 
linear  co-ordinate  system  in  question  by  £,  rj,  £.  Assuming 
that  there  exists  an  elastic  potential,  the  generalized  Hooke’s 
law  equations  for  a  homogeneous,  curvilinearly  anisotropic 
body  may  then  be  written  as 


e6  —  aiitr5  +  ai2°rii  +ais°c  4"  ®i4TriE  +  ai5TK  +  0i6T:En, 
Cn  =  ®12°£  "T  a22°Tl  4 . 4"  fl26T£t), 


(10.1) 


YSn  —  a18°S  4  ®28°ti  4- 


4a28'rtu* 


The  equations  contain,  in  general,  21  elastic  constants,  but 
only  18  of  them  are  independent  (invariant),  as  for  a  recti- 
linearly  anisotropic  body.  In  this  case,  too,  the  generalized 
Hooke’s  law  equations  can,  of  course,  be  written  in  an  ortho¬ 
gonal  Cartesian  co-ordinate  system,  but  then  the  coefficients 
ai}  in  the  generalized  Hooke’s  law  equations  are  no  longer 
constant,  but  vary  from  point  to  point  due  to  a  change  in 
coordinate  directions. 

Equations  (10.1)  are  simplified  if  a  body  exhibits  elastic 
symmetry,  and  these  simplifications  are  the  same  as  in  the 
case  of  rectilinear  anisotropy.  Thus,  we  may  speak  of  a  cur¬ 
vilinearly  orthotropic  body,  of  a  body  that  is  transversely 
isotropic  with  respect  to  any  of  the  £,  r],  t,  directions,  etc. 
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On  the  other  hand,  the  concept  of  curvilinear  anisotropy  may 
be  generalized  by  considering  curvilinearly  anisotropic  non- 
homogeneous  bodies  for  which  the  coefficients  au  from 
Eqs.  (10.1)  are  functions  of  position. 

Of  the  various  types  of  curvilinear  anisotropy,  two  types, 
considered  by  Saint-Venant  long  ago,  are  of  greatest  practical 
interest:  (1)  cylindrical  anisotropy  and  (2)  spherical  aniso¬ 
tropy  (see  [113]). 

(a)  Cylindrical  anisotropy.  Let  a  straight  line  g,  an  axis 
of  anisotropy,  be  fixed  in  relation  to  a  body  so  that  it  may 
pass  either  inside  the  body  or  outside  it  (for  example,  in  a 
cavity),  or  else  along  its  surface.  All  directions  parallel  to  g 
and  passing  through  different  points  are  equivalent;  all 
directions  intersecting  g  at  right  angles  (radial)  are  also  equiv¬ 
alent,  and  all  directions  orthogonal  to  the  first  two  (tan¬ 
gential)  are  equivalent.  Infinitesimal  elements  are  equivalent 
or  identical  if  they  are  bounded  by  three  pairs  of  surfaces: 
two  planes  normal  to  g,  two  planes  passing  through  g,  and 
two  cylindrical  surfaces  with  a  common  axis  g.  By  taking 
the  axis  of  anisotropy  g  as  the  z  axis  of  a  cylindrical  co¬ 
ordinate  system  r,  0,  z,  with  the  x  axis,  from  which  the 
angles  0  are  measured,  directed  arbitrarily,  we  write  the 
generalized  Hooke’s  law  equations  in  the  general  case  of 
cylindrical  anisotropy  as 


er  —  ®uPr-l-®i20'e+®iSffz  4"  a14TS i  4"  a15Trz  +  a16Tre, 

fie  —  a12°V-|-fl220e4- . +a28Trei  (10  2) 

Yr0  =  altPr  4"  ®26°0  4" . 4"  ^BB^re- 

If  the  body  is  non-homogeneous,  the  coefficients  atj  are 
functions  of  the  cylindrical  co-ordinates. 

Here  it  is  essential  to  make  a  very  important  remark. 
If  the  axis  of  anisotropy  passes  outside  the  body  (for  example, 
inside  a  cavity),  Eqs.  (10.2)  are  not  questionable.  But  if 
the  axis  of  anisotropy  passes  through  the  body,  there  must 
necessarily  be  relations  among  different  a^in  a  homogeneous 
body.  Indeed,  on  the  z  axis  coinciding  with  g  there  is  no 
difference  between  the  r  and  0  directions,  and  all  radial 
directions  r  must  be  equivalent  not  only  among  themselves, 
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but  also  among  all  tangential  directions  0.  Equations  (10.2) 
can  therefore  be  written  in  a  different  way.  Rearranging  the 
equations,  we  write  system  (10.2)  as 


er  =  a22Crr  +  a12ae  +  a23Cr2  ~T  a25T0z  +  a24Trz  +®26Tr6,  | 

£0  =  012°V  +  ail°e+ . ~l_at6i:re)  I 


(10.3) 


Yr9  —  ®26 °r  +  ai6°6  T 


+  ®66Tre- 


On  comparing  the  systems,  we  obtain  the  obvious  equalities: 


a22  —  ali’  &29  =  al3i  ffl55=a44)  a26  =  ai6,  1 

(  (10.4) 

®35  —  a34i  ®56  —  a46i  ®24  —  a15i  ®25=®14i  > 


(there  are  altogether  eight  relations).  If  at  each  point  there 
is  one  plane  of  elastic  symmetry)  perpendicular  to  the  axis  z 
(or  g),  then 

a14  =  #24  =  ^34  =  046  =  0,  1 

n  f  (10.5) 

®15  —  025  —  035  =  056  —  0;  J 

®22 =  011?  023  =  013i  026  =  016  !  055  =  044-  (10.6) 


In  an  orthotropic  body  with  planes  of  symmetry  passing 
through  the  axis  of  anisotropy  (radial  and  tangential),  in 
addition  "to  the  above  relations  we  have 


016  —  026  —  036  —  045  —  0,  (10.7) 


and  the  non-zero  coefficients  are  related  by  three  equalities: 

022  =  01l!  023  =  013>  055  =  044"  (10.8) 

All  these  equalities,  (10.4)  to  (10.8),  also  hold  for  a  non- 
homogeneous  body.  In  a  non-homogeneous  body,  equalities 
(10.4),  (10.6),  (10.8)  can  be  fulfilled  on  account  of  the  fact 
that  the  corresponding  atj  are  functions  of  r  (and  possibly 
of  the  other  variables,  0,  and  z,  as  well)  and  become  zero  or 
infinite  on  the  axis  itself.  In  a  homogeneous  body  in  which 
the  axis  of  anisotropy  intersects  the  body,  atj  are  constant 
and  there  can  be  no  anisotropy  of  the  general  kind  since 
equalities  (10.4),  (10.6),  or  (10.8)  must  always  be  fulfilled. 
This  has  been  pointed  out  by  Voigt  in  [128], 

In  the  case  of  an  orthotropic  body  with  cylindrical  ani¬ 
sotropy  it  is  sometimes  more  convenient  to  deal  with  the 
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engineering  constants  or  elastic  characteristics,  namely 
Young’s  and  shear  moduli  and  Poisson’s  ratios.  Introducing 
the  corresponding  symbols  (with  letter  subscripts),  we  write 
Eqs.  (10.2)  as 


Vftr  Vrr  1 

TT  °r — ~E^  ~  ~e7  °z ’  yez  =  GeT  T02* 

R^-^or  +  ±oe-^oz,  yrz  =  ^rrz, 

e*=  —  ¥70r~ ^tre  +  170'2’  Yre=:  G^Tre* 


(10.9) 


If  the  structure  of  a  body  is  such  that  the  axis  of  anisotropy 
intersecting  it  is  not  inside  a  through  cavity,  we  must  neces¬ 
sarily  have 

Eq  =  Er,  v2e  =  ve2,  Gqz  =  GTZ.  (10.10) 


Equations  (10.9)  may  be  written  in  a  different  way  by  intro¬ 
ducing  the  strain  coefficients  with  numeral  subscripts  ai} 
(i,  j  =  r,  0,  z).  In  Eqs.  (10.9) 

EtV]i  =  E/vij.  (10.11) 

An  example  of  a  body  having  cylindrical  anisotropy  is 
afforded  by  a  wooden  block  with  regular  cylindrical  annual 

rings.  In  the  case  shown  in  Fig.  14 
the  curvature  of  annual  rings  can 
no  longer  be  neglected,  and  the 
block  may  be  regarded  as  a  homo¬ 
geneous  body  with  cylindrical  ani¬ 
sotropy  (to  a  first  approximation, 
of  course).  The  axis  of  anisotropy  g 
coincides  with  the  axis  of  the  core. 
If  this  axis,  being  inside  the  block, 
were  an  ideal  straight  line,  the 
generalized  Hooke’s  law  equations 
could  be  written  in  the  form  of 
Fig.  14  (10.9),  subject  to  conditions  (10.10), 

but  actually  the  core  differs  from  the 
remainder  of  the  block  also  in  that  often  this  is  a  line  where 
radial  cracks  converge,  and  hence  the  solidity  is  disrupted. 
The  question  is  more  complicated  than  might  appear  at  first 
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sight,  and  wood  with  a  core  within  the  boundaries  of  a  spec¬ 
imen  may  be  treated  as  a  cylindrically  anisotropic  body 
only  to  a  first  approximation,  and  even  conditionally. 

Cylindrical  anisotropy  may  develop  in  metallic  products 
as  a  result  of  the  corresponding  technological  forming 
processes  (such  as  the  extrusion  of  tubes,  drawing  of  wire). 
A  model  of  a  body  having  cylindrical  anisotropy  to  a  first 
approximation  is  an  arch  constructed  of  a  sufficiently  large 


Fig.  15 


number  of  homogeneous  elements  (“bricks”)  without  clearan¬ 
ces.  Each  element  has  rectilinear  anisotropy,  but  the  principal 
axes  of  elasticity  for  the  elements  form  angles  so  that  the 
arch  as  a  whole  behaves  as  a  cylindrically  anisotropic  body 
(Fig.  15). 

(2)  Spherical  anisotropy.  The  curvilinear  anisotropy  of 
this  type  is  characterized  by  the  following.  Let  a  point  0 
(centre  of  anisotropy)  and  a  straight  line  g  (axis  of  anisotropy) 
passing  through  the  centre  be  fixed  in  relation  to  a  homoge¬ 
neous  body.  The  directions  of  all  rays  emanating  from  the 
centre  are  equivalent;  moreover,  the  directions  of  the  tan¬ 
gents  to  meridians  of  all  spherical  surfaces  with  common 
centre  O,  passing  through  the  points  of  intersection  of  the 
surfaces  and  g,  are  equivalent;  the  directions  tangential  to 
parallels  of  all  spherical  surfaces,;  are  also  equivalent  (Fig.  16). 
By  taking!  the  equivalent  directions  as  the  co-ordinate 
directions  of  a  spherical  system  p,  0,  cp,  we  have,  for  this 
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body,  the  generalized  Hooke’s  law  equations  (10.1),  where 
it  is  necessary  to  put  i  =  p,  i\  =  0,  £  =  q>.  If  the  centre  of 
anisotropy  0  lies  outside  the  body  or  in  a  cavity  of  the  body, 
there  is  no  reason  to  expect  that  atj  are  related  by  any  equal¬ 
ities  like  (10.4).  But  if  the  centre  of  anisotropy  coincides 
with  a  point  belonging  to  the  body,  there  is  evidently  no 
difference  between  the  directions  p,  0,  <p,  i.e. ,  the  three 
directions  must  be  equivalent.  By  writing  the  generalized 

Hooke’s  law  equations,  and 
taking  into  account  the  equiv¬ 
alence  of  all  directions  p,  0. 
<p,  we  obtain  a  series  of  rela¬ 
tions  among  atj,  which  are 
not  given  here;  they  will  not 
be  needed  in  what  follows. 

It  may  also  be  said  that  a 
non-homogeneous  'curvilinear- 
ly  anisotropic  body  may  have 
elements  of  elastic  symmetry 
depending  on  its  structure.  The 
most  important  case  is  one 
where  through  each  point 
there  pass  three  mutually  per¬ 
pendicular  planes  of  elastic  symmetry  (orthotropic  body). 
For  a  body  with  cylindrical  anisotropy,  the  most  important 
case  of  orthotropy  is  one  where  the  first  of  the  planes  of 
elastic  symmetry  is  normal  to  the  axis  of  anisotropy,  the 
second  passes  through  this  axis,  and  the  third  is  normal 
to  the  first  two. 

If  the  elastic  characteristics  atj  or  Et ,  Gtj,  for  a  curvi- 
linearly  anisotropic  body  are  functions  of  position,  it  may 
appropriately  be  called  curvilinearly  anisotropic  and  non- 
homogeneous.  For  a  suitable  choice  of  co-ordinate  directions, 
the  generalized  Hooke’s  law  for  such  a  body  is  written 
as  for  the  corresponding  body  with  rectilinear  anisot¬ 
ropy,  but  the  characteristics  a;j-  are  now  functions  of 
position. 
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11.  General  Equations  of  the  Theory  of  Elasticity 
and  Formulation  of  Fundamental  Problems. 
Basic  Variational  Principles 


The  state  of  stress  in  an  elastic  body  may  be  considered 
known  if  the  components  of  stress  are  known  at  any  of  its 
points  (and  at  any  instant  if  the  motion  of  a  body  is  under 
discussion).  The  state  of  strain  is  defined  by  the  components 
of  strain,  which  depend  on  three  projections  of  displacement 
on  the  co-ordinate  directions.  Thus,  to  describe  fully  the 
state  of  stress  and  strain  in  a  body  subjected  to  external 
forces,  we  need  to  determine  nine  functions:  six  components 
of  stress  and  three  projections  of  displacement.  In  particular, 
if  we  use  Cartesian  co-ordinates,  the  independent  variables 
are  the  co-ordinates  x,  y,  z  and  the  time. 

A  complete  system  of  equations  for  the  determination  of 
six  components  of  stress  and  three  projections  of  displacement 
is  obtained  by  taking*  three  equations  of  equilibrium  or 
motion  for  a  continuous  medium,  and  by  adding  to  them  six 
equations  expressing  the  generalized  Hooke’s  law.  This 
system,  containing  all  the  unknown  functions  and  consisting 
of  nine  independent  equations  (three  equations  of  equilibrium 
or  motion  for  a  continuous  'medium  and  six  equations  repre¬ 
senting  the  generalized  Hooke’s  law),  is  called  the  fundamen¬ 
tal  system  of  equations  of  equilibrium  or  motion  for  an  elastic 
body  ([32],  [26]). 

Let  us  consider  the  case  when  we  use  Cartesian  co-ordinates 
( x ,  y,  z;  t).  The  fundamental  system  of  equilibrium  equa¬ 
tions  for  a  body  having  no  elements  of  elastic  symmetry 
is  written  as 


I  dT xy  .  d%xz  I  V  n 

dx  +  9y  '  dz  +  A  — U 


ex  —  auax  -f-  aiZoy-\-ai^yz-\-aiiXyzJrai5i:  xt  "f"  Q'lflxy  > 


ey  —  a12°*  "T  ®22°F  “1”  *  •  . +  fl26 ^xyi 

"fxy  ~  ai6ax  +  ®26 av  + . * . +  ®66T*F’ 


\ 


(11.1) 


where  in  the  case  of  small  strains  ex,  ey,  .  .  .,  yxv  are  related 
to  the  displacements  by  formulas  (1.2);  X,  Y,  Z  are  the 
projections  of  the  body  forces  per  unit  volume. 
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If  a  motion  is  considered,  the  equations  of  motion  differ 
from  the  equations  of  equilibrium  only  in  that  the  right- 
hand  sides  of  the  first  three  equations  of  (11.1)  must  involve, 
not  zeros,  but  terms  proportional  to  the  second  time  deriva- 

tives  of  the  displacement  p  ,  p  ,  p  (p  is  th  edensity, 

i.e.,  mass  in  unit  volume  of  substance).  The  remaining 
equations  are  written  in  the  same  way  as  (11.1).  System  (11.1) 
may  be  replaced  by  an  equivalent  one.  We  may  take  the 
generalized  Hooke’s  law  equations  in  the  form  solved  for  a 
and  t  (they  will  contain  the  moduli  A  if),  or  alternatively 
we  may  eliminate  the  stresses  or  displacements  (the  stresses 
are  much  easier  to  eliminate)  from  system  (11.1),  etc.  The 
problem  of  the  elastic  equilibrium  of  an  anisotropic  body 
reduces  to  that  of  determining  the  above  nine  functions 
satisfying  system  (11.1)  (or  an  equivalent  system)  and  the 
surface  conditions. 

Three]  fundamental  problems  of  elastostatics  may  be 
distinguished  depending  on  what  is  prescribed  on  the  surface: 
the  first,  second,  and  mixed  problems  (see  [32],  pp.  70-72). 

First  fundamental  problem.  External  forces  are  prescribed 
over  the  whole  surface;  it  is  required  to  determine  the 
stresses  and  displacements  at  any  point  inside  the  body  and 
on  the  surface.  Alternatively,  three  components  of  external 
forces  may  be  prescribed  over  the  surface,  namely  their 
projections  on  three  non-coincident  directions,  for  example 
the  normal  component  c r  and  two  projections  of  tangential 
forces  on  two  orthogonal  directions.  It  is  most  common  to 
prescribe  three  projections  of  forces  on  the  directions  of  the 
co-ordinate  axes,  Xn,  Yn,  Zn  ( n  is  the  direction  of  the  outward 
normal  to  the  surface;  the  components  of  forces  refer  to  unit 
area). 

The  boundary  conditions  are  written  as 

ofcosfn,  x)  +  xxy  cos  (n,  y)  +  T*2'cos'(n,  z)  =  Xn,  "j 
t^cos  (n,  x)-\-oy  cos  (n,  y)  +  rvzcos(n,  z)  =  Yn,  l  „  "'(11.2) 
T*z  cos  (n,  x)  +  Tyz  cos  (n,  y)  -\-oz  cos  (n,  z)  =  Zn.  J 

Second  fundamental  problem.  The  projections  of  displace¬ 
ment  on  three  non-coincident  directions  are  prescribed  over 
the  whole  surface;  for  example,  the  projections  u*,  v*,  w* 
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on  the  axes  of  a  Cartesian  rectangular  co-ordinate  system. 
The  boundary  conditions  are  of  the  form 

u  -  u*,  v  =  v*,  w  =  w*.  (11.3) 


Mixed  problem.  Forces  are  prescribed  over  a  part  of  the 
surface,  and  displacements  over  the  remainder.  The  boundary 
conditions  on  the  first  part  of  the  surface  are  written  in 
the  form  of  (11.2),  and  on  the  second  in  the  form  of  (11.3). 
To  mixed  problems  also  belong  those  where  the  components 
prescribed  over  the  surface  include  one  component  of  forces 
(for  example,  normal  component)  and  two  components  of 
displacement,  or  onej  component  of  displacement  and  two 
components  of  forces,  etc.  Depending  on  the  shape  of  a  body 
and  the  distribution  of  forces,  it  is  often  more  convenient 
to  use  a  suitable  curvilinear  co-ordinate  system  rather  than  a 
Cartesian  system. 

By  eliminating  the  stress  components  from  system  (11.1), 
we  obtain  three  equations  containing  only  the  projections  of 
displacement.  For  an  orthotropic  body  moving  under  the 
action  of  external  forces  or  performing  free  vibrations  the 
equations  of  motion  in  terms  of  the  projections  of  displacement 
are  of  the  form 


44  dx 2  '  -  66  dy 2  '  ^55  dz2  "I"  dx  [ 

+  (^12  +  ^ee)  0^  +  (^13  4-  ^55)  •37 
t Pv  ,  A  d2v  ,  .  <£Pv 


■]  +  ' 

A  (Pv  ,  A  92V  1  A  <PV  1  9  T/ 

A^~dx^  +  A^~dy^  +  A^  'a3'  +  'a7L^1)2"r 
+  (^22  —  ^55)  -g^r  +  (^23  +  ^44)  ^ 

^  /Him  /»  r 


j  =()  «s  ’ 

<Pv  ,  s  r,.  1  .  ,  du 

>  ~W  +  w  [.  (AiZ  +  ^6e)  te" + 

. Bin  “I  T_  —  d2V 

-y  =  PW’ 

A  0‘W  .  A  (FW  ,  A  <PW  I  5  r  1  A  ,  A  \  I 

^55  w  w  +  w  +  IF  [  +  "to  + 

SV  ,  /A  A  S<>E  l_l_2  =  o  — 

q66l  dv  J  +  *  P  gti 


'  oy  '  - 
d2w  |  .  SPw  .  .  SPw 

5  dx 2  ‘  Aii  Jy2‘  A™  dz2  ^  ~dz 

+  (A23  +  ^44)  Tty-  “I”  (^ss 


(11 


(in  the  problem  of  free  vibrations  X  =  Y  —  Z  =  0). 

The  uniqueness  of  solution  of  the  equilibrium  equations 
for  a  homogeneous  body  undergoing  small  strains  when  the 
strain  components  are  linear  functions  of  the  derivatives  0 
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displacements  with  respect  to  the  co-ordinates  is  established 
dy  Kirchhoff’s  theorem.* 

If  the  exact  solution  to  problems  involving  the  equilibrium 
of  an  elastic  body  is  difficult  to  find  (and  such  cases  are 
frequently  encountered  in  practice),  approximate  solutions 
may  be  obtained  by  using  variational  methods  described 
in  detail  in  [23]  and  [24].  These  methods  are  based  on  the 
principle  of  virtual  work,  or  the  principle  of  virtual  displace¬ 
ments  as  it  is  sometimes  called,  and  the  least  work  principle. 

The  virtual  work  principle.  By  virtual  displacements  we 
mean  displacements  in  an  elastic  body  under  which  it 
remains  continuous  and  the  boundary  conditions  on  parts 
of  the  surface  deformed  in  a  given  manner  or  fixed  (i.e., 
on  those  where  displacements  are  prescribed)  are  satisfied. 
In  other  words,  these  are  displacements  admissible  by  geo¬ 
metrical  constraints  imposed  on  an  elastic  body. 

Let  Xn,  Yn,  7n  be  the  projections  of  external  surface 
forces  (per  unit  area),  X,  Y,  Z  the  projections  of  body  forces 
(per  unit  volume),  V  the  strain  energy  of  the  whole  body 
expressed  in  terms  of  the  displacement  components,  and 
8u,  8u,  6 w  the  variations  of  displacements  admissible  by 
geometrical  constraints. 

According  to  the  virtual  work  principle,  we  have,  for 
the  elastic  equilibrium  of  a  body, 

J  (  J  (Xbu  +  Ybv  +  Z6w )  da  + 

+  j  \  (Xn8u+  Ynbv  -f  Znbw)  dS  -bV  =  0.  (11.5) 

This  equation  is  called  the  Lagrange  variational  equation; 
da  is  the  volume  differential,  dS  is  the  surface  differential, 
8F  is  the  variation  of  the  strain  energy  corresponding  to  the 
variations  of  displacements.  The  triple  integral  is  taken 
over  the  entire  volume  of  the  body,  and  the  double  (surface) 
integral  over  the  part  of  the  surface  where  forces  are  prescribed. 
From  this,  by  transforming  (11.5),  we  come  to  the  conclusion 
that  the  displacements  occurring  in  the  actual  state  of  equi- 


*  See,  for  example,  [24],  Sec.  118,  pp.  309-311.  The  question 
of  the  uniqueness  of  solution  of  the  equilibrium  equations  for  a  non- 
homogeneous  body  is  still  not  completely  studied. 


§  ii]  FORMULATION  OF  FUNDAMENTAL  PROBLEMS  77 

librium  differ  from  all  possible  displacements  in  that  they 
give  a  minimum  value  to  the  expression  (see  [23],  p.  141, 
or  [24],  pp.  314-317) 

%  =  j  j  \  Vda-  j  j  J  (Xu+  Yv+  Zw)  da— 

-  j  ^{Xnu  +  Ynv-\  Znw)dS.  (11.6) 

The  least  work  principle.  Along  with  the  actual  stresses 
ox,  o„,  .  .  .,  t xy  occurring  in  an  elastic  body  that  is  in 
equilibrium  under  external  forces,  we  consider  statically 
possible  stresses,  i.e.,  those  satisfying  the  equilibrium  equa¬ 
tions  for  a  continuous  medium  and  the  conditions  on  parts 
of  the  surface  where  forces  are  prescribed.  Let  these  possible 
stresses  be  denoted  as 

Ox  -j-  6 O;*,  O.y  “j“  bo  y,  •  •  •,  X xy  “1“ 

The  stresses  cr*  +  box ,  .  .  .,  xxy  +  bxxy,  as  well  as 
ax,  .  .  .,  xx„,  satisfy  the  equilibrium  equations  for  a  con¬ 
tinuous  medium  and  the  surface  conditions  involving 
prescribed  forces.  Consequently,  the  variations  of  stresses 
satisfy  the  homogeneous  equilibrium  conditions  for  a 
continuous  medium  (X  =  Y  =  Z  =  0)  and  the  surface 
conditions: 

do,,  cos  (n,  re) cos  (n,  j/)-(-6t*jCos  ( n ,  z)  =  bXn,  "j 

foXy  cos  (n,  re)  +  6<r y  cos  (n,  y)-\-bxyzcos(n,  z)  =  bY „,  >  (11.7) 

bxxz  cos  ( n ,  x)-\-bxyz  cos  ( n ,  j/)+8<tzcos  ( n ,  z)—bZn,  J 

with  bXn  =  bYn  —  bZn  =  0  on  the  part  of  the  surface  where 
forces  are  prescribed.  The  analytic  expression  of  the  least 
work  principle  is  the  Castigliano  variational  formula: 

8F  =  J  |  ( ubXn  +  vbYn  +  wbZn)  dS.  (11.8) 

Here  V  is  the  strain  energy  as  a  function  of  the  stress 
components,  and  6F  its  variation  corresponding  to  the 
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variations  of  these  components.  We  conclude  after  some 
rearrangement  that  the  stresses  corresponding  to  the  actual 
state  of  equilibrium  differ  from  all  statically  possible  stresses 
in  that  they  give  a  minimum  value  to  the  expression  (see  [23], 
p.  19  and  [24],  pp.  317-322) 

=  J  J  J  \(Xnu+Ynv  +  Znw)dS.  (11.9) 

The  book  by  L.  S.  Leibenzon  [23]  contains  numerous  problems 
of  elasticity  solved  by  using  a  variety  of  variational  methods 
(see  also  [25]). 


THE  SIMPLEST  CASES 
OF  ELASTIC 
EQUILIBRIUM 


Chapter  2 


This  chapter  is  concerned  with  the  simplest  cases  of  stress 
distribution  in  anisotropic  bodies,  mainly  in  bars  and 
plates.  The  formulas  for  the  stress  and  displacement  com¬ 
ponents  will  be  given  without  derivation  since  they  are 
obtained  in  an  elementary  way.  In  all  cases  considered  in 
this  chapter  (and  in  the  following  ones)  use  is  made  of  the 
well-known  Saint-Venant  principle  permitting  a  consid¬ 
erable  simplification  in  the  formulation  of  some  problems*. 


12.  Extension  of  a  Bar  under  an  Axial  Force 
and  Its  Own  Weight 

The  simplest  problem  of  the  theory  of  elasticity  is  that 
of  the  extension  of  a  bar  by  an  axial  force  applied  at  its 
end.  This  problem  was  considered  by  W.  Voigt  as  early  as 
1928  ([38],  p.  631),  and  in  greater  detail  by  A.  L.  Rabinovich 
[108].  Consider  a  cylindrical  or  prismatic  bar  made  of  a 
homogeneous  material  exhibiting  (rectilinear)  anisotropy  of 
the  most  general  kind.  Suppose  one  of  its  ends  is  fixed,  and 
the  other  is  acted  on  by  forces  reducing  to  a  resultant  P 
directed  along  the  axis  of  the  bar.  Let  the  origin  of  co¬ 
ordinates  be  placed  at  the  centroid  of  the  fixed  section, 
with  the  z  axis  directed  along  the  axis  of  the  bar,  the  x  and 
y  axes  being  directed  arbitrarily  (Fig.  17).  Let  l  and  S 
denote  the  length  and  the  cross-sectional  area  of  the  unde- 


*  See,  for  example,  the  course  by  L.  S.  Leibenzon  [24],  Sec.  49, 
pp.  104-105. 
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formed  bar,  and  let  ai}  be  the  elastic  constants  (strain 
coefficients)  from  the  generalized  Hooke’s  law  equations, 
which  in  this  general  case  are  of  the  form  of  (3.8).  For  the 
present,  the  weight  of  the  bar  itself  is 
neglected. 

If  it  is  assumed  that  the  forces  at  the 
lower  end  and  the  reactions  at  the  up¬ 
per  end  are  uniformly  distributed  and 
are  normal  to  the  planes  of  the  extreme 
sections,  the  stress  and  strain  components 
satisfying  the  equilibrium  equations 
(11.1)  for  an  elastic  body  and  the  sur¬ 
face  conditions  are  determined  by  the 
formulas 


Ox  —  Oy- 


:  T  yz  —  Txz  =  Xxv  —  0 


,} 


p  „  p 

®x —  g  “13)  Yyz —  g  fl34i 

P  P 

~ga3Sl 


Zy  —  -gazs,  Yxz: 


P  P 

8z - ~g  #33)  Yx!/  —  ~g~  ®36- 


(12.1) 


(12.2) 


Determining  the  displacements  by  integration,  we  obtain 


u  — —  (ul3x  -f-  a^y  -f-  &35Z)  -(-  (£>zz  —  ^3 y  -f-  Mo, 


V  -—~Q~  (®23 1)  “I-  a34Z) 


fP  —  ~g~  ®33z 


"H  U>3X  —  ©lz  +  PO) 
-)-  COig  —  (A^X  -)-  W0. 


(12.3) 


Here  ©j,  o>2,  ©3,  u0,  v0,  w0  are  constants  characterizing 
a  rigid-body  displacement  in  space  not  accompanied  by 
strain;  the  first  three  characterize  the  displacements  during 
rotation  about  the  co-ordinate  axes,  and  the  last  three  define 
the  translational  displacements  along  the  axes.  These 
constants  are  determined  from  the  fixing  conditions  of  the 
bar.  Assuming  an  infinitesimal  element  on  the  z  axis  around. 
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the  origin  to  be  fixed,  we  have  the  conditions,  for  x  =  y  = 
=  z  =  0: 

u  =  v=  w=  0  1 

=  Q  l  (12.4) 

3z  3z  3a  9i/  J 

On  satisfying  them,  we  obtain 

P  P 

U=  ~S~  {a\1xJr  0.5<Z36!/),  V=~g~  (0'5fl36#  +  «28 y)> 

p 

w  —  ~§~  (a3Sx  “I-  a34,?/  +  a33z)  • 

Formulas  (12.2)  show  that  in  the  general  case  of  anisotropy 
the  bar  not  only  lengthens  in  the  direction  of  the  force  and 
shortens  in  the  transverse  directions,  but  also  undergoes 
shears  in  all  planes  parallel  to  the  co-ordinate  planes.  These 
shears  are  characterized  by  the  coefficients  a31,  a35,  and  a36, 
which  are  expressed  in  terms  of  Young’s  or  the  shear  moduli 
and  the  mutual  influence  coefficients  of  the  first  and  second 
kind 


a36 


fiz,  yz  _ 

%z,  z 

Gyz 

Ez  ' 

hz.  zx 

lizx,  z 
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Ez  ' 

hz,  XV  _ 
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Ez  ’ 

(12.6) 


The  cross  sections  remain  plane,  but  because  of  the  shears 
they  incline  to  the  line  of  action  of  the  force.  A  bar  that 
has  the  shape  of  a  rectangular  parallelepiped  is  deformed 
into  an  oblique  parallelepiped  (Fig.  18).  The  absolute 
extension  of  the  bar  (or,  more  precisely,  of  its  axis)  is 


Pla 


PI 


f ^  *“33  _  *  » 


(12.7) 


If  at  each  point  there  is  a  plane  of  elastic  symmetry  normal 
to  the  axis,  then  a34  =  aSB  =  0  and  yyz  =  yxz  =  0;  the 
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lateral  faces  of  a  bar  in  the  form  of  a  rectangular  paralle¬ 
lepiped  remain  rectangular,  and  the  angles  of  the  cross  section 

change.  Finally,  if  the  bar  is  or¬ 
thotropic,  i.e.,  it  has,  in  addition, 
planes  of  elastic  symmetry  paral¬ 
lel  to  the  axis,  the  elongation  is 
not  accompanied  by  shears,  and  the 
angles  of  the  faces  of  the  parallele¬ 
piped  do  not  distort. 

All  formulas  are  strictly  valid 
only  for  one  special  case  of  the 
distribution  of  forces  and  reactions. 
But,  on  the  basis  of  Saint- Venant’s 
principle,  they  can  also  be  used 
in  the  case  of  forces  reducing  to 
forces  P  arbitrarily  distributed 
over  the  ends;  it  is  only  necessary 
to  exclude  from  consideration  the 
narrow  regions  near  the  ends  where 
the  basic  picture  of  the  stresses  and 
strains  is  distorted  because  of  the 
Fig.  18  local  stresses  and  ('strains  depen¬ 
dent  on  the  law  of  distribution  of 
forces  and  on  the  mode  of  fixing.  This  remark  also  applies  to 
other  cases  of  the  deformation  of  bars  and  to  plates. 

If  the  bar  shown  in  Fig.  17  (fixed  in  the  vertical  position) 
is  deformed  only  under  its  own  weight,  we  obtain  ([38], 
Sec.  331) 

X  =  Y  =  0,  Z  =  y,  (12.8) 

(T  2  — —  Y  (I  ?),  dj  dy  T  y  2  Tjf  j  —  Ijy  0, 

(12.9) 

where  y  is  the  specific  weight  of  the  material. 

Assuming  that  the  upper  end  is  fixed  in  the  same  way  as 
for  the  bar  extended  by  a  force,  i.e.,  the  displacements  satisfy 
conditions  (12.4),  we  obtain 

u  =  y  [  —  0.5a35*,-|-(a132:-t-0.5fl36y)  (l  —  z)], 
v  —  y  [  —  0.5a34Z*  -f  ( ai3y  +  0.5a36.r)  (l  —  z)], 
w  =  y  [0.5  ( ai3pc 2  -f  az3y 2  +  a3exy)  + 

+  (aai y  "H  ^3ix)  1 4"  0.5fl33z  (21 — *)]. 
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It  is  seen  from  this  that  the  cross  sections  do  not  remain 
plane,  but  assume  the  shape  of  a  second-degree  surface.  In 
the  general  case  of  anisotropy  the  axis  becomes  curved,  and 
the  equation  of  the  deflected  axis  is 

x'  =  — 0.5ya36z2,  y'  —  —0.5  ya3iz2.  (12.11) 

The  centroid  of  the  lower  end  is  displaced  not  only  along 
the  z  axis,  but  also  sideways,  and  the  projections  of  its 
displacement  on  the  co-ordinate  axes  are  determined  by  the 
formulas 

/,-  -0.5 Yf3fl35=  -0.5 yl2^, 

/„  =  — 0.5yl2a3i  —  -0.5 yl2  ,  (12.12) 

az 

ft  -  0.5 yl2a33  =  0.5yl2  . 

If,  however,  the  bar  is  fixed  so  that  the  centroid  of  the  lower 
surface  remains  on  the  vertical,  its  displacement  along  the 
vertical  is  as  before  [see  the  third  formula  of  (12.12)),  and 
the  axis  of  the  bar  assumes  the  shape  of  a  curve: 

x'  =  0.5ya3B  (lz  —  z2),  y'  =  0.5ya34  ( Iz  —  z2).  (12.13) 

* 

There  will  be  no  deflection  of  the  axis  only  if  the  constants  a3i 
and  a36  are  zero  (for  example,  when  there  is  a  plane  of  elastic 
symmetry  normal  to  the  axis). 

As  formulas  (12.1)  and  (12.9)  show,  the  stress  distribution 
in  an  extended  anisotropic  bar  is  identical  with  the  distribu¬ 
tion  in  the  same  bar  of  isotropic  material,  i.e.,  it  is  indepen¬ 
dent  of  the  elastic  properties.  The  anisotropy  has  an  effect 
on  the  strains  only.  This  is  true  not  only  for  tension,  but 
also  for  all  other  cases  considered  in  the  present  chapter. 

13.  Shear 

A  homogeneous  body  in  the  form  of  a  rectangular  paralle¬ 
lepiped  is  in  equilibrium  under  the  action  of  tangential 
forces  distributed  uniformly  over  its  four  faces. 

Let  l,  b,  h  be  the  lengths  of  the  edges  before  deformation, 
and  let  t  be  the  force  per  unit  area.  We  choose  coordinate 
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axes  parallel  to  the  edges  as  in  Fig.  19,  which  shows  the 
projection  on  the  yz  plane.  In  the  general  case  of  anisotropy 


the  stress  and  strain  components  are  determined  by  the 
formulas  ([108],  pp.  9-10) 

tjjZ  —  t,  Ox  =  Oy  —  Oz  -  Xxz  —  XXy  —  0,  (13.1) 

eK  =  ffli4,  yyz  —  tQtki  1 

Ey  —  tQ,Zki  I  (13.2) 

82  =  fa34,  yXy  —  ^ai6i  i 

Assuming  an  element  of  the  z  axis  enclosing  the  origin 
to  be  fixed,  we  obtain  expressions  for  the  displacements 
satisfying  conditions  (12.4): 

u  =  t(altx-\-  0.5ai6y) ,  1 

v  =  t(0.5al6x  +  aziy),  >  (13.3) 

m=f  (aux  +  a^y  +  asiz).  J 


In  general,  all  faces  and  plane  sections  remain  plane,  but 
the  angles  of  all  faces  distort,  so  that  the  body  assumes  the 
shape  of  an  oblique  parallelepiped.  At  the  same  time  the 
distances  between  the  faces  also  change,  i.e.,  the  tangential 
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forces  produce  not  only  the  shearing  of  the  faces,  but  the 
extensions  of  the  edges  as  well.  The  total  extension  in  the  z 
direction  is 

=  =  (13.4) 

The  dilatation  0,  i.e.,  the  change  in  unit  volume,  depends 
on  the  mutual  influence  coefficients  and  is  determined  by 
the  formulas 

0  =  ex  +  Sy  +  s2  =  t  (au  +  a2i  +  aS4),  (13.5) 

or 

e  =  +i’b,!/z)-  (13.6) 

vyz 

The  change  in  volume  of  the  whole  body  Aco  is 

Ato  =  tlbh  (ffl14  a2i  +  a34).J  (13.7) 

If  at  each  point  there  is  a  plane  of  elastic  symmetry  normal 
to  the  loaded  faces  (i.e.,  to  the  z  axis),  then  a14  =  a2 4  = 
=  a34  =  0;  the  tangential  forces  t  produce  no  extensions  in 
the  directions  of  the  edges,  and  the  volume  of  the  body  does 
not  change.* 

14.  Uniform  Compression 

An  elastic  homogeneous  body  bounded  by  an  arbitrary 
closed  surface  and  having  no  internal  cavities  is  deformed  by 
normal  forces  uniformly  distributed  over  the  entire  surface 
(Fig.  20). 

The  body  is  referred  to  a  system  of  co-ordinates  x,  y,  z 
for  which  the  elastic  constants  from  the  generalized  Hooke’s 
law  equations  (3.8)  or  (3.9)  are  known.  In  this  case  ([38], 
Sec.  281,  or  [108],  pp.  6-8) 

<JX  =  Gy  =  G  z  =  p,  Xyz  =  Txz  —  X  xy  0,  (14.1) 

e*=  —pSi,  yvz=—PSi,'i 

ey=  —PS2,  yxz=—  pS5,  i  (14.2) 

ez  =  —pS3,  yxv  =  —  pSs.  J 

*  More  precisely,  the  volume  change  is  a  small  quantity  of  higher 
order  in  comparison  with  yyz,  yXz,  '{xy  and  is  neglected  in  the  linear- 
theory  of  elasticity. 
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Here  p  is  the  pressure  per  unit  area,  and 

Sk  =  +  a2k  +  a3h  (A  =  1,  2,  .  .  6),  (14.3) 

The  dilatation  is 

0  =  — p  (St  +  S2  +  Ss),  (14.4) 

and  the  change  in  volume  of  the  whole  body  is 

Ak»  =  — pa>  (Si  S2  +  S3),  (14.5) 

where  &>  is  the  original  volume.  Obviously,  the  volume  of 
the  body  cannot  increase  under  uniform  compression;  we 


always  have  A&>  0.  The  equality  sign  holds  for  an  absolute¬ 
ly  incompressible  body.  It  follows  that  the  elastic  constants 
of  every  homogeneous  anisotropic  body  satisfy  the  condition 

Si  +  S2  +  S3>0  (14.6) 

or 

On  a22  -)-  a33  2  (a23  -)-  dj  ■,  4-  a, «)  0.  (14.7) 
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By  expressing  ai}  in  terms  of  Poisson’s  ratios  and  Young’s 
moduli,  we  obtain,  after  simple  manipulation,  a  condition 
that  is  satisfied  by  Poisson’s  ratios  referred  to  an  arbitrary 
system  x,  y,  z  ([108],  p.  7): 

+  +  .  (14.8) 

In  particular,  for  an  isotropic  body  we  always  have  v  ^  1/2, 
the  equality  sign  corresponding  everywhere  to  an  absolutely 
incompressible  body. 

It  follows  from  formulas  (14.1)  that  on  every  plane  with 
an  arbitrarily  directed  normal  n  the  shearing  stress  is  zero, 
and  the  normal  stress  is  equal  in  magnitude  to  the  external 
pressure: 

tr„  =  —  p,  t„  =  0.  (14.9) 

Such  a  distribution  of  stress,  similar  to  the  pressure  distribu¬ 
tion  in  a  weightless  liquid  contained  in  a  closed  vessel,  may 
be  termed  hydrostatic. 

The  distribution  of  strain  in  an  anisotropic  body  is  more 
complicated.  Formulas  (14.2)  show  that  an  element  in  the 
form  of  a  rectangular  parallelepiped  isolated  from  the  body 
is  deformed  into  an  oblique  parallelepiped.  But,  as  is  known, 
at  every  point  of  a  continuous  medium  there  are  always 
mutually  perpendicular  directions  such  that  the  angles 
between  these  directions  do  not  distort.  These  directions  of 
the  principal  strain  axes  x',  y' ,  z'  are  easily  determined  if 
the  strain  components  referred  to  an  arbitrary  orthogonal 
co-ordinate  system  x,  y,  z  are  known.* 

We  introduce  the  notation:  a[j  =  strain  coefficients,  t)' 
with  the  appropriate  subscripts  =  mutual  influence  coeffi¬ 
cients,  ex,  Ry,  .  .  .,  y'xy,  a'x,  Oy,  .  .  .,  r'Xy  —  strain  and 
stress  components  referred  to  the  principal  axes  x\  y' ,  z' , 
and 

—  o-\k  +  a2k  +  a3k  (k  =  1'  2,  ...»  6).  (14.10) 

Since  y'yz  =  yxz  =  y'xy  =  0,  it  follows  that  S[  =  = 

~  S't  =  0.  This  gives  us  three  conditions  that  must  be 

*  See,  for  example,  the  course  by  L.  S.  Leibenzon  [24],  Sec.  6, 
p.  22. 
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satisfied  by  the  mutual  influence  coefficients  referred  to 
the  principal  strain  axes: 

fl*.  yz  fly,  yz  flz,  yz  ^  0,  1 

fl*,  zx  4"  fly,  zx  “l-  flz,  zx  —  0,  >  (14.11) 

fl*,  *y  "F  fly,  sy  +  flz,  acy  =  0.  J 

An  element  A'  in  the  form  of  a  rectangular  parallelepiped 
with  edges  parallel  to  the  principal  strain  axes  (Fig.  20) 
remains  a  rectangular  parallelepiped.  It  is  easy  to  show  that 
it  does  not  change  volume  under  the  action  of  tangential 
forces  flt  f2,  t3  applied  to  the  faces.  If  the  element  A'  is 

isolated  from  the  body  and  if,  on  relieving  its  faces  from 

pressure,  they  are  loaded  by  tangential  forces,  then  from 
the  considerations  outlined  in  Sec.  13  the  distribution  of 
stress  and  strain  is  obtained  as 


o'x  =  o’y  =  o’t  =  0,  ) 

Zyz~t  J,  ^XZ~^2,  Xxy  —  tg,  j 
8*  =  4  +  ^2®15  + 

By  —  tfi  24  +  ^2®25  +  ^3026) 

Bz  —  f 34  -f-  tzl I35  -|-  tg(l3§, 

Yyz  =  ^lfl44  +  ^2®45  +  *3a46> 

Y  xz  =  M45  +  ^2fl55  +  tsfl'se, 

Y*y  =  ^lfl46  4'  ^2a56  +  t3a66-  j 


(14.12) 


(14.13) 


The  dilatation  is  determined  by  the  formula 


6  -  e3C  +  8y  +  e2  -  t1Si  +  tgS'y  4*  (14.14) 

and,  since  S’,  S's,  and  S'  are  zero,  it  follows  that  0  =  0. 

In  this  connection,  let  us  consider  the  deformation  of  an 
anisotropic  body  in  which  the  extensions  in  all  directions 
are  the  same  and  the  shearing  strains  are  zero,  i.e.,  for  a 
system  of  co-ordinates  x ,  y,  z  with  arbitrarily  directed 
axes, 


Bx  =  By  =  Bz  =  — e,  Yyz  =  Y*Z  =  Ysy  =  0.  (14.151 
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In  this  xase  the  faces  of  the  element  A  (Fig.  20)  are  acted 
on  by  both  the  normal  and  shearing  stresses: 


where 


Ch 


ax  =  —  eCi, 

xyz  =  eC4,  "J 

oy—  —  eC2, 

X'xz—  | 

(14.16) 

az  —  —  eC3, 

xxy  —  —  eC6,  J 

+  •+  Ash 

{k  ■=  1,  2,  .  . 

.  .,  6)  (14.17) 

[see  Eqs.  (2.5)]. 

But,  as  is  known,  there  are  always  planes  on  which  only 
normal  stresses  act  (planes  normal  to  the  principal  stress 
axes). 

Let  x",  y",  z"  be  the  principal  stress  axes,  and  let  cr*, 
o'y,  .  .  .,  xTxy,  A{j  be  the  stress  components  and  the  elastic 
constants  referred  to  these  axes;  also, 


—  A\h -)- Azi,  +  j43j,  ( k  — 1,2,  ...,6).  (14.18) 


For  this  co-ordinate  system  we  have 


o^=-eq, 

t;2=o, 

Oy  —  eC2, 

^ XT  “  0? 

Oz  —  eC3, 

Xxy  0, 

o 

II 

*  « 

(14.19) 


We  come  to  the  following  conclusion:  in  an  anisotropic  body 
there  are  always  three  mutually  perpendicular  directions, 
x",  y" ,  z",  for  which  the  sums  of  the  following  elastic  moduli 
are  zero: 

Ali  +  4s4  +  =  0.  "I 

i  (14.20) 

A* +  -^26 +-^36  =  0.  J 

These  directions  are  determined  as  the  directions  of  the 
principal  axes  of  the  state  of  stress  in  a  body  subjected  to 
a  deformation  of  the  form  of  (14.15). 
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15.  Bending  of  a  Bar  by  Moments  Applied 
to  Its  Ends 

A  homogeneous  bar  in  the  form  of  a  cylinder  or  a  prism 
of  arbitrary  section  is  deformed  by  forces  distributed  over 

the  ends  and  reducing  to  bend¬ 
ing  moments  acting  in  the 
principal  plane  yz  (i.e. ,  in  a 
plane  passing  through  the  axis 
of  the  bar  z  and  one  of  the 
principal  axes  of  inertia  y  of 
the  cross  section;  Fig.  21). 

Denoting  by  M1  the  magni¬ 
tude  of  the  bendingj  moment, 
and  by  l  and  IY  the  length  of 
the  bar  and  the  moment  of 
inertia  of  its  section  with 
respect  to  the  principal  axis 
x ,  we  obtain  the  distribution 
of  stress  and  strain  in  the  case  of  (rectilinear)  anisotropy  of 
the  general  kind  ([38],  Sec.  314): 

®  z  —  y i  =  ~  fyz  =  T'Xz  ~  ^Xy  =  Oj  (15.1) 

Afj  Mi 

6*—  j  Vyz —  ®34  Mi 

Af  i  ..  r  ft. 

Ey  =  -jA-  a23y,  yxz  =  ^-a35y,  (15.2) 

Mi  Mi 

ez  =  a33y,  yxy  =  ~  a33y. 

The  displacements  u,  v,  w  are  found  from  Eqs.  (15.2)  by 
integration;  the  arbitrary  constants  that  will  enter  into  the 
resulting  expressions  are  determined  from  the  end  conditions. 
Consider  two  cases, 

(1)  Cantilever.  One  end  of  a  bar,  z  —  l  (see  Fig.  21),  is 
fixed,  the  other,  z  =  0,  is  free.  Assuming  that  an  element 
on  the  axis  near  the  clamped  section  is  rigidly  fixed,  we 
must  satisfy,  for  x  =  y  =  0,  z  =  l,  the  conditions 

u  =  u  =  m  =  0, 

du dv  dv  du 

dz  dz  dx  dy 


(15.3) 
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The  result  is 

u  =  -^[2aisxyi-asey2  —  assy(l  —  z)], 
v  =  -^-[—ai3x2  +  a23yz—a33  (l—z)2+a33x  (Z— z)], 
w  =  [a3Sxy  +  a3iyz  —  2 a33y  ( l  — z )]. 


(15.4) 


The  third  formula  of  (15.4)  shows  that  the  cross  sections 
become  in  general  warped  during  bending,  assuming  the 
shape  of  second-degree  surfaces;  the  warping  depends  on  the 
coefficients  a3i  and  a36  (or,  what  is  the  same  thing,  on  the 
mutual  influence  coefficients  rjy2  2  and  r\zx  2).  The  sections 
remain  plane  if  a3A  =  a3B  =  0,  and  this  occurs,  for  example, 
where  there  are  planes  of  elastic  symmetry  normal  to  the 
axis.  The  deflected  axis  of  the  bar  has  the  shape  of  a  plane 
curve  (parabola) 

y'~—^a33(l-z)z,  (15.5) 

which  can  be  approximated  by  a  circular  arc  when  the  strains 
are  small. 

One  of  the  basic  equations  of  the  elementary  theory  of 
bending  relating  the  curvature  of  the  deflected  axis  and  the 
bending  moment  holds  for  a  bar  with  anisotropy  of  the  most 
general  kind,  the  only  difference  being  that  Young’s  modulus 
E,  which  is  the  same  for  all  directions  in  an  isotropic  beam, 
is  replaced  by  the  modulus  Et  for  tension-compression  in  the 
direction  of  the  axis  of  the  bar: 


1  M ia33 Mi 

r'P  Jl  EzIi 


(15.6) 


The  numerically  greatest  deflection  (at  the  free  end)  is 


Mi l* 
2Ezh  ■ 


(15.7) 


If  the  coefficient  a36  is  not  zero,  the  bending  is  accompanied 
by  twisting;  the  angle  of  twist  per  unit  length  is 


a _ 1_  _d_  /  j)v_  du  \ 

2  dz  V  ~ly) 


Mi 

2IX 


a3i. 


(15.8) 
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(2)  Beam  on  two  supports.  If  there  are  hinged  supports  at 
the  ends  of  a  bar  (Fig.  22),  the  displacements  must  satisfy, 
for  x  —  y  —  0,  z  =  0  and  for  x  =  y  =  0,  z  —  l,  the  con¬ 
ditions 

u  =  v  =  w  =  0.  (15.9) 

These  conditions  are  not  sufficient  to  determine  all 
constants.  We  require,  in  addition,  that  an  element  of  the 


rM< 


Mi 


a 


Fig.  22 


axis  near  one  of  the  supports  should  be  prevented  from 
rotating,  i.e.,  we  add  to  conditions  (15.9)  for  x  =  y  —  z  =  0 
one  more  condition: 


We  then  obtain 


dv  du  _ q 

dx  ~  dy  ~"  U 


(15.10) 


u  —  ~2fY  (2®is xn  +  a3&y2 + a3&yz)  > 

M 

v  =  [  —  ai3x2 4-  a23y2  +  a33  ( Iz  —  z2)  —  a36xz], 

u>  ~  ^  (flashy  +  a3ii i2  +  assy  (22—  /)]. 


In  this  case  the  equation  of  the  deflected  axis  is 


_  -^iaa3 

y  ~  2/, 


( lz  —  z 2), 


(15.11) 


(15.12) 


and  the  maximum  deflection  (at  the  middle  of  the  span)  is 


/  -JL ail 

Tv  8 EzIj  ■ 


(15.13) 
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The  formulas  for  the  curvature  of  the  deflected  axis  and 
for  the  angle  ft  remain  the  same,  viz.  (15.6)  and  (15.8). 

If  the  moments  applied  at  the  ends  of  the  bar  act  in  the 
other  principal  plane,  xz,  the  stress  distribution  is  obtained 
as 

M, 

Oz=—j—X,  Ox  —  Oy  —  Xyz  —  xxz  =  xXy  —  0.  (15.14) 

In  this  case 

ft  =  -^fl34.  (15.15) 

If  the  moments  M1  and  Ms  act  simultaneously,  the  twist 
about  the  axis  is  given  by 

#  =  y  (— 17- 034)  •  (15.16) 

It  is  obviously  possible  to  prevent  twisting  during  bending 
if  the  moments  are  chosen  so  as  to  satisfy  the  condition 

Mittal  %  —  M  2^34^ I\'  (15.17) 


16.  Bending  of  a  Rectangular  Plate  by  Moments 
Distributed  Uniformly  over  Its  Sides 


A  rectangular  plate  of  constant  thickness  made  of  homoge¬ 
neous  material  with  anisotropy  of  the  general  kind  is  deformed 
by  forces  distributed  over  the  sides;  in  each  element  of  the 
edge  having  a  height  equal  to  the  thickness  of  the  plate  the 
forces  reduce  to  bending  and  twisting  moments  that  do  not 
vary  along  the  length  of  the  side. 

Let  the  middle  plane  of  the  plate  be  taken  as  the  xy  plane, 
with  the  x  and  y  axes  directed  along  the  axes  of  symmetry 
of  the  rectangle  (Fig.  23).  We  introduce  the  notation:  a, 
b  =  lengths  of  the  sides,  h  =  thickness,  Mu  H  =  bending 
and  twisting  moments  on  two  opposite  sides,  M2,  H  = 
=  moments  on  the  other  two  sides  (per  unit  length).  Assuming 
that  the  external  forces  vary  across  the  thickness  of  the  plate 
according  to  a  linear  law,  we  obtain  the  same  distribution 
of  stress  as  in  the  corresponding  isotropic  plate  (thin  slab): 


12 Mx  _  „  12 M2 

Jx-  h3  Z,  h% 

~  tyz  =  Tx z  — 


12  H 
h? 


1 


(16.1) 
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The  components  of  strain  are  found  from  Eqs.  (2.4),  and 
the  projections  of  displacement  from  these  components. 
Suppose,  for  definiteness,  that  an  element  of  the  middle 


surface  at  the  centre  of  the  plate  is  fixed.  The  conditions  for 
the  displacements  at  x  =  y  =  z  —  0  are  then 


u=v=w= 0 

dw  dw  dv  du  

dx  dy  dx  dy 

The  displacements  are  expressed  as 

g 

“  =  W  t ' Ml  (fll8Z2  +  av^Z  +  2aHXZ)  +  M2  (a2izZ  + 

+  a26Uz  +  2dl2xz)  +  H  (fl56z2  +  amyz  +  2 aKxz)\, 

0 

v  (fli4z2  +  2ai2yz  +  aiaxz )  +  Mz  (a^z2  + 

-f-  2a22yz  -f-  a2$xz)  -)-  H  (fl4gz2  -f-  2a2$yz  -f-  a^xz)\, 
0 

=  p-[-Wi  (ai322  —  a„a;2— any2—  ai6xy)  -f- 

+  M2  ( a23z 2 — al2x2 — a22y2  —  a2exy)  + 

+  H  (amz2  —  atexz  —  a26y2  —  a66xy)]. 


(16.2) 


(16.3) 
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The  deflection  of  the  middle  surface  W  —  w  (x,  y,  0)  is 

W  =  —  ~  [M4  (aiiXi-]-ai2yz-\-a1axy)-\-  M2  («ija:2  + 

+  a22y 2  +  a^xy)  +  B(aiax 2  +  a2iyz  +  a^y)\- 

Formulas  (16.3)  show  that  the  hypothesis  of  straight 
normals  is  not,  in  general,  true.  Straight  segments,  normal 
to  the  middle  plane  before  deformation,  become  curved 
during  deformation,  as  evidenced  by  the  terms  with  z2 
in  the  expressions  for  u  and  v\  the  curvatures  depend  on  the 
strain  coefficients  a14,  a34,  a16,  aa,  a4&,  and  ai4,  and  vanish 
if  these  elastic  constants  are  zero  (and  this  occurs,  for  example, 
in  the  case  when  there  are  planes  of  elastic  symmetry  parallel 
to  the  middle  plane). 

Nevertheless,  the  formulas  of  the  approximate  theory  of 
the  bending  of  thin  plates  based  on  the  hypothesis  of  straight 
normals  hold  for  a  plate  with  general  anisotropy  bent  by 
uniformly  distributed  moments,  namely 


1 


(16.4) 


MX=-(DU 

My  —  -  ^Z)l2 

HXy  =  -  ^  DU 


aw. 

dxl  ‘ 


+  ^12 


aw 

a** 


T  ^22 


,  D 


kaw 

dy* 

aw 
dy * 
aw 

dy 2 


4-2  Dlt 
+■  2Z?2b 
T  21466 


(16.5) 


Here  Mx,  Mv,  Hxy  are  the  bending  and  twisting  moments 
inside  the  plate  acting  on  linear  elements  of  the  middle 
surface  parallel  to  the  x  and  y  axes  (in  the  present  case 
Mx  =  Mlt  My  =  M a,  Hxy  —  H),  and  Dtj  are  the  rigidities 
of  the  anisotropic  plate  determined  by  the  formulas  ([27], 
Sec.  38) 


iDtl=(Au-^ *■)•£  (i,  /==  1,  2,  6)  (16.6) 


In  the  special  case  when  a  plate  is  orthotropic  (u16  = 
=  a  a  =  0),  is  loaded  only  by  bending  moments  (H  —  0), 
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and  supported  at  the  comers,  the  deflection  of  its  middle 
surface  is 

W  =  -^[(Miaii  +  M2al2)  (-£-**)  + 

+  (MiaiZ  +  M2a22)  (4~^)]-  (16-7) 

The  maximum  deflection  (at  the  centre)  is  determined  by  the 
formula 

/  =  -gJr  [(M>n  +  Mjan)  a2  +  (Mlaiz+  M 2a22)  &2],  (16.8) 

or  alternatively 

<16-9> 


17.  Extension  and  Bending  of  a  Bar  Having 
Cylindrical  Anisotropy 


Consider  a  bar  in  the  form  of  a  cylinder  or  a  prism  of 
arbitrary  section  made  of  an  elastic  material  with  cylindrical 
anisotropy.  Suppose  that  the  axis  of  anisotropy  is  parallel 
to  the  axis  of  the  bar  and  passes  inside  the  bar,  or  outside, 
or  along  its  surface.  Let  the  bar  be  extended  by  an  axial 
force  and  its  own  weight  (Fig.  17)  or  deformed  by  moments 
applied  at  the  ends  (Fig.  21). 

To  find  the  distribution  of  stress  and  strain,  it  is  necessary 
to  determine  six  components  of  stress  and  three  projections 
of  displacement  satisfying  the  fundamental  system  of 
equilibrium  equations  for  an  elastic  body  and  the  boundary 
conditions.  In  the  present  case  it  is  most  convenient  to  use 
cylindrical  co-ordinates  taking  the  axis  of  anisotropy  as  the  z 
axis;  the  fundamental  system  then  becomes 


0£r  ,  J_  fare  ,  farz  ,  Or~  <*9 
dr  '  r  dQ  '  dt  '  r 


R  =  0, 


1 


er  —  dfi oT  -)-  aizOQ-\-  ....  -f  fljgTj-e, 
60  =  dizOr  -f  a22Cfe  +  •  •  •  +  U26Tr0> 


(17.1) 


Yre  —  ai  6°>  +  &26°e  dee^re, 


CYLINDRICALLY  ANISOTROPIC  BAR 


97 


§  17] 

where  atj  are  the  elastic  constants,  and  er,  e0,  .  .  yr0 
are  related  to  the  projections  of  displacement  ur ,  ue,  w  by 
Eqs.  (1.3). 

It  is  natural  to  inquire  whether  the  distributions  of  stress 
in  an  extended  or  a  bent  bar  with  cylindrical  anisotropy  are 
identical  with  the  simple  distributions  obtained  in  a  homoge¬ 
neous  anisotropic  or  isotropic  bar.  This  question  must  in 
general  be  answered  in  the  negative. 

Let  us  consider  the  case  of  extension  by  an  axial  force  P 
neglecting  the  weight  of  the  bar  itself  (Fig.  17).  In  a  bar  with 
rectilinear  anisotropy  or  in  an  isotropic  bar  an  elementary 
stress  distribution  will  result: 

ax  =  -j'  CTr  =  =  t02  =  tr2  =  Tre  =  0  (17.2) 

( S  is  the  cross-sectional  area).  The  equilibrium  equations 
and  the  boundary  conditions  are  obviously  satisfied,  and  the 
displacements  ur,  u0,  w  must  be  determined  from  the  genera¬ 
lized  Hooke’s  law  equations.  Finding  the  displacements 
from  these  stresses  by  integrating  the  last  six  equations  of 
system  (17.1),  we  ascertain  that  this  can  be  done  only  when 
the  constant  <z34  is  zero;  if,  however,  a3i  =#=  0,  the  equations 
are  incompatible.  But  suppose  that  the  compatibility 
condition  a34  =  0  is  fulfilled.  We  then  obtain 

P  ' 

ur  =  -^-  a^r  +  (co2  cos  6  —  <»!  sin  0)z  + 

4-p0sin8  +  w0cos  0, 

p 

we  =  [(<*23  —  al3)re  +  a3fir  lnrj—  (17 .3) 

—  (co2  sin  0  -f-  ©!  cos  0)  z  4-  v0  cos  0  —  u0  sin  0  +  o)3r, 

P 

w~~g  («35 r  +  a33z)  +  (ch  sin  0  —  o>2  cos  0)  r  +  w0. 

Here  <o1,  co2,  co3,  u0,  v0,  w0  are  constants  expressing  rigid- 
body  displacements. 

The  displacement  u8  contains  a  term  proportional  to  the 
angle  0.  This  means  that  it  is  a  multiple-valued  function  of 
position  if  a13  =4  a23  and  the  axis  of  anisotropy  passes 
inside  the  body  (through  the  body  or  in  a  cavity)  since  w0 
receives  an  increment  P2nr  (a2S  —  a13)/S  on  passing  once 
7-0800 
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round  a  closed  contour  surrounding  the  axis  of  anisotropy. 
There  is  no  multiple  valuedness  if  a13  =  a23  or  the  axis  of 
anisotopy  passes  outside  the  body  or  along  its  surface  since 
then  it  cannot  be  surrounded  by  a  closed  contour  lying  entirely 
inside  the  bar.  The  multiple-valuedness  of  displacements 
indicates  an  unsuitability  of  solution  (17.2):  the  displacements 
must  always  be  single-valued  functions  of  position. 

We  thus  come  to  the  following  conclusion.  The  elementary 
distribution  of  stress  (17.2)  can  be  obtained  in  a  bar  with 
cylindrical  anisotropy  in  only  two  special  cases:  (1)  the 
axis  of  anisotropy  passes  outside  the  bar  or  along  a  generator 
of  the  lateral  surface  and  a34  =  0;  (2)  the  axis  of  anisotropy 
passes  inside  the  bar  and  the  elastic  constants  satisfy  the 
conditions 

as  4  =  0,  «13  =  «23.  (17.4) 

The  second  of  these  conditions  may  be  formulated  as 
follows:  Poisson’s  ratios  characterizing  the  compression  in 
the  radial  and  tangential  directions  r  and  0  under  tension  in 
the  axial  direction  z  must  be  equal. 

If  a  bar  having  cylindrical  anisotropy  is  extended  under 
its  own  weight,  the  elementary  distribution  of  stress  (11.9) 
occurs  only  when  the  elastic  constants  satisfy  the  conditions 

®34  ~  ®35  =  ®36  =  ®13  =  ®23»  (17.5) 

no  matter  where  the  axis  of  anisotropy  passes  since  (17.5) 
are  the  compatibility  conditions  for  the  system  of  equations 
determining  the  displacements. 

This  is  also  true  for  the  bending  of  a  bar  by  moments  Mx 
and  Mz.  The  stress  distribution  in  a  bar  with  cylindrical 
anisotropy  will  be  the  same  as  in  a  homogeneous  anisotropic 
or  isotropic  bar  only  if  conditions  (If. 5)  are  fulfilled  (again, 
no  matter  where  the  axis  of  anisotropy  passes). 

The  discussion  of  the  elastic  equilibrium  of  bars  with 
more  general  cylindrical  anisotropy  will  be  taken  up  in 
Chap.  5  of  this  book. 


Chapter  3 


elastic  equilibrium 

OF  A  BODY  BOUNDED 
BY  A  CYLINDRICAL  SURFACE 
IN  WHICH  THE  STRESSES  DO  NOT 
VARY  ALONG  THE  GENERATORS 


This  chapter  is  concerned  with  the  general  problem  indicated 
in  the  heading  for  a  homogeneous  body  with  general  aniso¬ 
tropy,  rectilinear  or  cylindrical  [Eqs.  (3.8)  or  (10.2),  where  ai} 
are  constants].  The  following  chapters,  4  to  6,  deal  with 
problems  that  are  special  cases  of  the  general  problem  of 
generalized  plane  strain,  plane  strain,  generalized  plane 
stress,  and  related  problems  of  the  generalized  and  pure 
torsion  of  cylindrical  and  prismatic  bodies. 

18.  Stress  Distribution  in  a  Homogeneous  Body 
with  Rectilinear  Anisotropy  Dependent 
on  Only  Two  Co-ordinates 

We  state  the  problem  as  follows.  A  homogeneous  body 
bounded  by  a  cylindrical  surface  (or  planes)  with  the  most 
general  anisotropy  is  in  elastic  equilibrium  under  the  action 
of  forces  distributed  over  its  surface  and  body  forces.  The 
region  of  the  cross  section  may  be  finite  or  infinite,  simply 
connected  or  multiply  connected;  the  length  of  the  body  may 
be  finite  or  infinite.  It  is  assumed  that  the  forces  distributed 
over  the  lateral  surface  and  the  body  forces  act  in  planes 
normal  to  the  generators  and  do  not  vary  along  the  length. 
In  addition  the  ends  of  a  cylinder  of  finite  length  or  a  semi¬ 
infinite  cylinder  are  acted  on  by  forces  reducing  to  bending 
moments,  twisting  moments,  and  axial  (longitudinal) 
forces;  initial  stresses  are  absent.* 

Let  the  body  be  referred  to  a  Cartesian  system  of  co¬ 
ordinates  x,  y,  z  in  which  the  z  axis  is  parallel  to  the  genera- 


*  By  “initial”  stresses  are  meant  the  stresses  that  may  be  in  a  body 
in  the  absence  of  external  forces  or  thermal  effects. 
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tors,  and  the  xy  plane  is  consequently  coincident  with  the 
plane  of  any  one  cross  section  (for  example,  of  the  end  section) ; 
the  x  and  y  axes  are  directed  as  appears  most  convenient 
considering  the  shape  of  the  section. 

If  the  region  of  the  section  is  finite,  it  is  convenient  to 
place  the  origin  at  the  centroid  and  take  the  x  and  y  axes 
coincident  with  the  principal  axes  of  inertia  of  the  section. 

Suppose  that  the  body  follows  the  generalized  Hooke’s 
law  expressed  by  Eqs.  (3.8)  in  which  the  strain  coefficients 
atj  are  not,  in  general,  all.  zero.  The  strains  are  small. 

Let  the  projections  of  the  forces  distributed  over  the  lateral 
surface  (per  unit  area)  be  denoted  by  Xn,  Yn,  where  n  is 
the  normal  to  the  lateral  surface.  The  projections  of  the 
body  forces  (per  unit  volume)  are  denoted  by  X,  Y,  assuming 
that  they  have  a  potential  U  (x,  y),  i.e., 


X 


dU  y _ dU 

dx  1  dy 


(18.1) 


The  last  restriction  is  not  essential,  but  it  simplifies  the 
derivations  involved.  The  force  and  the  moments  to  which 

the  forces  acting  at  the  ends 
reduce  are  denoted  by  Pz,  Mlt 
M2,  M t  (axial  force,  bending 
moments,  twisting  moment; 
Fig.  24). 

It  appears  obvious  that  the 
components  of  stress  in  the 
given  body  loaded  as  indicat¬ 
ed  are  functions  of  only  two 
co-ordinates,  x ,  y.  We  propose 
to  derive  the  general  equations 
determining  the  states  of 
stress  and  strain,  and  the  con¬ 
ditions  on  the  lateral  surface 
and  at  the  ends.  This  problem 
was  first  stated  for  a  homogeneous  body  by  C.  Somigliana  in 
[122].  It  received  further  development  in  the  author’s  book 
[26]  from  which  we  take  (with  slight  modifications) 
Secs.  17-21  (pp.  87-105  of  the  book);  see  also  [77]. 


STRESSES  DEPENDENT  ON  TWO  CO-ORDINATES 


101 


The  fundamental  system  of  equilibrium  equations  for 
the  given  elastic  body  is  of  the  form 


dlxz  dlyz  ^ 

~dx~  +  ~dy~  ~  U’ 


(18.2) 


ex  =  ^il^x  4  fll2°y  4-  • 

■  4"  ai 6*xyi 

ey  =  ^12°*  4"  ^22CIy  4  • 

•  4“  a26*xyi 

Yxy  =  ^le^x  4  a2^v  4-  • 

•  4“  a66*xy  • 

We  introduce  the  notation: 

(18.3) 


D  —  <zl3CTt  -f-  a2Spy  fl33crz  4-  d34rvz-{- 

4"  &35*xz  "T  a36*xy 

From  this  (18.4) 

D  1 

°z  —  — - — —  («13°x  4-  tt230y  4-  fl34Tj IZ  4~  a35Txz  +  fl36 *xy)- 

“33  “33 

(18.5) 

Equations  (18.3)  are  rewritten  as 

■fj  =  Pliax  +  Pl2ay  4*  •  •  •  +  Pl6Txy  4  ~ 

44  =  Pl2CTx  +  P22°y  +  •  .*  •  +  $26* xy  +  D, 


-%--+-^-=$U°x  +  hi.°y+  •••  +$i6*xy  +  ~D, 

-foT  +-|j-  =  Pl50x  +  p25ay  4*  •  •  •  +  Pse^xy  4*  ^  D, 
17  +  17  =  P«a*  +  P^y  +  •  '  ‘  4-  Pae^xy  4*  -jJJ 


(18.6) 
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The  displacements  are  determined  from  these  equations 
by  integration;  here  and  henceforth  we  shall  adhere  to  a 
definite  order:  we  first  integrate  the  third,  fourth,  and  fifth 
equations  and  then  require  that  the  resulting  displacements 
containing  undetermined  functions  of  integration  ( x ,  y), 

Vl  ( x ,  y),  and  Wx  ( x ,  y)  should  satisfy  the  remaining  equa¬ 
tions  of  (18.6),  namely  the  first,  second,  and  sixth  equations. 
By  integrating  the  third,  fourth,  and  fifth  equations,  we  find 

w  =  zD+Wl(x,y), 

v= - 2  ~dy  Z  ( Pl4°*  +  024°?  +  -  •  •  +  P46t*b  — 

~^r) +vi(x'  ?)•  (i8.7) 

Q / 

u  — - 2  +  2  \  Pl5°ac  +  $25ay  +  •  •  •  +  Pss Xxy  — 

-I£r)  +u<(*-  ?>• 

We  introduce  into  consideration  rigid-body  displacements, 
i.e.,  linear  functions  of  position  expressing  displacements 
of  the  body  as  a  whole  (displacements  involving  no  strain): 

u'  =  co2z  —  co3y  -)-  w0,  \ 
v'  =  (j)3x  —  (OjZ  +  Vq9  >  (18.8) 

w'  —  a>iy  —  (o  -f-  wQ,  J 

where  con  co2,  co3  (arbitrary  constants)  are  the  components 
of  rotation  of  the  body  about  three  co-ordinate  axes,  x,  y,  z; 
u0,  v0,  w0  (arbitrary  constants)  are  the  translations  along 
the  axes. 

We  further  introduce  new  functions  U,  V,  W  instead  of 
Uu  Vl9  Wt  by  setting 

Ul  —  U — co3y  4-  woi  ,  "j 
Vi  =  V+  (j)3X  4-  v0,  >  (18.9) 

WX  =  W  +  ®iy— a>2x  +  w0.  J 

Substituting  expressions  (18.7)  in  the  left-hand  sides  of 
the  first,  second,  and  sixth  equations  of  (18.6),  and  equating 
the  coefficients  of  z2,  z  and  the  free  terms  on  the  left-hand 
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and  right-hand  sides,  we  obtain  three  equations  for  D  and 
two  systems  of  equations  for  W  and  U,  V: 


dPD  _  d*D  _  d*D  0. 
dx 2  —  dy*  ~  dxdy  ~  ’ 

•jj  (Pi5°x  +  P25°y  +  •  •  •  +  fWscs  + 

4--^-  D - =  0, 

a33  dx  / 

(Pl4°x  + 024^  +  .  .  .  +P46TX!/  + 


'W  (P‘5°*  +  P25°a  +  •  •  •  +  P»T*y  +  Sr  D~l&)  + 

4-  -fa  (  Pl4°x  +  P24°b  +  •  •  •  +  P46TX»  + 

4-  -^21.  d — -rr—  \  =0; 

033  dy  / 


~fa  —  Pll°x  +  Pl2°»  +  •  •  •  +  Pl6TX!/  +  D, 

-^-  =  Pl20x  +  P22°B+  •  •  •  +P28txB+-^-^,  (18.12) 

IS?' +  "S’  =  Pl6°x  +  M's  +  •  •  •  +  PwTjq,  +  ^  D. 


(18.10) 


It  follows  from  (18.10)  that  D  is  a  linear  function  of  x 
and  y  with  arbitrary  coefficients  A,  B,  C\ 

D  =  Ax  +  By  +  C,  (18.13) 

and  hence  the  normal  stress  at  cross  sections  is  [see  (18.5)] 
°z  —  ~ —  (Ax  -\-By-\-C)  — 

“33 

—  h —  (a13°3C  +  fl23ay  4*  fl34 %y%  +  a35T xz  +  a3QTxy)  •  (18.14) 

a33 
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By  integrating  the  first  two  equations  of  (18.11),  and 
satisfying  the  third  equation,  we  obtain  equations  for  W: 


aw 

-fa"  =  Pl5°3C  +  p25°y  +  •  •  •  +  P56t*b  + 

+  -^D  +  %-g>2, 

“33 

fiW 

-Qjj~  =  Pu^x  +  P24  °U  +  •  •  •  +  ^46^*9  + 

+  -^-  D—  + 

a83 

Here 


(18.15) 


=  («,/  =  1,2,  4,  5,  6)  (18.16) 

“33 

are  quantities  Called  the  reduced  strain  coefficients  [77]. 
By  eliminating  U,  V,  and  W  from  (18.12)  and  (18.15)  (by 
differentiation,  addition,  and  subtraction),  we  obtain  two 
equations  for  0  and  t: 

d2 

-Qyi  (Pilas:+Pl2Cr9+  •  ■  •  +  Pi6t:cb)  + 

Q 2 

+  (Pl2°*  +  P22°B  +••!•+  P26T*b)  — 

—  dx  ay  (Pi«°*  +  P26°b  +  •  ■  •  +  Pbb^xb)  =  0;  (18.17) 

-fijf  (Pl5°3C  +  p25°B  +  •  •  •  +  PsbT^b)  — 

Q 

—  -fa  (Pl4°ac+  P24°B  +  •  •  •  +  P46T;cb)  ~ 

=  (18.18) 
®33 

The  final  expressions  for  the  displacements  are  written  as 
u  =  —  y  z2—  %z  +  U  (x,  y)  +  u', 

V = — z2 -f  fizz  +  F  (a:,  y)+v',  (18.19) 

w  —  ( Ax  By  C)  z  -f  W  (x,  y)  -f-  w‘ . 


These  expressions  contain  altogether  10  constants.  For¬ 
mulas  (18.19)  show  that  the  terms  with  the  factor  d  are  equal 


STRESS  FUNCTIONS 


10& 


§  19] 


to  the  corresponding  terms  of  the  displacements  in  simple 
torsion  ([28],  p.  39);  u',  v ,  w'  are  the  rigid-body  displace¬ 
ments  (18.7). 

The  constants  A,  B,  C,  ft  are  found  from  the  equilibrium 
conditions  at  the  ends  (or  at  a  cross  section  for  a  bar  of 
infinite  length).  The  constants  entering  into  the  rigid-body 
displacements  are  determined  from  the  end  conditions. 
Note  that  there  must  be  exactly  six  of  these  conditions,  and 
not  more  or  less.  Consequently,  we  cannot  solve  the  problem 
by  this  method  if  the  ends  are  fixed  in  an  arbitrary  manner. 
In  the  case  of  a  finite  section  we  assume  that  the  centroid 
of  the  section  and  an  infinitesimal  plane  element  enclosing 
it  or  an  element  of  the  axis  passing  through  the  centroid 
are  rigidly  fixed.  To  solve  the  problem  when  the  ends  are 
arbitrarily  fixed,  a  more  rigorous  approach  (or  method)  is 
needed  which  will  not  be  discussed  here. 


19.  Stress  Functions 


The  stress  components  can  be  expressed  in  terms  of  two 
functions,  F  ( x ,  y),  i|)  ( x ,  y),  of  two  variables,  x,  y ,  so  that 
the  equilibrium  equations  for  a  continuous  medium  (1.6) 
or  (18.2)  are  satisfied  identically.  Assume 


d2F  ,  r7 


dy 2 


U,  ay  = 
T  _  9* 

xz~  dy  ’ 


d*F  ,  ff 

4-  V  ,  T  Xy  — 


d2F 


dxz 


dx  dy 


xyz—  — 


dx  ' 


(19.1) 


The  sixth  component,  o2,  is  determined  from  formula 
(18.14).  Further  we  take  two  equations,  (18.17)  and  (18.18), 
and  express  the  stresses  in  terms  of  F  and  i[>  (stress  functions). 
We  obtain  a  system  of  two  equations  for  the  stress  functions, 
which  can  be  written  in  compact  form  as 


LkF  +  Ls\ p - (P12  -f-  622)  ~faT  ■+ 


+  (Pis + M  —  (Pn  +  P12)  -fjr 


L3F  +  L2 1[,=  — 2ft- 


4a, 


-  Ba« 


dU 


/a  t  a  \ 


dU 


(19.2) 
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Here  Z4,  Ls ,  L2  are  differential  operators  of  the  fourth, 
third,  and  second  orders  of  the  form 


£*  =  P 


22 


JL 

dx1 


■2P!.^F  +  (2P«  +  W  91 


dx 2  dy2 


63 


L3  —  —  p24  -jjr  +  (025  +  p4s) 


•2(3,6 

a3 


a4 


ai  ay3 


□  di 

P“  w 


dx 2  dy 


—  (Pi4  +  pse) 


a3 


dx  dy 2 


P» 


a3 

a^3 


£2  =  P, 


a2 


44 


dx2 


•2p45 


a2 


dx  dy 


R  0 
Pas-^. 


(19.3) 


The  stresses  and  displacements  corresponding  to  the 
stress  functions  F  and  4  must  be  continuous  and  single 
valued  within  the  body.  The  boundary  conditions  must  be 
satisfied  on  the  lateral  (cylindrical)  surface.  If  external 
forces  Zn  =  0,  Xn,  Yn  are  prescribed  there  as  functions  of 
position  on  the  contour  of  the  section  (the  first  fundamental 
problem),  the  surface  conditions,  or,  what  is  the  same  thing, 
the  conditions  on  the  contour  of  the  cross  section  are  of 
the  form 

ax  cos  ( n ,  x)  -f-  rxy  cos  (n,  y)=Xn,  1 

Xxy  cos  (re,  x)  4-  Oy  cos  (re,  y)  =  Yn,  1  (19.4) 

txz  cos  (re,  x)  +  xyz  cos  (re,  y)  =  0.  J 


Here  re  is  the  outward  normal  to  the  contour  of  the  cross 
section  whose  equation  may  conveniently  be  written  in  para¬ 
metric  form,  namely  x  =  x  (s),  y  =  y  (s).  The  parameter  s 
is  often  taken  to  be  the  arc  length  of  the  contour  measured 
from  a  certain  starting  point  in  the  positive  direction.  The 
positive  direction  for  the  measurement  of  arcs  is  chosen  so 
that  the  contour  (both  the  outer  and  the'inner  contour,  i.e., 
the  contour  of  a  cutout  in  the  case  of  a  multiply  connected 
region)  is  described  counterclockwise.  For  the  outer  contour 
of  the  region  of  the  section  we  then  have 

cos  (re,  x)  =  ~  ,  cos  (re,  y)  —  —  ~  (19.5) 
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and  for  the  inner  contour* 

cas(n,  x)=  —  -J-,  cos  (n,y)  =  ~.  (19.6) 

On  integrating  (19.4)  with  respect  to  the  arc  length  of 
the  contour  from  the  starting  point  O  to  a  variable  point  s, 
we  rewrite  conditions  (19.4)  as 

f-=j(=FlW§)*  + 

0 

0 

I|)  =  C3. 

The  upper  signs  are  to  be  taken  for  the  outer  contour,  and 
the  lower  signs  for  the  inner  contour.  The  constants  ct,  c2,  ca 
may  be  fixed  arbitrarily  on  either  of  the  contours  bounding 
the  section;  in  particular,  for  a  finite  simply  connected 
region  we  have  to  take  ct  =  0. 

If  projections  of  displacement  u*,  v*,  w*  are  prescribed 
on  the  lateral  surface  (contour  of  the  section)  (the  second 
fundamental  problem),  we  have  there  the  conditions 

u  —  u*  (s),  v  =  v*  (s),  w  =  w*  ( s ).  (19.8) 

The  conditions  at  the  ends  or  at  the  cross  section,  where 
the  forces  reducing  to  the  resultant  Pz  and  to  the  bending 
and  twisting  moments  are  acting,  are  initially  written  as 

[  j  txz  dx  dy  =  0,  j  j  ozydx  dy*=Mu 

xyzdxdy  =  Q,  j  j  ozx  dx  dy  —  Mz,  (19.9) 

j  j  ozdxdy  =  Pz,  J  J  {xyzx  —  xX2y)  dxdy  ^  Mt. 

*  N.  I.  Muskhelishvili  ([32],  p.  140)  takes  for  the  positive  sense 
of  description  of  a  contour  that  which  leaves  the  region  on  the  left. 


Cu 

(19.7) 

C2* 
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Here  and  henceforth  (Chaps.  3  to  7)  the  double  integrals  are 
taken  over  the  region  of  the  cross  section  of  a  cylindrical 
body. 

The  force  Pz  and  the  moments  Mx,  M2,  Mt  may  either 
be  given  or  have  to  be  determined  (reactive),  depending  on 
the  end  conditions. 

If  there  are  planes  of  elastic  symmetry  normal  to  the  z 
axis  in  the  body,  then 

fl34  —  a35  =  0)  Pi  4  =  Pl5  =  P24  =  P25  P  46  =  P58  =  0* 


and  system  (19.2)  falls  into  two  independent  equations: 
one  for  F,  and  the  other  for  ip. 

Accordingly  the  problem  falls  into  a  plane  strain  problem 
and  a  torsion  problem,  which  are  to  be  solved  independently. 
The  plane  problem  and  torsion  will  be  discussed  in  greater 
detail  in  Chaps.  4  to  6. 

Let  us  consider  the  case  when  the  region  of  the  cross 
section  is  finite  and  simply  connected.  We  place  the  origin 
at  the  centroid  of  the  cross  section,  with  the  x  and  y  axes 
directed  along  the  principal  axes  of  inertia.  Let  us  trans¬ 
form  the  end  conditions  (19.9). 

To  begin  with,  we  ascertain  that  the  first  two  conditions 
of  (19.9)  are  satisfied  identically. 

We  have 


|  j  xxz  dx  dy  =  j  j  | ^-dxdy  =  jijjcos(rc,  y)ds^  0, 

y 

(  j  xyzdxdy=-^^dxdy  = 

=  —  j  if  cos  (n,  x)  dx  =  0. 

Y 


(19.10) 


(the  single  integral  is  taken  along  the  entire  contour  y  of 
the  section).  These  integrals  are  identically  zero  since  = 
=  constant  on  the  contour.  The  remaining  four  conditions 
of  (19.9)  contain  altogether  17  integrals  of  stresses  and 
stresses  multiplied  by  linear  functions  (x  and  y).  It  may  be 
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verified  that  two  more  integrals  are  zero,  and  two  integrals 
are  expressed  in  terms  of  the  twisting  moment  Mt.  We  have 

j  J  dx  dy  =  j  j  [txzx  +4  ( TST  +  ^rr)  1  dx  dy  =  . 

=  J  J  [4(4  T~)  +4  (4^0  J dxdy== 

Jx2 

-y  [t^  cos  (re,  a:)  +  Ty2cos(re,  p)]ds  — 0.  (19.11) 

v 

Similarly 

j  j  xyzydxdy  =  0‘  (19.12) 

The  end  conditions  take  the  form 

CS —  ^  ^  (a13a3C  +  a23a»  +  a36Tx»)  dx  dy  =  P tda3, 

"•-n  (^13^acH-^23^y-H V  dx  dy —  I 

^/2 —  ^  |  (a13a*  +  ^23°rB  +  a34Tffz  +  a36T3CB)  x  dx  dy  = 

=  M^a  33, 

j  j  Ow  —  txzy)dxdy  =  Mt.  (19.14) 

Here  S  is  the  cross-sectional  area,  /l5  /2  are  its  principal 
moments  of  inertia  (with  respect  to  the  x  and  y  axes). 

The  integrals  of  stresses  over  the  cross-sectional  area  and 
of  stresses  multiplied  by  x  or  y  can  be  expressed  in  teTms  of 
the  given  quantities,  viz.  the  surface  and  body  forces.  To 
make  this  transformation,  we  insert  under  the  integral 
signs  expressions  equal  to  zero,  namely  the  left-hand  sides 
of  the  equilibrium  equations  for  a  continuous  medium 
(18.2)  or  the  left-hand  sides  of  the  equations  multiplied  by 
powers  or  products  of  x  and  y.  Next  the  double  integrals  are 
transformed  into  integrals  along  the  contour  y  of  the  cross 
section,  taking  into  account  the  boundary  conditions  (19.4). 
In  the  present  cases  we  shall  not  introduce  into  consideration 
a  potential  for  body  forces  since  it  is  more  convenient  to 
denote  the  body  forces  simply  by  X,  Y.  Leaving  out  the 
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transformations  involved,  we  state  only  the  final  results:* 

j  |  axdxdy  =  ^  xXn  ds  -\-  j  j  xX  dx  dy, 
v 

j  j  oy  dxdy  =  j  yYnds  +  J  J  yY  dxdy, 
v 

J  J  T**  dxdy  =  j  xYn  ds  +  n  xY  dxdy—  }  (19.15) 

v 

=  j  y%n  ds  +  j  j  yX  dx  dy, 

y 

jjrxzdxdy  =  0,  j  j  xyz  dx  dy  =  0; 

j  (  oxydxdy  =  j  (xyXn—0.5x2Yn)ds  + 
v 

+  [  j  {xyX  —  0.5x2Y)  dxdy, 

j  j  ayy  dx  dy  =  0.5  j  y2Yn  ck+ 0.5  j  J  y2Y  dx  dy,  ^ 

j  ^r^y  dxdy =0.5  j  y2Xnds  +  0.5  (  j  y2Xdxdy, 
v 

j  j  tyzV  dx  dy= 0,  j  j  t xzy  dx  dy=  —0.5 Mt; 

j  j  oxx  dx  dy  =  0.5  ^x2Xnds  -\-0.5  j  ^  x2Xdxdy , 
v 

^  j  dyxdxdy  =  j  {xyY n  —  0.5y2Xn)  cfc+ 
v 

+  j  j  (xyY—  0.5y2X)  dx  dy,  (19.17) 

j  j  xxyx  dx  dy  =  0.5  j  x2Yn  ds  -f  0.5  j  J  x2Y  dx  dy, 
v 

j  j  xyzx  dx  dy  =  0.5 Mt,  j  j  xxzx  dx  dy  =  0. 

*  The  same  integrals  but  in  the  absence  of  body  forces  and  with 
no  forces  applied  to  the  lateral  surface  are  given  by  Voigt  ([38], 
Sec.  306)  who  was  mainly  interested  in  torsion  and  bending  problems. 
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In  the  end  conditions  we  can  transform  to  the  projections 
of  surface  and  body  forces,  and  instead  of  (19.13),  (19.14) 
we  then  obtain 

CS —  J  [{0'l3^JraZ6y)  Xn-\- d23yY n]  ds  — 
y 

—  j  f  l(ais^  +  a36y)X  +  a23yY]dxdy  =  Pza33;  (19.18) 

Bit—  |  [(a13a:y  +  0.5a36i/2)Zn-f  0.5(a23y2—  al3x2)  Yn]ds  — 
v 

—  [  j  \(al3xy+0.5a36y2)X  +  0.5(a23y2—ai3x2)Y]dxdy-\- 

0.5a33Mf  =  M  id33\  (19.19) 

AI2—  j  [0.5  {ai3x2 —  a23y2)  Xn  (a^y  -\-0.ba33x2)  Yn]ds  — 
y 

—  j  j  [0.5(al3x2—a23y2)X  +  (a2zxy  +  0.5<i36x2)Y\dxdy— 

—  0.5a3^Mt  =  M2a33.  (19.20) 

Equations  (19.18)  to  (19.20)  uniquely  determine  the 
coefficients  A,  B,  C  entering  into  formula  (18.14)  for  the 
stress  oz.  The  constant  ft  is  found  from  the  last  (sixth) 
condition  of  (19.9).  For  a  simply  connected  finite  region 
this  condition  is  easily  simplified  by  expressing  the  integral 
on  the  left-hand  side  of  the  sixth  equation  of  (19.9)  and 
transforming  it.  We  have 

jj  (Tyzx~Txzy)dxdy=  —  j  j  (xty)  + -^  (y$)]  dx  dy + 

+  2  f  j  tydxdy.  (19.21) 

By  transforming  the  double  integral  into  an  integral  along 
the  contour  where  it  is  permissible  to  take  1)5  =  0,  we  obtain 
an  equation  for  determining  ft: 

2  j  [  v| -)dx  dy  —  Mt. 


(19.22) 
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20.  General  Expressions  for  Stress  Functions 

in  a  Homogeneous  Rectilinearly  Anisotropic  Body 

The  general  solution  of  the  system  of  equations  (19.2) 
may  be  written  as 

F  =  F,  +  F0,  i|>  =  ifc  +  i|)0.  (20.1) 


Here  Fx,  ti  are  the  general  solution  of  the  homogeneous  sys¬ 
tem 


Li F  i  +  ^3ti  —  0,  1 

LaF !  +  ^ati  —  0,  J 


(20.2) 


and  F0,  to  are  a  particular  solution  of  the  non-homogeneous 
system  (19.2).  A  particular  solution  depends  on  the  right- 
hand  sides  of  the  non-homogeneous  equations,  and  if  these 
right-hand  sides  are  simple  (for  example,  are  composed  of 
elementary  functions),  the  particular  solutions  are  usually 
not  difficult  to  obtain. 

To  obtain  the  general  solution  of  the  homogeneous  system, 
we  eliminate  either  of  the  functions,  say  ifo,  from  it.  We 
then  obtain  a  sixth-order  equation  for  the  remaining 
function: 

(L4L2  -  L\)  Ft  =  0.  (20.3) 

A  similar  equation  is  obtained  for  the  other  function.  The 
operator  of  the  sixth  order  L4L2  —  L\  can  be  decomposed 
into  six  linear  operators  of  the  first  order  Dk,  and  Eq.  (20.3) 
is  represented  as 

D  $D  5-D  J)  sD  2D  4F  i  =  0.  (20.4) 

Here 

(20-5> 


and  pfc  are  the  roots  of  the  sixth-degree  algebraic  (characteris¬ 
tic)  equation  corresponding  to  the  differential  equation 
(20.3): 


h  (|i)  h  (|i)  ~  n  (p)  =  o, 


(20.6) 
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h  (M-)  =  Pill14 —  2p16^i3+  (2P12  +  P66)  ]ia — 

—  2p26]i  +  P22, 

h  (M-)  =  PisH-3  —  (Pi4  +  Pse)  P2  +  (P25  +  P4e)  p24> 

^2  ( M-) =  P55M-2  —  2P45  +  P44  • 


(20.7) 


The  integration  of  the  sixth-order  linear  equation  can  be 
reduced  to  a  successive  integration  of  six  first-order  equations. 
Suppose  that  there  are  no  multiple  roots  among  p,ft.  Denote: 


DjFi  — tp2,  D2q>2~  <p3,  Ds(p3  —  q?4,  1 

£>4<P4  =  <P5,  Z?5(P5-CP6.  i  (  } 

The  function  <p6  satisfies  the  equation 

D6<Pe  =  0;  (20.9) 

its  general  integral  is  equal  to  an  arbitrary  function  of  the 
argument  x  +  fier/,  which,  for  convenience,  we  designate  as 
the  fifth-order  derivative  of  some  function  /6  (x  +  fi8y): 

<Ps  =ft  (x  +  M-e^).  (20.10) 

The  function  cp5  satisfies  the  non-homogeneous  equation 

£>5<Ps  =  fj  (x  +  ptf),  (20.11) 

which  is  easily  integrated.  The  result  is 

<p8  =  /5V  (X  +  fi8y)  +  •  (20- 12) 

In  this  way  we  determine  successively  cp4,  cp3,  q)2,  and  finally 
F1  from  (20.8).  By  changing  the  notation  for  the  arbitrary 
functions,  we  obtain  the  general  expressions  for  F1  and  ifo: 
6  6 

.ft  =  2  Fih  (x + w) ,  Qi  =  2  ^1*  (* + ny)  ■  (20- 1 3) 

'  ?!=i  h=i 

The  functions  and  satisfy,  not  only  Eq.  (20.3), 
but  also  the  system  of  equations  (20.2).  It  follows  that  there 
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must  be  a  relationship  among  them,  which  is  easily  estab¬ 
lished  in  an  elementary  way.  The  resulting  expression  is 

'Ihfc  (x  +  = 

=  —  F'lh  (*  +  +  ak  (#  +  +  ^s-  (20.14) 

Here  ah,  bh  are  arbitrary  constants;  a  prime  denotes  the 
derivative  with  respect  to  the  whole  argument  x  -f-  \ihy. 

This  method  of  solution  obviously  fails  if  some  of  the 
roots  are  equal.  But  in  this  case,  too,  the  finding  presents  no 
great  difficulty,  and  we  shall  not  elaborate  upon  this  point. 

The  general  expression  for  the  stress  function  F  can  also 
be  obtained  in  a  somewhat  different  way.  A  particular 
solution  of  Eq.  (20.3)  is  sought  in  the  form 

Fi  =  f  (x  +  |Aj/).  (20.15) 

Substituting  in  (20.3),  and  cancelling  out  /VI  (since  the 
equation  contains  the  sixth-order  derivatives  only),  we  ob¬ 
tain  an  algebraic  equation  of  the  sixth  degree  in  p  having  six 
roots.  If  none  of  the  roots  are  multiple,  the  general  expression 
for  Fi  is  obtained  in  the  form  of  a  sum  of  six  functions 
fk  (x  +  Pfcy)  (k  —  i,  2,  .  .  .,  6).  When  there  are  multiple 
roots,  the  problem  becomes  somewhat  more  complicated, 
but  even  in  the  case  of  roots  of  any  multiplicity  the  solution 
can  easily  be  found. 

Next  we  draw  on  four  theorems,  very  important  to  the 
whole  theory  of  the  equilibrium  of  a  body  bounded  by  a 
cylindrical  surface  ([77],  pp.  351-353  and  [26],  Sec.  19). 
In  the  proof  we  proceed  from  two  basic  propositions:  (1)  any 
six  real  numbers  can  be  taken  as  the  values  of  the  stress 
components  at  a  given  point  of  an  elastic  anisotropic  body; 
(2)  the  strain  energy  V  per  unit  volume  is  positive  for  all 
values  of  the  stress  components  (real  'and  not  all  zero 
simultaneously). 

Theorem  1.  The  equation  lt  (p)  =  0  cannot  have  real  roots. 

A  homogeneous  body  with  general  anisotropy  obviously 
undergoes  elastic  strains  and  is  in  stable  equilibrium  if 
none  of  the  components  of  stress  exceed  in  absolute  value 
some  number  e  >  0. 
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We  assign  the  stresses  at  a  given  point: 

_  _  k2  _  _  1 

°x  —  1 

az~ — (ais*2  +  a23  —  ®36^)*  (20.16) 

0  ^ 

Vyj  =  Xxz  =  U,  Tjjy  =  , 

where  A:  and  IV  are  real  numbers;  at  this  point  we  then  have 

V=-~h(k).  (20.17) 

By  assigning  to  k  all  possible  real  values,  we  select  N 
each  time  so  that  all  the  components  of  stress  are  numerically 
less  than  e.  For  all  values  of  the  stresses  assigned  in  this 
way  V  >  0,  and  hence  Z4  ( k )  >  0  fo^/real  k;  consequently, 
the  equation  Z4  (p)  =  0  has  no  real  roots. 

Theorem  2.  The  equation  Z2  (p)  =  0  cannot  have  real  roots. 
The  proof  is  carried  out  in  a  similar  way.  By  assigning 
the  values  of  the  stresses 

<JX  =  Oy  =:  Xxy  —  0, 

CT2  =  ^V  (a34-a35*),  (20.18) 

_ _ 1_  _  k 

XVZ—  ft  *  XXZ~  Jy  ,  , 

we  have 

V^-^-k(k)>0,  (20.19) 

and  hence  l2  {k)  >  0  for  all  real  k. 

Theorem  3.  The  equation  Z4  (p)  l2  (p)  —  l\  (p)  =  0  cannot 
have  real  roots. 

To  prove  this  theorem,  we  assign  the  stresses  at  a  point 
as  follows: 

_  fc2  _  i  _  k 

°x~  N  ’  °y~~N'  X*v  ~  N  » 

Oz=  — — — yy  (a^k2  -|-  <z23  —  &36  k — ®34^'"f'®35  kk) ,  >  (20.20) 

_  X  U 

Tyz  tv  ’  x*z~  tv  » 
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where  X  =  — Z3  (Zc)/Z2  (&)  is  a  finite  quantity,  and  in  par¬ 
ticular  zero. 

We  obtain  an  expression  for  the  elastic  potential  at  the 
point: 


f?  1  (*)*«(*)-*!(*)>  o 

r  ~  2 N*  h  (k) 


(20.21) 


and  the  theorem  is  thus  proved. 

Theorem  4.  The  equation 

aup4  —  2alep3  +  (2oi2  +  a68)  p2  —  2 a26p  +  al2  =  0 

(20.22) 


cannot  have  real  roots. 

The  theorem  is  proved  in  the  same  way  as  Theorem  1,  but 
in  the  present  case  we  must  set 


k *_ 
N  ’ 


"yz  - 


=  0. 


k_ 
N  ’ 


(20.23) 


For  clarity  we  note  that  in  the  proof  of  all  of  the  four 
theorems  the  cases  when  the  free  terms  in  the  equations  are 
zero  are  excluded  from  the  consideration  a  priori.  These 
are  special  cases,  which  are  of  no  great  interest  to  us,  though. 

It  is  quite  evident  that  if  P22>  P441  *22  or  the  constant 
term  in  the  more  complicated  equation  ltl2  —  l\  =  0  are 
zero,  the  corresponding  theorems  cease  to  be  valid  since 
one  root  of  the  equation  is  necessarily  real,  viz.  zero.  But 
then  each  of  the  equations  becomes  an  equation  of  odd 
degree,  and  hence  has  at  least  one  more  real  root,  and 
altogether  not  less  than  two. 

The  equations 

24(|*)  =  0,  2,(|i)-0,  Xk  (p)  (p)  —  X\  (p)  =  0  (20.24) 


and  the  equation  corresponding  to  (20.22)  whose  left-hand 
sides  are  constructed  in  the  same  way  as  those  of  the  equa¬ 
tions  considered  above,  the  only  difference  being  that  the 
coefficients  at)  are  replaced  by  the  moduli  AtJ,  cannot  have 
real  roots  either,  except  in  special  cases.  This  statement 
need  not  be  proved,  but  follows  immediately  from  the 
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generalized  Hooke’s  law  equations  according  to  which  au 
are  uniquely  expressed  in  terms  of  Aijt  and  vice  versa. 

On  the  basis  of  Theorem  3  we  can  state  that  are  always 
complex  or  pure  imaginary  numbers,  three  of  them  being 
the  conjugates  to  the  other  three.  We  shall  refer  to  as 
the  complex  parameters  of  the  given  problem  and  designate 
them  as  follows: 

Fl  =  at-f-  *Pi,  P2  =  a2+fP2»  pS  =  a3  +  iP3> 

M-I  =  ai  —  ‘Pii®  m  =  $2,  P3  =  a»  —  iPs 


(here  i  =  ]/  —  1;  pft  will  always  be  assumed  positive). 
Further  we  introduce  the  following  notation  and  names: 
zh  =  x  +  pfty  =  complicated  or  generalized  complex 
;  variables  (k  =  1,  2,  3); 

zh  =  x,+  HhV  —  conjugate  complicated  or  generalized 
complex  variables; 


^3  (H-l)  \  _ _ (pa) 

h  (Fi)  ’  2  h  (Fs) 


h  (m) 

h  (M-a) 


(20.26) 


Let  the  symbol  Re,  as  usual,  denote  the  real  part  of  a 
complex  expression.  We  can  write  down  general  expressions 
for  the  stress  functions,  which  will  involve  the  real  parts  of 
three  functions  of  the  complicated  complex  variables: 

F  =  2  Re  [Fu  (zj)  +  F iz  izz)  +  ^13  (23)]  +  F01 

if>  =  2  Re  £  XtF 'n  (zt)  +  ^2^12  (zz)  +  "3^  ^13  (2s)  ]  +  'Po 


|  (20.27) 


(a  prime  denotes  the  first-order  derivatives  with  respect 
to  zft). 


21.  General  Formulas  for  Stress  Components 
and  Projections  of  Displacement. 

Boundary  Conditions 

We  now  introduce  new  functions  of  the  complicated  or 
generalized  complex  variables  zk: 

®h(zk)  =  F’lk(zh)  (&  =  1,  2);  <D3(z3)  =  ^-f;3(z3);  (21.1) 

'*'3 

the  derivatives  of  <I>h  (zh)  with  respect  to  zft  will  be  denoted 
by  ‘Dft  (Zft)- 
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With  the  help  of  these  new  functions,  which  will  be  termed 
complex  potentials ,  the  expressions  for  the  first  derivatives 
of  F  with  respect  to  x  and  y  and  for  i|)  can  be  written  as 

=  2  Re  [®j  (Zj)  -f-  ®2  (zz)  +  ^3®3  (23)  1  +  ~g~[r  , 

=  2  Re  [  pt®i  +  p2®2  +  P3^3®3]  +  , 

\|j  —  2  Re  +  ^2®2  "I-  ®sl  4*  ®o- 


From  formulas  (19.1),  with  (21.2),  we  obtain  the  general 
expressions  for  the  stress  components: 


CT*  —  2  Re  [ Pj®(  (2l)  +  pj®i  (z2)  +  p^3®;  (23)]  4- 

^  dy 2  ^  ’ 

at  =  2Be[®;+®;  +  X3®;i+ 

Xxy  —  —  2  Re  |  p,®;  +  p2®;  +  P3J13®;)  -  -gfe- , 


(21.3) 


xVz=  -2  Re  [xt®; + *2®; + ®;i  -  ^ , 

%xz  =  2  Re  IpAj®;  +  p2Ji2®2  +  P3®al  +  ; 

az  =  — —  (Ax  +  By  +  C) - - —  (®l3ff:>c  4~  ®23 ay  4- 

®83  “38 

“4“  ®3ixyz  4"  a3$Txz  "j-  a36xxy)'  (21.4) 


Substituting  (21.3)  in  Eqs.  (18.12)  and  (18.15),  we  obtain, 
upon  integration  ([77],  pp.  354-355), 

17  =  2  Re  S  Pft®ft  (s»)4-*7o, 

l 

V  =  2Re  S  ?ft®ft(2ft)4-F0,  !  (21.5) 

h=t 

W  =  2  Re  S  rft®fc(2ft)4-W0. 

ft=i 
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Here  we  have  used  the  notation: 

Pk  —  PnH-ft  +  P12 —  PieH-fe  4"  (Pi5H-fe  —  P14)) 

9ft  =  Pi2M-ft  +  P26  +  ( P25  — ) > 

(4ft  '  (4ft  /  (21.6) 

r ft  =Pl4Mft  +  - - P46  +  ^ft  (  P45 - -  j 

(*  =  1,  2); 

P3  —  ^8  (Pll(4g  4“  P12  —  Pl6(43)  +  Pl5(43  —  P14, 

93=^3  (Pl2(4s  +  -^ - P26  )  +  P25  —  ,  (21.7) 

^3  —  ^3  (PhM-3  4"~  p46)  +P45— ; 

UQ,  V0,  W0  are  the  solutions  of  Eqs.  (18.12)  and  (18.15), 
corresponding  to  the  functions  F0,  i|50,  U  and  to  the  linear 
functions  Ax  +  By  -f  C,  da:,  dy,  which  contain  the  con¬ 
stants  A,  B,  C ,  d. 

In  the  case  of  the  first  fundamental  problem  when  forces 
Xn,  Yn  are  given,  the  boundary  conditions  or  the  con¬ 
ditions  on  the  contour  of  the  cross  section  take  the  form 


2  Re  [(lb  4-  <X>2  -)-  k3(J)s]  —  fl  (s) - -  4-  cit 

2  Re  [ (XjOi  4-  (X2O2  -)-  (43^3*1)3]  =  /2  (s) - -  4-  c2, 

2  Re  [kjOj  4-  ^2^2 4*  ^3]  —  —  tyo  4- c3> 
where 


/,w=j 

0 

/.(*)-!  (±X.-V- 1)*. 

0 


(21.8) 


(21.9) 


and  clt  c2,  c3  are  constants,  which  may  be  fixed  arbitrarily 
on  either  of  the  contours  bounding  the  region  of  the  cross 
section;  the  upper  signs  refer  to  the  outer  contour,  and  the 
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lower  signs  to  the  contour  of  the  hole  (cutout).  In  the  Case 
of  the  second  fundamental  problem  when  displacements 
are  prescribed  on  the  cylindrical  surface,  namely 

u*  =  az 2 — $*yz-\-U*  (s)-(-az,  "J 

v*  =  +  F*  (s) 4-  pz,  l  (21.10) 

w*=  — 2  (ax  -\-by  c)  z-\-W*  ( s ),  J 

the  boundary  conditions  are  obtained  in  the  form 

3 

2  Re  2  P&®  a  —  —  U0  -f-  U*  -f-  © sy  —  ty), 

fe-i 

2Re  S  qk®k=-Vo  +  V*-<»sx-v0,  (21.11) 

fe-i 

2 Re  S  rh®h=-W0  +  W*-w0, 

fe-i  ) 

with 

A  —  — 2a,  B  = — 2b,  C  = — 2c;  1 
&  =  fOt=-p,  ©2  =  0.  J  (21‘12) 

The  present  problem  of  the  equilibrium  of  a  body  bounded 
by  a  cylindrical  surface  is  reduced  to  that  of  determining 
the  complex  potentials,  i.e.,  three  functions  <$h  (zk)  of  three 
different  complex  variables  Zf,  —  x  +  M-sP  in  the  regions  S 
of  the  cross  section.  These  functions  must  be  such  that  the 
stresses  and  displacements  defined  by  them  are  single-valued 
functions  of  the  co-ordinates  x  and  y  and  continuous  up  to 
the  contour.  On  the  contour  of  the  region  must  satisfy 
conditions  (21.8)  or  (21.10)  (the  first  and  second  fundamental 
problems).  In  other  words,  three  combinations  of  and 
of  the  conjugate  functions  are  given  on  the  contour. 

The  functions  ®ft  may  be  regarded  from  a  different  point 
of  view,  namely  as  functions  of  the  ,  ordinary  complex 
variables  Zk  =  xk  +  iyh,  where 

■**  =  x  +  ahy,  yh  =  (k  =  1,  2,  3).  (21.13) 

But  if  this  standpoint  is  taken,  the  complex  potentials 
®2,  ®3  must  be  determined,  not  in  the  region  S  of  the 
cross  section,  but  ip  regions  S%,  S?,  obtained  from  S  by 
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the  affine  transformation  (21.13).  Figure  25  shows  how  the 
regions  Sh  (k  =  1,  2,  3)  are  obtained  from  S. 

The  points  Alt  A2,  A  3  (zlt  z2,  z3)  on  the  contours  of  the 
regions  Sl5  S2,  S3  must  be  affine-corresponding  in  relation 
to  the  given  point  A  of  the  contour  S  defined  by  the  arc  s. 


Fig.  25 

These  features  of  the  mathematical  aspect  of  the  elasticity 
problem  under  consideration  add  to  the  difficulties  of  its 
exact  efficient  solution.  Only  for  certain  few  regions  Sk 
was  it  possible  to  carry  the  solution  through,  i.e.,  to  exact 
formulas  determining  the  functions  <f>ft  or  F  and  i])  explicitly 
and  permitting  a  calculation  of  the  stresses  and  displace¬ 
ments.  For  the  great  majority  of  regions,  so  far  we  have 
to  be  content  with  an  approximate  solution  using  one  or 
another  of  the  approximate  methods. 


22.  Stress  Distribution  in  a  Continuously 

Mon-homogeneous,  Rectilinearly  Anisotropic  Body 
Dependent  on  Two  Co-ordinates 

Consider  a  continuously  non-homogeneous  body  of  infinite 
or  finite  length  bounded  by  a  cylindrical  surface  or  planes 
and  acted  on  by  surface  and  body  forces  normal  to  the 
generators  and  constant  along  the  length  as  in  Sec.  18 
(Fig.  24).  Let  the  coefficients  ai}  be  continuous,  single¬ 
valued,  and  differentiable  functions  pf  the  co-ordinates 
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x  and  y  and  constant  along  the  length.  The  forces  at  the 
ends  of  a  body  of  finite  length  reduce  to  longitudinal  forces 
and  bending  and  twisting  moments.  It  is  obvious  that  in 
the  case  of  a  non-homogeneous  body  such  as  this  the  stresses 
are  also  independent  of  z. 

The  fundamental  system  of  equilibrium  equations  for 
such  a  body  is  of  the  form  of  (18.2),  (18.3),  but  a'ti  are  not 
constants  in  these  equations,  but  functions  (continuous, 
differentiable)  of  the  variables  x  and  y.  In  this  section  we 
shall  derive  equations  for  a  continuously  non-homogeneous, 
rectilinearly  anisotropic  body  having,  at  each  point,  a  plane 
of  elastic  symmetry  normal  to  the  generators  (13  indepen¬ 
dent  coefficients  atj  [15]). 

The  procedure  for  the  derivation  of  the  general  equations 
for  a  non-homogeneous  body  is  exactly  the  same  as  that  for 
a  homogeneous  body,  and  hence  we  may  omit  all  inter¬ 
mediate  computations  and  give  only  the  final  formulas  and 
equations.  These  are  as  follows: 

(1)  The  expressions  for  displacements  are  identical  in 
form  with  those  for  a  homogeneous  body,  namely 

ur= — i-z2  — %z  +  £/  (x,  y)  +  u’, 

v~ - y  z2  +  fhrz  -j-  V  (x,  y)- \-v’,  (22.1) 

w=(Ax  +  By  +  C)z  +  W  (x,  y)+w', 

where  u' ,  v' ,  w'  are  the  rigid-body  displacements  (18.8). 

(2)  The  functions  U,  V,  W  satisfy  the  equations 

=  PhOjc  -+-  Pi2 Gy  +  Pl6 Ixy  + 

+  JLUL{Ax  +  By  +  C), 

“83 

dV 

-gT  =  Pl2CTx  +  $22°  y  +  fWx;/  + 

a  '  (22-2) 

+  ^(Ax+BU+C), 

“33 

+  ~fa  —  Pl«°JC  +  §2tPy  +  [WxS  + 

+  -?*-  (Ax+By  +  C); 

“33  \ 
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~fa  —  +  ®55toc  2  + 

dW  ,  n 

Qy  —  ^44 ^yz  “r  ^45^xz  vXj 


where 


p  =a 

^  7  1  “88 
^44  —  a44»  ^45  =  a55> 


(i,  7  =  1,  2,  6), 
P55  =  a55 


(22.3) 


(22.4) 


are  functions  of  x  and  y. 

(3)  The  stress  components  are  expressed  in  terms  of  two 
stress  functions  (as  in  a  homogeneous  body): 


or  =  J”+U. 


dy2 


Ta*z  — 


y  — 
_  dty 


d*F  ,  jf 

■U,  T. 


d2F 


dx 2 


Sy 


xy  ■ 

T  —  ^ 

~  a* 


dx  dy 


(22.5) 


(Z7  is  the  body  force  potential); 
a 


- —  ( Ax-\-  By  +  C)  — - —  (al3 ax  a23ay  a36TXj,).  (22.6) 

Uso  Uqo 


(4)  The  functions  F  and  ip  satisfy  two  equations  (each 
function  satisfies  its  particular  equation): 


d 2 
dx 2 


d2F 


(P22-^T+  Pl2 

.  d2 


d2F 


dy2 

d2 


(P 


dy2 

d2F 


P26 


12  dx2 
d2F 


"(  P26 


Pit' 

'  P10 


d2F 
dx  dy 
d2F 


)  + 


dy2 

d2F 


P 


d2F 
16  dxdy 
SPF 


dx  dy  \  r™  dx2  1  f'10  dy2 
9*  fa.,  .  r.  .  ^  1  d2 


(Ax  +  By  +  C)]- 

L  «33  J 


+ 


dx2  L  a38  v  ~  ■  '  J  dy2  L  »33 


dx  dy  f 

[^(At+B„+o]+ 

-  -fai  1  Ol2  +  P22)  U\  — 

—  -jjjr  [(P11  +  P12)  U\  +  dxdy  [(P16  +  P26)  U]\  (22.7) 

+4f(^aiiii!r+a55ihr)  =  ~2#; 

(22.8) 
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(5)  The  functions  F  and  ip  satisfy  conditions  (19.7)  when 
forces  are  prescribed.  If  displacements  are  prescribed,  con¬ 
ditions  (19.8)  must  be  fulfilled.  The  constants  A,  B,  C,  ff 
are  determined  from  the  end  conditions  (19.9). 

The  boundary  conditions  in  the  case  of  the  first  fundamen¬ 
tal  problem  are,  formally,  no  different  from  those  for  F 
and  oj>  for  a  homogeneous  body.  The  end  conditions  are  also 
identical  with  those  for  a  homogeneous  body  (19.9).  In  the 
present  case  of  the  anisotropy  of  a  non-homogeneous  body 
the  stated  problem,  as  in  the  case  of  a  homogeneous  body 
having  at  least  one  plane  of  elastic  symmetry,  falls  into 
two  independent  problems:  (1)  the  determination  of  four 
stresses,  ox,  ay,  xxy,  az  (from  the  function  F);  (2)  the  deter¬ 
mination  of  two  stresses,  xyz,  xxz  (from  the  function  ip) . 

23.  Stress  Distribution  in  a  Homogeneous  Body  Having 
Cylindrical  Anisotropy  Dependent 
on  Two  Co-ordinates,  r,  8 

Consider,  now,  the  elastic  equilibrium  of  a  homogeneous 
body  having  general  cylindrical  anisotropy.  It  is  assumed 
that  the  body  is  bounded  by  a  cylindrical  surface  and  end 
planes  or  is  infinite  or  semi-infinite;  related  to  the  body  is 
a  straight  line  g,  the  axis  of  anisotropy,  parallel  to- the 
generators,  passing  outside  the  body  or  inside  a  cavity 
(if  any),  or  passing  through  the  body  or  along  its  surface.* 
If  g  is  chosen  as  the  z  axis  of  a  cylindrical  co-ordinate  system 
and  the  x  axis  from  which  the  polar  angles  0  are  measured 
is  taken  parallel  to  one  of  the  principal  axes  of  inertia,  the 
generalized  Hooke’s  law  equations  are  written  in  the  form 
of  (10.2),  where  a(j  are  constants.  Let  O'  denote  the  centroid 
of  the  end  and  consider  a  second  co-ordinate  system  x' ,  y' ,  z ' 
with  the  z'  axis  parallel  to  g  and  the  x'  and  y'  axes  coincident 
with  the  principal  axes  of  inertia.  The  body  is  acted  on  by 
surface  forces,  distributed  over  the  cylindrical  surface  and 
normal  to  the  axis'  of  anisotropy,  and  body  forces;  both 

*  In  the  latter  two  cases  it  is  well  to  recall  what  has  been  said 
in  Sec.  10  about  the  equality  of  some  of  the  strain  coefficients  atj 
and  other  elastic  constants,  and  take  this  into  account  in  the  deriva¬ 
tion  of  the  general  equations.  In  this  section  we  shall  always  refer 
to  a  body  with  a  finite  region  of  the  cross  section. 
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these  forces  are  constant  along  the  generator  (i.e,  along  the 
length).  In  addition  the  forces  distributed  over  the  ends 
reduce  to  an  axial  force  Pz,  bending  moments  with  com¬ 
ponents  Mu  M2  with  respect  to  the  axes  x' ,  y\  and  a  twisting 
moment  Mt  (Fig.  26). 


Let  the  projections  of  the  external  surface  forces  be  denoted 
by  Rn ,  0„  ( Zn  =  0)  and  the  projections  of  the  body  forces 
by  R,  0  (Z  =  0).  Suppose  that  the  body  forces  have  a  poten¬ 
tial  U  (r,  0),  i.e., 


R  =  - 


0  =  - 


au 

dr  ’ 

_1_  dU_ 
r  dQ  • 


(23.1) 


We  have  to  determine  nine  unknown  functions  in  the  region 
of  the  body,  namely  six  components  of  stress,  o z,  o0,  .  .  . 
.  .  .,  rr0,  and  three  projections  of  displacement,  ur,  ug,  w. 
We  have  just  nine  independent  equations  for  these  func¬ 
tions.  As  in  the  case  of  a  body  with  rectilinear  anisotropy, 
the  fundamental  system  is  composed  of  three  equilibrium 
equations  for  a  continuous  medium  and  six  equations 
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expressing  the  generalized  Hookes’s  law;  we  write  down 
some  of  these  equations: 


d(aT-U)  1  dir6  Cr-Qe  n 
dr  ^  r  50  ^  r 

^Tr8  _i _ 1_  £  (p8  ~~  V)  |  _ /-v 

5r  _r  r  ae  T  r 

d^rz  i  1  d^Qz  i  Trz _ r\. 

dr  ‘  r  dQ  '  r 


er  —  fflji  Or  +  ffll2CT8  +  • 

ee  =  <Zi2°r  +  a22°0  T"  • 

•  +  a16Tr8> 

*  +  a28  Ti-0, 

Y  re  —  al6°r  +  U20°8  +  • 

•  •  +  d,gglTg. 

(23.2) 


(23.3) 


The  general  equations  for  the  given  problem  are  derived 
in  the  same  way  as  for  a  body  with  rectilinear  anisotropy, 
except  that  the  starting  equations  are  altered  to  suit  the 
particular  kind  of  anisotropy  and  the  final  results  are 
different.  To  begin  with,  we  introduce  the  notation: 

D  =  -f-  «23°r0  +  #33°^  T"  ®34^Bz  -f"  a35 Lrz  +  dsgTrg,  (23.4) 

from  which 


D  1 

oz  —  —  — —  (fli3Cir -j~  a2sOg  -j-  dsfiQz  +  &35'trz~i'a3ei:re)-  (23.5) 

a33  a83 

On  substituting  in  (23.3),  and  introducing  the  reduced  strain 
coefficients 


P,/ =  ■  (i,  7  =  1,  2,  4,  5,  6), 


we  rewrite  Eqs.  (23.3)  as 

—  pu<ir  P12d8  +  ’•••  +  Vieira  +  D, 

~  -ffi-  +  ~  —  Pl2°r  +  ^22^8  +  .  ♦  •  +  fesTre  +  D, 

ir=A 

T  ~W  +  "IT  =  ^14<Ir  +  P24°8  +••'•+  P«Tre  +  7^  D'  j 


(23.6) 


(23.7) 
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duT 

dz 


-gf-  —  Pl5°r  +  P25°0  + 


+  IW^re  +  ~~~  D, 

“S3 


1  duT 
r  90 


du$ 

dr 


- - Pl«°r  +  P2B°r0  +  ■  •  • 


•  -  -  4"  IW^re  +  — —  D.  I 

“33  j 

By  integrating  the  third,  fourth,  and  fifth  equations  of 
(23.7),  we  obtain  displacements  containing  three  new 
functions,  U  ( r ,  0),  V  ( r ,  0),  W  (r,  0).  Further,  by  satisfying 
the  first,  second,  and  sixth  equations  of  (23.7),  we  obtain, 
as  before,  D  as  a  linear  function  of  the  co-ordinates  x  and  y : 

D  =  Ar  cos  0  Br  sin  0  +  C.  (23.8) 


After  elementary  manipulation  we  further  obtain  a  system 
of  three  equations  for  C7,  V  and  a  system  of  two  equations 
for  W: 

8r  =  —g—  —  Pll°r  +  Pl2a0  + - ~h  Pl8*r0  +  — —  D, 

or  a33 

8e  =  ~  ~g§~  +  “  =  Pl2 °r  +  §22^0  +  •  •  • 

•••+P28Tre  +  ^^,  }  (23.9) 


y% 


1  dU 
r  90 


-fr - -  —  Pie°r  +  P28°0  +  •  •  • 


•••+IWre+-^L£; 


Pl5°r  +  P25°0  + - 4"  P56Tr0  +  D,  "| 

a33  I 

Pl4°r  +  P24°0+  •  •  •  +  P46Yr0  +  't24'O-  J 

“33 


(23.10) 


By  eliminating  U,  V,  W  from  Eqs.  (23.9)  and  (23.10),  we 
derive  a  system  of  two  equations  containing  only  the  stresses. 
The  elimination  of  the  functions  U,  V  from  (23.9)  is  performed 
by  using  the  identity* 


(JL _ r— ) 

l  90*  dr  ) 


e?+  r 


9* 

9r* 


M) 


9* 


dr  90 


(rV°re)=0.  (23.11) 


*  The  validity  of  this  equality  can  be  verified  by  a  simple  substi¬ 
tution. 
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The  elimination  of  W  from  (23.10)  is  made  in  an  elementary 
way,  merely  by  differentiation  and  subtraction.  As  a  result, 
instead  of  (23.9)  and  (23.10)  we  obtain  obvious  equations 
for  the  stresses,  which  will  not  be  written  out  here.- 
When  the  functions  U,  V,  W  have  been  found,  the  pro¬ 
jections  of  displacement  are  determined  from  the  formulas 


Ur  —  — {A  cos  0  -f  B  sin  0)  -f  U  -f-  Ur, 
zs 

Me  =  — ;j~  ( ~  ^  sin  0  +  B  cos  0)  ~r  V  -f-  ftrz  +  Me, 
w  =  z(Ar  cos  0  -f-  Br  sin  0  -f-  C)  +  W  +  w' . 


(23.12) 


These  formulas  include  rigid-body  displacements  denoted 
by  primes,  which  are  written  out  in  full  as 


ib  =  z  (co2  cos  0  —  cot  sin  0)  Uq  cos  0  +  v0  sin  0, 
Me  =  —  z  (co2  sin  0  -f  coi  cos  0)  -f  &>sr  — 

—  m0  sin  0  +  m0  cos  9> 
w’  —  —  r  (co2  cos  0  —  coi  sin  0)  w0. 


(23.13) 


We  introduce  two  stress  functions.  In  a  cylindrical 
co-ordinate  system  these  functions  are  related  to  the  stress 
components  by  the  equations 


rr  — 

1  dF 

1  d*F 

!  TJ 

ur  — 

r  dr 

+  r*  38* 

fin  — - 

PF 

V,  TrjB=: 

d 2 

UQ  - 

dr *  1 

dr  30 

chb 

^ TZ  == 

r  30 

>  'tQz  ~ 

~dT- 

(23.14) 


On  the  basis  of  (23.9)  to  (23.11)  and  (23.14)  we  obtain 
a  system  of  equations  that  is  satisfied  by  the  two  functions 
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in  question.  This  system  is  written  as 

At P  +  —  ~ —  l  —  as«A  +  (ai3  —  A]  — — - f- 

“33  r 

~ f"  K«13  a2s)  ^  +  a36^1  - 

~  (012  +  P22)  ~fr2  (011+012)  ^“30!“  + 

+  (0i  e  +  M-7"^-  + 

+  (011  —  2022  —  P12)  —  -gf  +  (Pl8  +  02b)  -JT  -QQ- , 
L"SF  +  A;i Jp  =  -^—  (2 a3iA  —  a3bB)  cos  0  + 

“33 

+  -7-  {aKA  +  2 abkB)  sin  0  +  C  -&L  -  + 

a33  r 

+  (014  +  024)  - J-  )  ~  (015  +  025)  • 


By  L'v  L's,  L"v  L'  are  meant  differential  operators 
fourth,  third,  and  second  orders,  namely 


£;=0 


e 4 

22  9r  4 


■20; 


a4 


H  (2012  +  066) 
1  a4 


26  r  dr*  ae 
1  a4 


-20i 


a4 


+  0ii 


r4  ae4 

x 


r2  ar2  ae2 
-  2022  —  "oir  —  (2012  +  066)  ~r  x 


dr  ae2 


dr 3 

■  20je 


1  a2 

—  011  7T  -^S  2  (0ia  +  02e) 


1  a3 
r4  ae3 
1 


a2 


ar  as 


+  (20ii  +  2012  -f-  06e)  -4- 


a2 


0ii- 


dr 


•  + 


+  2  (018  +  026)  -73-  -gg- 


(23.15) 


of  the 
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■  P24  -J7  +  (P25  +  Pw)  -7  ~d^W 


(Pl4  +  Pm) 


r*  dr  30* 


+  Pl5  rs  ags  + 


a2 


+  (Pl4  2^24)  —  -foT  +  (P46  P15)  r4  gr 


dQ 


+  Pl54  * 


ae 


'  P24  +  (P25  +  P40)  —  gri  gQ  ' 

a2  ,  d  1 

'  P 15  p3 


(Pi4  +  P5e)-4 


a3 


r*  dr  ae* 


1  a* 


(Pl4  +  P24)  ~  -gpr  +  (Pl5  P40) 


r3  ae3 
1  a* 
r*  arae 


+ 


+  (Pi4  +  Pm)  +  P40  73 


:  P44 


a* 


ar* 


•2P45 


a2 


arae 


r3  ae* 

1  a* 

+  P55  ~ T  ~gQ f  + 


+  P 


44  ■ 


ae 


a 

dr 


(23.16) 


When  external  forces  are  prescribed,  the  conditions  on 
the  cylindrical  surface,  i.e.,  on  the  contour  of  the  section 
may  be  written  as 

orcos  (n,  r)  -f  trecos  (n,  0)  =  Rn,  "j 
xrecos  (n,  r)  +  ae cos (n,  0)  =  0n,  >  (23.17) 

Trz  cos  (re,  r)  +  Tezcos(ra,  0)=O,  J 

where  re  is  the  direction  of  the  outward  normal,  Rn,  0n  are 
the  projections  of  the  forces  distributed  over  the  lateral 
surface  on  the  directions  of  the  r  and  0  axes  (per  unit  area). 
As  in  the  case  of  a  body  with  rectilinear  anisotropy,  con¬ 
ditions  (23.17)  can  be  transformed  by  integration  along  the 
contour  of  the  section,  so  that  they  reduce  to  the  following: 
the  derivatives  dF/dr  and  dF/dQ  are  prescribed  on  the 
contour  as  functions  of  the  arc  length  s  (or  the  polar  angle  0, 
which  is  more  convenient  in  cases  where  the  body  is  bounded 
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by  the  surfaces  of  coaxial  cylinders).  The  boundary  con¬ 
dition  for  is  very  simple,  viz.  v|’  =  constant. 

After  satisfying  the  conditions  on  the  lateral  surface,  we 
have  still  to  determine  the  constants  A,  B,  C,  from  the  end 
conditions.  For  a  body  with  a  finite  region  of  the  end  cross 
sections  (and  of  any  cross  section),  the  forces  must  reduce 
to  a  force  P  and  to  a  moment  with  three  components, 

M2 ,  Mt.  After  some  manipulation  we  obtain  equations  for 
the  constants  A,  B,  C,  ft  in  the  co-ordinate  system  x,  y,  z: 

(At  +  Bri  +  QS- 

—  )  [  (ai3°r  +  «2s°e  +  as4T02  ~ha35Trz  ~\~aseT;re)  dS  =  Paa3) 

(23.18) 

BIi  —  l  \  {ai2or  +  . , .  +  a^Tre)  (r  sin  0  —  r \)dS  =  M {a 83, 

(23.19) 

AI2  —  j  j  (a13ar  +  .  . .  +  a^e)  ( r  cos  0  —  |)  dS  =  M2a93, 

(23.20) 

(  j  XfiZrdS  =  Mt.  (23.21) 

Here  i|  are  the  co-ordinates  of  the  centroid  in  the  co¬ 
ordinate  system  x,  y,  z  for  which  the  z  axis  coincides  with 
the  axis  of  anisotropy,  S  is  the  cross-sectional  area,  Ix,  /2 
are  the  moments  of  inertia  with  respect  to  the  x\  y'  principal 
axes. 

On  solving  a  particular  problem  of  the  type  considered 
here,  we  obtain  stress  functions  satisfying  the  system  of 
equations  (23.15),  (23.16)  and  the  conditions  on  the  contour; 
they  contain  the  constants  A,  B,  C,  id,  which  in  some  cases 
may  be  regarded  as  known  beforehand,  and  in  others  are 
to  be  determined  from  Eqs.  (23.18)  to  (23.21). 

24.  Stress  Distribution  in  a  Continuously 

Non-homogeneous  Body  Having  Cylindrical  Anisotropy 
Dependent  on  Two  Co-ordinates 

The  problem  is  formulated  as  in  the  preceding  section, 
but  it  is  assumed  that  the  body  is  continuously  non-homo¬ 
geneous,  has  cylindrical  anisotropy,  and  is  orthotropic. 
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It  is  bounded  by  the  surface  of  a  cylinder  and,  in  general, 
by  end  planes;  there  may  be  cylindrical  cavities  within  the 
body.  The  axis  of  anisotropy  g  is  parallel  to  the  generators  of 
the  outer  surface  and  of  the  surfaces  of  the  cavities  and  is 
taken  as  the  z  axis  of  a  cylindrical  co-ordinate  system  r,  0,  z. 
The  body  is  acted  on  by  surface  forces  Rn,  0„  ( Zn  —  0)  and 
body  forces  R,  0  (Z  =  0)  having  a  potential  U.  At  the  ends 
(and  at  the  cross  sections)  the  forces  reduce  to  an  axial 
force  Pz  and  a  moment  with  three  components  (Fig.  26). 
All  elastic  characteristics,  atj,  and  the  “engineering”  charac¬ 
teristics,  Et,  Gtj,  vi},  are  considered  to  be  continuous  single¬ 
valued  differentiable  functions  of  two  co-ordinates,  r,  0. 

The  generalized  Hooke’s  law  equations  are  written  as 


er  =  jdr  -f-  a>i  20e  -f-  #13°^! 

60  =  a12 °r  ~f~  a22o0  ~f~  a23 °z? 

'  =  ai3°r  +  a23°d  +  a33°zi 

T02  =  0z,  Vrz  ~  ®55^rzj  Vrd  —  ®66^r0- 


(24.1) 


The  equilibrium  equations  for  a  continuous  medium  and 
the  conditions  on  the  lateral  surface  and  at  the  ends  are  no 
different  from  those  for  a  homogeneous  body  having  cylin¬ 
drical  anisotropy,  (23.2),  (23.17),  and  (23.18)  to  (23.21).  We 
do  not,  therefore,  need  to  repeat  the  derivation,  but  give 
the  final  results,  which  reduce  to  the  following: 

(1)  The  expressions  for  displacements  are  identical  in 
form  with  (23.12). 

(2)  The  functions  U,  V ,  W  entering  into  (23.12)  satisfy 
equations  of  the  type  of  (23.9)  and  (23.10),  where 

D  —  Ar  cos  0  -f  Br  sin  0  -f  C,  (24.2) 

{A,  B,  C  are  constants), 

(i,  ;  =  1,  2,  6),  (24.3) 

“33 

and  all  coefficients  atj,  except  fJn,  pi2,  p22,  p66,  an, 
®22i  ®33>  ®44>  ®55i  ®66i  %2>  ®23i  ^re  ZerO. 
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(3)  The  stress  components  or,  oe,  Tr0,  t02,  tr2  are  expres¬ 
sed  in  terms  of  two  stress  functions,  F  and  by  formulas 
(23.14); 

a  z  —  Ez  (Ar  cos  0  -f  Br  sin  0  -f  C)  -f  v2ror  +  v20o0. 

(24.4) 


(4)  The  stress  functions  F  and  i|)  satisfy  two  equations 
with  variable  coefficients  (each  function  satisfies  its  par¬ 
ticular  equation): 


d 
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r  arae 

Pe6  drdi)  \  r  )\ 

[v*r  (Ar  cos  B  +  Br  sin  0  +  01  + 


a2 


-f  t  [v20  (Ar  cos  0  -f  Br  sin  0  -f-  C)\ - 


-  (w- - r  IF )  f  1 <P“ ' +  P‘2)  U'  ~  r  KP.s  +  M  rU],  (24.5) 

=  <24-6) 


d 

90 


The  reduced  coefficients  (r,  0)  are  expressed  in  terms 
of  the  elastic  moduli  and  Poisson’s  ratios  as  follows: 


1  vrzVzr  ft  _  -vr6~l~'vrz’vzB 

Er  ’  Pl2“  Et 

1  —  VBzVzB  ft _ 1_ 

Ee  ’  Ps6  Gre  ‘ 

(5)  On  satisfying  the  conditions  on  the  lateral  surface, 
we  obtain  F  and  i|>  containing  four  constants,  A,  B,  C,  fi, 
which  must  be  found  from  conditions  at  the  ends  (or  at  the 
cross  sections)  of  the  type  of  (23.18)  to  (23.21). 


P..= 

P22  = 
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GENERALIZED  PLANE  STRAIN 

AND  PLANE  PROBLEM 

FOR  A  BODY  WITH  RECTILINEAR 

ANISOTROPY 


The  present  chapter  is  concerned  with  special  cases  of  the 
elastic  equilibrium  of  a  body  with  rectilinear  anisotropy 
bounded  by  a  cylindrical  surface  and  acted  on  by  surface 
and  body  forces  normal, to  the  generators  and  constant  along 
the  length.  If  the  coefficients  atj,  Atj  are  also  constant  along 
the  length  and  the  planes  of  the  cross  sections  coincide  with 
the  planes  of  elastic  symmetry,  these  sections  remain  plane 
after  deformation,  and  the  state  of  stress  and  strain  is  known 
as  plane  strain.  In  more  general  cases  of  anisotropy  when  the 
planes  of  elastic  symmetry  intersect  the  geometrical  axis 
at  an  angle  other  than  90°  or  are  parallel  to  it,  or  else  are 
non-existent  at  all,  the  deformation  can  no  longer  be  referred 
to  as  plane  strain;  it  may  be  termed  generalized  plane  strain. 
In  Chap.  4  the  investigation  is  carried  out  in  a  Cartesian 
co-ordinate  system,  i.e.,  it  is  assumed  that  the  generalized 
Hooke’s  law  is  expressed  by  Eqs.  (18.3),  where  atj  are 
constants.  The  case  of  a  rectilinearly  orthotropic  non- 
homogeneous  body  and  a  number  of  special  problems  are 
also  discussed. 


25.  Generalized  Plane  Strain  in  a  Homogeneous 
Rectilinearly  Anisotropic  Body 

Consider  a  homogeneous  body  having  general  rectilinear 
anisotropy  [Eqs.  (18.3)]  and  bounded  by  a  cylindrical 
surface. 

Let  the  body  be  loaded  by  surface  and  body  forces  acting 
in  the  planes  of  the  cross  sections,  i.e.,  normal  to  the  gener¬ 
ators,  and  not  varying  along  the  length.  It  is  supposed,  to 
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begin  with,  that  the  length  is  infinite  and  the  region  of  the 
cross  section  is  arbitrary,  finite  or  infinite,  simply  connected 
or  multiply  connected.  The  origin  of  co-ordinates  is  placed 
at  an  arbitrary  point  of  a  cross  section,  the  z  axis  is  taken 
parallel  to  the  generators,  and  the  x,  y  axes  are  chosen 
according  to  convenience  and  the  shape  of  the  section 
(Fig.  27). 

It  is  evident  that  in  an  infinitely  long  body  loaded  as 
indicated  above  all  cross  sections  are  in  identical  conditions, 
and  hence  the  stresses  and 


displacements  (apart  from  rig¬ 
id-body  displacements)  do  not 
vary  along  the  generators,  i.e., 
they  depend  only  on  two  co-or¬ 
dinates,  x  and  y.  In  an  isotropic 
or  anisotropic  body  at  each 
point  of  which  there  is  a  plane 
of  elastic  symmetry  normal 
to  the  generators,  the  cross 
sections  remain  plane,  or,  in 
other  words,  the  deformation 
is  plane  strain.  If,  however, 
there  are  planes  of  elastic 
symmetry,  but  none  of  them  is 


Fig.  27 


parallel  to  the  xy  plane,  and 

particularly  in  the  general  case  of  anisotropy,  the  defor¬ 
mation  is  no  longer  plane  strain  (since  it  is  not  possible  to 
satisfy  all  equations  and  conditions  of  the  theory  of  elasticity 
assuming  w  =  0);  the  cross  sections  will  warp,  but  all 
identically.  This  kind  of  deformation  is  described  as  general¬ 
ized  plane  strain  in  distinction  to  plane  (or  pure  plane) 
strain. 


Consider  first  the  generalized  plane  deformation  of  a 
homogeneous  body. 

Since  the  components  of  stress  and  the  projections  of 
displacement  are  independent  of  z  [see  (18.19)],  it  follows 
that  we  must  put,  in  the  formulas  and  equations  of  Secs.  18 
and  19, 


A  =  B  —  C  =  d  =  0,  coj  =  co3  ==  0. 


(25.1) 
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The  displacements  are  determined  by  the  formulas 
u  —  U  (x,  y)  —  a3y  +  u0,  -j 
v=zV  (x,  y)  + (o3x  +  v0,  l  (25.2) 

w  =  W  (x,  y)  +  w0,  J 

U,  V,  W  are  related  to  the  stresses  by  the  equations 
~fa~  Pn°x4'Pl2°»4-  •  •  •  +Pl6T*S/7  ) 

9V  I 

Pl2°*+  $22°y  +  •  f  •  +P26T*S/)  (25.3) 

-fy"  +  ~fa  —  Pl6ax  4"  $26° y  +  *  •  •  +  P e6xxy'i 


—  Pl5°x  +  P25aji  +  P45  xyz  +  P55t*z  +  P56T3C!/ 1 


—r—  —  PhO*  +  P24  °y  + 


+  P46T*!/- 


(25.4) 


The  stress  az  is  determined  by  the  formula 


°Z  — - Z (a13ax  +  a23 ay  4'  a3ixyz  4"  a35xxz  4"  a36Xxy)-  (25-5) 


We  proceed  in  the  same  way  as  in  the  general  case  con¬ 
sidered  in  Chap.  3,  namely  we  introduce  the  stress  functions 
F  and  i|) 


d*F  ,  77  „  d2F  ,  77  _  d2F 

a«^  %xv  ~  dxdy  ’ 


Xxz~  dy  ’  X«z~ 


(25.6) 


( U  is  the  body  force  potential)  and  obtain  the  equations 

LiF  +  Z/3i|3  =  —  (P12  4-  P22)  +  •  1 


+  (Pi6  +  P26)^—  (Ph  +  Pi*)-^,  i  (25.7) 
L3F  +  L2 i|)  =  (P14  4-  P24)  -fa - (Pifi  4-  . 
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Here  L4,  L3 ,  L2  are  the  operators  that  have  already  been 
used  in  Sec.  19  [formulas  (19.3)]. 

The  boundary  conditions  are  of  the  form  of  (19.7)  (the 
first  fundamental  problem)  or  (19.8)  (the  second  fundamental 
problem). 

Let  us  briefly  consider  the  case  when  there  are  no  body 
forces.  Then  the  expressions  for  the  derivatives  of  F  and 
for  i|),  for  the  stresses  and  displacements  in  terms  of  the 
complex  potentials  <t>k  (z%)  and  the  boundary  conditions  for 
them  are  obtained  from  (21.2),  (21.3),  (21.5)  to  (21.9)  putting 

V  =  F0  =  %  =  0,  U0  =  V  o  =  0.  (25.8) 

We  shall  not  write  out  all  these  expressions  and  conditions, 
but  state,  without  proof,  the  results  of  investigations  of  the 
functions  <t>k,  which  have  been  carried  out  in  sufficient 
detail  in  [77]. 

(1)  If  the  region  S  of  the  section  has  a  cutout  (the  body 
has  a  longitudinal  cylindrical  cavity)  and  the  forces  acting 
on  its  contour  reduce  to  a  resultant  force  vector  with  pro¬ 
jections  Px,  Py  (per  unit  length  in  the  axial  direction)  and 
to  a  resultant  couple,  then  each  of  the  functions  (£>k  is  made 
up  of  a  continuous,  single-valued  part  and  a  multiple-valued 
part  receiving  a  constant  (independent  of  zh)  increment  Ah 
on  passing  once  round  the  contour  y  bounding  the  hole. 
The  increments  of  the  functions  (£>k  and  of  the  conjugate 
functions  (denoted  by  Afe  here)  are  determined  from  the 
system  of  six  equations: 

A(  -{- A2  -f-  A.3A3  +  Aj  -f-  A2  +  X.3A3  —  Py, 

pjAj  -f-  p2A2 4- P3^3^s + +  mA2 + 

+  P3^3A3=  — P  x, 

AjAj  -(-  X2A2  +  A8  +  XjAj  +  A.2A2  +  As  =  0,  (25.9) 

Pi&i  +  Pz&2  +  T3A3  +  Pi  Ai  -)-  P2&2  +  P3&3  = 

Ai  +  92^2  +  93A3  +  Qi Ai  +  Q2&2  +  93A3  =  0, 
riAi-f-  r2A2  +-T3A3  -f  rjAj-f  r2A2  -j-r3A3  =  0. 

(2)  If  the  region  S  has  n  holes  (cutouts),  i.e.,  the  body 
has  n  longitudinal  parallel  cavities,  and  if  the  forces  on  the 
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contour  of  each  of  them  reduce  to  a  resultant  force  vector 
with  projections  Pxi ,  Pyi  (i  =  1,  2,  .  .  n)  and  to  a  result¬ 
ant  couple,  then  the  equations  determining  the  increments 
of  the  multiple-valued  parts  of  the  functions  hold  for 
each  of  the  contours  yt  bounding  one  hole.  In  other  words, 
we  obtain  n  systems  of  equations  similar  to  (25.9),  where 
and  Aft  must  be  replaced,  respectively,  by  Ai;  and  Aki, 
the  increments  of  the  functions  ®h  and  ®h  on  passing  once 
round  the  contour  yt,  and  Pxl,  Pyi  must  be  substituted  for 
Px,  Py.  We  have  altogether  n  systems  each  of  which  contains 
six  unknowns  (increments). 

(3)  If  the  region  S  has  holes  (cutouts),  but  the  force  system 
acting  on  each  of  them  is  balanced  or  the  forces  reduce  just 
to  a  resultant  couple,  then  all  equations  of  the  form  of  (25.9) 
are  homogeneous.  The  determinant  of  each  system  is  different 
from  zero,  and  hence  all  increments  Afe,  Ah  are  zero,  all  three 
functions  ®ft  are  holomorphic  and  single-valued  (in  their 
regions  Sh).  This  is  also  true  in  the  case  of  the  region  S 
without  a  cutout. 

For  a  body  of  finite  length  the  deformation  is  not,  in 
general,  generalized  plane  strain  since  the  displacements 
depend  on  the  third  variable,  z.  For  such  a  body,  the  formulas 
derived  for  an  infinite  cylinder  are  strictly  valid  only  when 
the  forces  acting  at  the  ends  are  distributed  in  the  same 
manner  as  the  stresses  t*,,  xyz,  az  at  the  cross  sections  of 
an  infinite  cylinder.  But,  on  the  basis  of  Saint-Venant’s 
principle,  it  may  be  stated  that  the  stress  distribution  in  a 
body  of  finite  length  is,  to  a  first  approximation,  the  same 
as  it  is  in  an  infinite  body,  if  its  ends  are  fixed;  it  is  then 
necessary  to  exclude  from  consideration  zones  of  local 
stresses  near  the  ends. 

If  the  ends  of  a  body  of  finite  length  are  free  from  forces 
and  are  not  fixed,  the  following  exact  conditions  must  be 
fulfilled  at  the  ends: 

%xz  ■  ^  y  z  ~~  &  ?  0  (25 .10) 

these  conditions  may  be  replaced  by  approximate  ones  by 
requiring  that  the  resultant  force  vector  and  the  resultant 
moment  of  the  forces  at  the  ends  should  be  zero.  To  solve 
this  problem,  it  is  necessary  to  return  to:  the  equations  of 
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Sec.  21  without  setting  beforehand  the  constants  A,  B,  C,  $ 
equal  to  zero.  On  determining  F,  t|>  or  satisfying  the 
appropriate  conditions  on  the  lateral  surface  (or  on  the 
contour  of  the  cross  section),  we  next  find  these  constants 
from  Eqs.  (19.13),  (19.14)  or  (19.18),  (19.20),  where  we  must 
put  Pz  —  M1  —  M2  =  Mt  =  0. 


26.  Plane  Strain  and  Generalized  Plane  Stress 


Suppose  that  the  body  in  the  form  of  a  cylinder  of  infinite 
length  (see  Fig.  27)  considered  in  the  preceding  section  has, 
at  each  point,  a  plane  of  elastic  symmetry  normal  to  the 
generators,  i.e.,  to  the  z  axis.  In  this  case  we  deal  with  pure 
plane  strain  since  all  equations  of  the  theory  of  elasticity 
can  be  satisfied  assuming  w  =  w0  =  constant,  and  con¬ 
sidering  the  displacements  u,  v  to  be  functions  of  only  two 
variables,  x  and  y.  Then  y*2  =  V;/z  =  e2  =  0  and  the 
stresses  are  determined  by  the  formulas 


tXZ  —  T yt  0, 


0r  = 


(alS °x  +  a23ay  +  a36Xxy)', 


d*F  ,  VT 


U,  °y  = 


d2F  ,  77 


V, 


Xxn  — 


d*F 


dyt  '  ~  ’  -y-  -Qxf  <  -  ’  lxy 

The  function  F  satisfies  the  equation 


dx  dy  ' 


(26.1) 

(26.2) 


a  d*F  OB  dlF  ,  /oa  ,  a  \  dtF 

/p26  ~dxi  dy  +  V^Pi2  -h  Peel  ^2^  ' 


•  ft  o  ,  d2U 

i“Pn  -tyjT—  ~  (P12  +  P22)  -faf 


oft  ®*F 

' Z?le  izw 

-(Pi2  +  Pu)-^r. 


(26.3) 


The  general  expression  for  the  function  F  depends  on  the 
complex  parameters  pft,  the  roots  of  the  algebraic  equation 
l4  (p.)  =0  (see  Sec.  20).  In  the  case  of  distinct  complex 
parameters 


F  =  2Re  [Fn  (zx)  +  Flt  (zs)]  +  F0 


(26.4) 
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where  Fxx  (zx),  FXi  (z2)  are  arbitrary  analytic  functions  of 
the  generalized  (complicated)  complex  variables 

zx  =  x  +  pxy,  z2  =  x  +  p2l/>  (26.5) 

and  F 0  is  a  particular  solution  of  the  non-homogeneous 
equation  (26.3). 

In  the  case  of  pairwise  equal  roots  (px  =  p2,  px  =  p2) 
F  =  2Re  \zxFxx  (zx)  +  FXi  (zx)]  +  F0.  (26.6) 

If  px  =  p2  =  a  +  pi,  then  z1  =  zx  +  iyx,  where  = 
=  x  +  ay,  yx  =  p y. 

To  determine  the  stresses  and  displacements,  it  is  necessary 
to  find  two  functions,  Fxx  (zx),  Fxz  (zx),  of  the  ordinary  com¬ 
plex  variable  zx  =  xx  +  iyx,  i.e.,  to  solve  the  plane  problem 
for  an  isotropic  body,  though  not  for  the  region  S  of  the 
section,  but  for  a  region  Sx  obtained  from  the  given  one  by 
affine  transformation  (see  Fig.  25).  The  subject  of  the  plane 
problem  and  of  the  methods  of  its  solution  has  been  studied 
in  great  detail  by  N.I.  Muskhelishvili  [32].*  Leaving  out 
the  discussion  of  the  case  of  equal  complex  parameters  px 

and  p2,  we  shall  consider  them  unequal  in  what  follows. 

Introducing  the  complex  potentials 

(zi)  =  (zi)i  ®2  (z2)  ~  F 12  (zs)  .  (26.7) 

(the  primed  symbols  represent  the  derivatives  of  the  func¬ 
tions  with  respect  to  the  complicated  complex  variable), 
we  obtain  the  general  expressions  for  the  first  derivatives  of 
F  and  for  the  components  of  stress  and  the  projections  of 
displacement  in  the  absence  of  body  forces: 

-r-'  =  2  Re  [(Jij  (Zj)-f- 02  (z2)],  I 

If  >  (26-8) 

=  2  Re  [pj®i  +  M'2®2];  J 

— 2Re[pJ®j  (zt) -f- p2d)'  (z2)],  1 

0,  =  2Re[O>;+  «>;],  \  (26.9) 

*xy  =  —  2  Re  [  pxo;  +  i^];  J 
u  =  2Re  [px®j  (zi)-fp2®2 (z2)]  —  co3i/4-Uo,  1 

_  v  —  2 Re [g1!®!  (zj) -(- 92®2 (z2)l  “h <^3^  +  vo  > 

*  It  will  be  recalled  that  N.I.  Muskhelishvili  has  considered  only 
isotropic  bodies.  Nevertheless,  his  methods  may  be  used  to  advantage 
in  the  investigation  of  some  cases  of  the  elastic  equilibrium  of  aniso¬ 
tropic  bodies. 


plane  problem 


141 


(rigid-body  displacements  for  planes  parallel  to  xy  have 
been  retained).  In  these  formulas 

Pi  “PuM'i  +  Pie  PieM-ij  ^ 

Pz~  PnR*  +  Pi2  —  I 


<7i  —  P12M-1  +  P261 

?2  =  Pl2li2  +  ~  P26' 


(26.11) 


The  problem  is  reduced  to  that  of  determining  two  complex 
potentials,  ®x  and  ®2,  satisfying  the  boundary  conditions 
on  the  contour  of  the  region  S  of  the  cross  section.  The  bound¬ 
ary  conditions  involving  prescribed  forces  Xn,  Yn  on  the 
contour  are  of  the  form 

*  1 

2 Re  (®!  -f-®2) =  -F  ^  y nds -\-Ci ,  | 

^  }  (26.12) 

2  Re  (px®t  +  p2®2)  =±  j  Xnds  +  c2  j 

0  J 

(the  upper  signs  on  the  right-hand  sides  of  (26.12)  are  to  be 
taken  for  the  outer  contour,  and  the  lower  signs  for  the  inner 
contour,  i.e.,  for  the  contour  of  a  cutout;  cx,  c2  are  constants, 
which  may  be  assigned  arbitrarily  on  either  of  the  contours 
bounding  the  region).  When  displacements  u *,  v *  are 

prescribed,  the  boundary  conditions  are  of  the  form 


2  Re  (p!®!  +  =  «*  +  a>3y  —  «o,  1 

2  Re  (gt®x  +  g2®2)  =  v*  —  (osx  —  v0.  J 


(26.13) 


By  considering  ®x  (zx),  ®2  (z2)  as  functions  of  the  ordinary 
complex  variables  zh  —  xk  +  iyh  (k  =  1,  2),  we  must 
determine  them  in  regions  Slt  S2  that  are  in  affine  corres¬ 
pondence  with  the  region  S  of  the  cross  section  (see  Sec.  21). 

The  conditions  that  must  be  satisfied  by  these  functions 
inside  the  region  of  the  cross  section  or  in  their  regions  St,  Sz 
are  obtained  from  the  conditions  of  a  more  complicated 
problem;  they  have  been  previously  investigated  in  sufficient 
detail  (see  Sec.  25  or  [77]). 
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All  formulas  for  an  infinite  cylinder  may,  by  virtue  of 
Saint-Venant’s  principle,  be  applied  to  a  body  of  finite 
length  with  fixed  ends.  In  the  case  of  free  and  unloaded  ends 
the  axial  forces  Pz  and  the  bending  moments  Mx,  M2  result¬ 
ing  at  the  ends  can  be  removed  by  superimposing  the  fol¬ 
lowing  elementary  distribution  on  the  stress  distribution 
in  an  infinite  cylinder: 


(26.14) 


Consider  the  elastic  equilibrium  of  a  flat  plate  of  uniform 
thickness  h  of  homogeneous  anisotropic  material  having, 

at  each  point,  a  plane  of  elas- 
S  tic  symmetry  parallel  to  the 

middle  plane.  Suppose  that  the 

_3§|v  ,a - -jgv  surface  forces  are  distributed 

i  X  along  the  edge,  and  the  body 

forces  over  the  plate,  that  they 
U  are  symmetrical  with  respect 

to  the  middle  plane  and  vary 
Fig.  28  only  slightly  across  the  thick¬ 
ness.  By  taking  the  middle 
plane  as  the  co-ordinate  plane  xy,  and  choosing  the  x  and  y 
axes  according  to  convenience  (Fig.  28),  we  shall  consider 
the  average  values  (across  the  thickness)  of  stresses  and 
displacements  parallel  to  the  xy  plane  rather  than  the  true 
stresses  and  displacements: 


A 

ft/2 

n 

—  A 

ft/ 2 

«QI 

II 

\  ox  dz, 

<Tv==,X 

\  Oy  dz, 

-ft/2 

-ft/2 

ft/2' 

ii 

1  P* 

\  txydZ', 

(26.15) 

—  ft/ 2 

vdz. 

From  Eqs.  (18.2),  (18.3)  we  obtain  equations  that  are 
satisfied  by  ax,  au,  txv,  u,  v  (the  average  value  of  a  z,  i.e., 


ft/2 

h/2 

1 

\  udz, 

-If 

V==T  1 

—  ft/2 

-ft/2 

§  27]  PLANE  PROBLEM  FOR  NON-HOMOGENEOUS  BODY 


143 


<JZ  is  neglected  in  comparison  with  ax,  oy,  rxy).  The  resulting 
equations  for  the  average  stresses  are  the  same  as  Eqs.  (26.2) 
in  the  case  of  plane  strain.  The  function  F  satisfies  Eq.  (26.3) 
in  which  the  reduced  strain  coefficients  must  be  replaced 
by  the  corresponding  coefficients  a^: 

d*F  0  d*F  ,  /0  d*F 

IF  ~  "***  dxsdy  -t-  (^12  +  dx2  dy2  — 

O  d*F  .  d*F  ,  .  ,  m3  , 

_2ai617aF  +  ail%r-_^12  +  a22)torH" 

+  (ai6  +  a2e)  d;[.  dy — (alt  +  alz)  -gjjg- .  (26.16) 

The  boundary  conditions  are  no  different  from  (26.12)  or 
(26.13),  except  that  the  complex  parameters  pj,  p2,  p1?  p2 
are  the  roots  of  the  equation 

Ojjp4  —  2algp3  +  (2at 2  +  a66)  p2  —  2a26p  +  a22  =  0. 

(26.17) 

Hence,  the  solution  found  for  any  case  of  plane  strain  is 
also  the  solution  for  the  corresponding  case  of  generalized 
plane  stress.  Clearly,  if  are  replaced  by  aiJt  the  structure 
of  the  functions  cpj,  <J>2  and  of  the  formulas  for  the  stresses 
and  displacements  is  unaltered;  only  the  coefficients  in  the 
formulas  are  changed. 

The  problems  of  plane  strain  and  of  generalized  plane 
stress  are  combined  under  the  common  name  the  plane  prob¬ 
lem  of  the  theory  of  elasticity. 

The  questions  of  the  existence  and  uniqueness  of  the 
solution  of  the  plane  problem  for  an  anisotropic  body  are 
sufficiently  well  studied.  They  are  discussed  in  [98],  [118], 
and  [121],  where  the  plane  problem  is  reduced  to  integral 
equations. 

27.  Plane  Problem  for  a  Continuously 

Non-homogeneous,  Rectilinearly  Orthotropic  Body. 

Extension  and  Bending  by  Moments 

Based  on  the  results  of  Sec.  22,  we  can  obtain,  as  special 
cases,  the  equations  and  boundary  conditions  for  the  plane 
problem  and  the  related  problem  of  a  continuously  non- 
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homogeneous  cylinder  extended  by  an  axial  force  and  bent 
by  moments  (Saint-Venant’s  problem). 

Consider  a  body  in  the  form  of  a  cylinder  of  finite  or 
infinite  length  with  strain  coefficients  al}  constant  along  its 
length  and  dependent  on  two  co-ordinates.  For  simplicity, 
we  shall  consider  only  an  orthotropic  body  in  which  through 
each  point  there  pass  three  planes  of  elastic  symmetry:  one 
plane  normal  the  generators  and  two  orthogonal  planes 
parallel  to  the  generators,  the  planes  at  different  points 
being  respectively  parallel.  Let  the  origin  of  co-ordinates 
be  placed  at  the  centroid  of  a  cross  section  and  let  co-ordinate 
axes  be  chosen  so  that  the  z  axis  is  parallel  to  the  generators, 
and  the  x  and  y  axes  are  normal  to  the  planes  of  elastic 
symmetry;  they  are  not,  in  general,  coincident  with  the 
principal  axes  of  inertia  of  the  section. 

(1)  Plane  strain.  Let  a  body  whose  length  is  infinite  be 
in  equilibrium  under  forces  distributed  over  the  lateral 
surface,  normal  to  the  generators,  and  constant  along  the 
length.  As  in  the  case  of  a  homogeneous  body,  we  assume 


w  =  w0=  constant,  u  =  u  (x,  y) ,  v  ==  v  (x,  y) 

=  0 

and  obtain 

d*F 


w  -v. 


v  dx*  '  -XV  ~  dxdy 

T-xz  =  T-yz  =  0»  °z~  v3i^x~\~ ‘v32(^y 


The  function  F  satisfies  the  equation 
d 2  /  a  d2F 


dx2 


22  dx 2 
92 


,  o  32F 
+  Pi2-^r 


)  + 


dy 


&F  d2F 

12to» +P“ 


dy 2  ) 


\  1  m  1 

fft  d*F  \ 

)  1  dxdy  ' 

i™6  dxdy  ) 

(27.1) 

(27.2) 

(27.3) 


d 2 


=  +  (27.4) 


The  boundary  conditions  in  the  case  of  the  first  fundamen¬ 
tal  problem  reduce  to  a  specification  of  the  first  derivatives 
of  F  on  the  contour  (to  within  additive  constants).  The  coef¬ 
ficients  Pu  are  related  to  the  elastic  characteristics  atj  by 
equations  (22.4). 
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(2)  Generalized  plane  stress.  In  this  case  the  average  stresses 
and  displacements  across  the  thickness  ax,  oy,  xxy,  u,  v 
are  only  considered. 

The  stresses  are  expressed  in  terms  of  the  stress  function 
by  formulas  (27.2).  The  function  F  satisfies  Eq.  (27.4), 
where  must  be  replaced  by  the  coefficients  atl.  The  latter 
are  related  to  the  engineering  characteristics  as  follows: 

1  f 

a»~  ’  I 


1 

°22“ 

i 

a66  —  ~r — • 

(3)  Extension  by  an  axial  force  and  bending  by  moments. 
If  the  length  of  a  body  and  the  region  of  the  cross  section 


E» 


(27.5) 


Fig,  29 


are  finite  and  if  the  load  is  distributed  only  over  the  ends 
so  that  it  reduces  at  each  end  to  an  axial  force  P  (applied 
at  the  centroid ,  which  is  taken  as  the  origin)  and  to  moments 
Mlt  M2  about  the  x,  y  axes  (Fig.  29),  we  cannot  set  w  = 
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=  constant  a  priori  in  the  equations  of  Sec.  22,  and  the 
formulas  for  the  stresses  are  obtained  as 

a»p  d2F  d%P  _ 

CT*  —  dy a  ’  °v~  dx a  ’  x«~  dxdy  ’  (27-6) 

T«  =  TyI=0,  | 

=  ^3  (Ax  By  “f"  O  4"  V31°3C  4"  v32°y*  / 


The  stress  function  satisfies  the  equation 


d*  (n  a*F  d*F\ 

dx *  \P22  dx *  +  12  dy a  /  ' 

4- 

o  &P  ,  r  «V\  , 
Pi2  dxt'  1  Pll  Qyt  )  + 

(a  W  )_ 

d*  I 

[■%U*+By+o] 

^  dxdy  lPe6  dxdy  j 

dx 2  | 

a2 

dy2 

[^{Ax+By+0] 

and  the  boundary  conditions  on  the  contour  of  the  cross 
section 


dF 

dx  “C»* 


(27.9) 


The  function  F  satisfying  Eq.  (27.8)  and  conditions  (27.9) 
contains  three  constants,  A,  B,  C,  which  are  found  from 
the  conditions  at  the  ends  (and  at  any  cross  section): 


j  joz  dxdy  =  P,  j  j  ozy  dx  dy  =  Mt, 
j  j  ozx  dx  dy  =  M2. 


(27.10) 


In  passing,  we  note  that  each  of  Eqs.  (27.10)  contains,  in 
general,  all  three  unknowns,  A,  B,  C,  if  the  x  and  y  axes  are 
not  coincident  with  the  principal  axes  of  inertia  of  the 
section. 

The  problem  has  an  elementary  solution  if  Poisson’s 
ratio  v3l  depends  only  on  x,  and  vs2  only  on  y,  or  if  both 
Poisson’s  ratios  are  constants.  The  general  nature  of  stress 
distribution  is  then  the  same  as  in  a  homogeneous  rod: 


°z— B3(Ax-\- By  | 

°x~ay  —  T-yz  ~  ^xi  ~  *xy  —  0.  I 


(27.11) 
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The  only  non-vanishing  stress  component  (out  of  six) 
may  be  a  non-linear  function  of  x  and  y,  depending  on 
Eg  (x,  y). 

28.  Stress  Distribution  in  an  Elastic  Homogeneous 
Half-space  under  Forces  Applied 
to  the  Boundary  Plane 

Of  special  problems  of  generalized  plane  strain  one  of 
the  simplest  is  that  of  stress  distribution  in  an  elastic 
homogeneous  half-space  under  forces  applied  to  the  boundary 
plane  and  dependent  only  on 
one  co-ordinate. 

Consider  the  elastic  equi¬ 
librium  of  a  semi-infinite 
homogeneous  body  bounded  by 
a  plane  (elastic  half-space) 
in  a  state  of  generalized  plane 
strain  under  forces  applied 
to  the  boundary  plane. 

Let  this  plane  be  taken  as 
the  xz  plane,  with  the  y  axis 
directed  outward  and  the  oth¬ 
er  axes  as  shown  in  Fig.  30. 

Suppose  that  (1)  the  material  exhibits  rectilinear  anisotropy 
of  the  most  general  kind,  (2)  the  forces  act  in  planes  normal 
to  the  z  axis  and  do  not  vary  along  this  axis,  (3)  the  resultant 
vector  of  forces  distributed  over  any  portion  of  a  strip 
parallel  to  x  is  finite  and  tends  to  a  definite  limit  as  the 
ends  of  the  portion  go  into  infinity. 

The  region  S  of  the  section  is  a  half-plane  in  this  case 
(the  lower  half-plane,  y  0);  the  regions  of  the  functions 
<[>!,  <I>2,  €>3,  i.e.,  Slt  S2,  S3  are  also  half-planes.  If  the  forces 
satisfy  the  conditions  stated  above,  it  is  natural  to  assume 
that  the  stresses  are  zero  at  infinity,  and  this  is  true  when 
(oo)  =  0  (k  -  1,  2,  3). 

N.I.  Muskhelishvili  has  obtained  a  solution  of  the  problem 
for  an  isotropic  elastic  half-plane  based  on  some  properties 
of  Cauchy-type  integrals  taken  along  a  straight  line  [32]. 
Muskhelishvili ’s  method  may  be  used  successfully  to  solve 
the  problem  of  the  elastic  equilibrium  of  an  anisotropic 
10* 
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half-space.  We  recall  two  necessary  formulas.  Let  /  (z)  be 
a  function  of  the  complex  variable  z  =  x  -j-  iy,  holomorphic 
in  the  lower  half-plane  y  ^  0  and  continuous  up  to  the 
boundary,  with  /  (oo)  =  0.  If  z  is  a  point  in  the  lower  half¬ 
plane  and  if  |  is  a  point  of  the  boundary  (abscissa),  the 
following  equalities  hold: 


(28.1) 


dg  =  0. 


Let  the  normal  and  tangential  components  of  the  external 
forces  (per  unit  area)  be  denoted  by  N  (£)  and  T  (£),  re¬ 
spectively.  The  boundary  conditions  when  y  —  0  are  written 
as 

Oy  =  N(l),  X XV  =  T(D,  Xyz  “  0.  (28.2) 

Suppose  that  all  three  complex  parameters,  pfe,  are  distinct. 

From  this  we  obtain  conditions  for  the  functions  cp^, 

(see  [26],  p.  116): 

®!(?)  +  ®2(?)+M>3(l)  + 

+  ®!  (?)  +  ®2  (?)  +  (?)  =  N  (g), 

Pl®i  (?)  +  P2®2  (?)  +  (?)  ■ + _  3 

+  Pi®i  (?)  +  1*2^2  (?)  +  P3^3®3  (?)  —  T  (g), 

^1®!  (?)  +  *2®2  (?) +_®3  (?)  _ 

+  W  (?)  +  W  (?) +• ®'3  (?) = 0.  . 

1  d£ 

We  multiply  both  sides  of  this  equality  by 


1  d£ 

We  multiply  both  sides  of  this  equality  by 

where  z  is  a  point  inside  the  region  S,  and  integrate  them 
between  the  limits  ( — oo,  oo).  On  the  basis  of  (28.1)  we 
then  obtain 

oo 

®l(*)  +  #2  (Z2)  +  XM  (Z)  =  dg, 


OO 

Pi®!  +  P2®2  +  P3^3®3  =  2lti  j  1~T 


(28.4) 


ji!®; + a,2®2 + ®3  =  o. 
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By  solving  these  equations,  we  find 


^ w i  r  #©  (n3x2x3 -pj+t  ©  ( x2x3 - 1)  je 

01  (z)  =  2HiA  J  - 1=5 - 


/.x  if*  ©  (Bi— Ba^i^al  +  T’  (t)  (1-^X,)  je 

02  W  =  SlrtA  J  - 1=5 - 


0'  (-)  1  C  ^  (?)  (p«*i - p iK) + T ©  (Xt - x,)  ^ 

2jtiA  J 

—  oo 

Here 

A=  H2  —  l1!  +  ^2^3  (H'l  —  (1 3)  +  ^1^3  (^3 —  P2) 


(28.5) 


(28.6) 


is  the  determinant  of  system  (28.4).  We  shall  always  assume 
that  this  quantity  is  different  from  zero.  It  becomes  zero 
when  the  complex  parameters  are  equal,  but  this  case,  as 
has  been  noted,  is  not  considered  here.  Whether  A  can 
vanish  when  all  three  complex  parameters  are  distinct  or 
two  are  equal  remains  to  be  seen. 

When  y  —  0,  x  =  g,  the  complex  variables  (the  basic 
variable  z  and  the  complicated  variables  zlf  z2,  z3)  assume 
the  same  value  of  g  (real);  consequently  ([26],  p.  117), 


Q'  (z)=  1  Af  (?)  (P3^2^3 - P2 )~\~T  (|)  (^2^3  —  1)  ^ 

—  OO 

rTx'  /-  \  1  f  N  (?)  (Pi — P3^1^'3)  +  7'  (5)  (1  —  ^1^-3)  J£ 

02^)  =  2^A  J  - 1=5; - d 

—  OO 

0^  __  1  f  (?)  (P2^i  ~~  PAa)  d~  T  (?)  (^1  —  ^2) 

2jiiA  J  £  —  Z3 


(28.7) 


If  there  are  planes  of  elastic  symmetry  normal  to  the  z 
axis,  we  obtain  a  solution  of  the  plane  problem  (plane 
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strain)  from  formulas  (28.7),  which  now  take  the  form 


—  oo 


±=**1  <28-8> 


<I>3  (Z3)  =0. 


The  ^jpcond  fundamental  problem  is  solved  in  a  similar 
way. 

Muskhelishvili’s  method  can  be  used  to  obtain  a  solution 
for  a  more  complicated  case  when  the  elastic  half-space  is 

bounded  from  above,  not 
by  a  plane,  but  by  the 
concave  surface  of  a  para¬ 
bolic  cylinder  (Fig.  31) 

y  =  ax 2  (28.9) 

and  is  in  a  state  of  gener¬ 
alized  plane  strain  under 
>  external  surface  forces  Xn, 

Fig.  31  Yn  (Zn  =  0).  It  is  first 
necessary  to  map  confor¬ 
mally  the  regions  S  and  Sb  onto  the  lower  half-plane. 
In  the  present  case  this  can  be  done  so  that  to  each  point 
on  the  boundary  of  the  region  S  correspond  points  of  the 
boundaries  of  the  regions  Su  S2,  S3  that  are  in  affine  cor¬ 
respondence  among  themselves,  and  to  all  four  affine- 
corresponding  points  corresponds  one  and  only  one  point  on 
the  boundary  of  the  half-plane.  This  problem  is  discussed 
in  greater  detail  in  the  author’s  paper  [78] ,  and  so  we  shall 
not  elaborate  upon  it,  but  present  only  the  final  formulas 
for  the  functions  <&'h\ 


01  ^  Vi+4“Wi 2n*A  x 

oo 

Y-n  (P3^2^3  —  (^2^3 — 1)  -I/J  _|_  4a2|2 

6 — £i  (zi) 

—  oo 
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/I +4 a\i2z2  2ji1AX 


X  j  Fn  y  1  +  Aa2t2dl, 

—  oo 

(Z3>=  /I+4^T^AX 

OO 

X  f  /l-f  4a»E2dg. 

J  S  —  &3  (z3/ 


J.  (28.10) 


Here 


&  (2ft)  ==  2^7  (V'  1  +  4o|*k*k  —  1) 


2pfta  ^  x  'r—rft-ft  V  (28.11) 

are  functions  assuming  the  same  value  of  x  when  y  =  ax2. 


29.  The  Case  of  a  Load  Distributed  Uniformly  along 
a  Straight  Line 

Consider  a  special  case:  a  normal  load  is  distributed 
uniformly  along  an  infinite  straight  line  x  =  0,  y  —  0. 
It  is  assumed  that  the  half-space  is  homogeneous,  but  possesses 
anisotropy  of  the  general  kind.  To  obtain  a  solution  of  this 
problem,  we  first  consider  the  case  when  the  normal  forces 
p/{ 2e)  are  distributed  uniformly  over  a  strip  of  width  2e 
(Fig.  32).  In  this  case  all  integrals  in  (28.5)  are  easily  taken 
and  we  find  the  functions  containing  e  as  a  parameter. 
By  allowing  e  to  tend  to  zero,  we  obtain 


1  '  2jtiA  Zl  ’ 

/IS'  \  P  Pi  —  P3^1^3 
(Z2)  2nl A  z2 

/T\'  /„  \ _  P  P2^1  —  Pl^2 

03  (Z3>“2^A - * - • 


(29.1) 
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It  is  just  as  easy  to  obtain  formulas  for  the  half-space  loaded 
by  tangential  forces  distributed  uniformly  along  a  straight 

line;  the  corresponding  expres¬ 
sions  for  <E>h  will  not  be  given 
here. 

To  determine  the  stresses,  it 
is  necessary  to  substitute  func¬ 
tions  (29.1)  (or  the  functions 
for  tangential  forces)  in  formu¬ 
las  (21.3),  (21.4)  and  separate 
the  real  parts. 

In  the  case  of  a  load  distrib¬ 
uted  uniformly  along  the  straight 
line  y  =  0  (the  z  axis)  it  is 
more  convenient  to  use  a  cylin- 
Fig.  32  drical  co-ordinate  system  r,  0, 
z  measuring  the  r  co-ordinate 
from  the  z  axis,  and  0  from  the  y  axis  produced  (Fig.  32). 
The  formulas  for  the  case  of  a  normal  load  are  then  ob¬ 
tained  as 


»  -  ~  «•  (1  [  W.  -  m)  *Z  e-^^T  + 

+»■-., sr+ 


..  f  i  r i  /  i  i  ,  cos  04- a,  sin  0  , 
x  {T|>  (taA-fe)  slne;^cose  + 

ii/  i  i  \  cos0-fu2sin0  , 

+h(^-^KK)sinc;2coSe  + 


Q&  —  ^02  —  Tr0  —  0| 


j}- 


(29.2) 


The  component  az  is  found  from  (25.5). 

Thus,  of  the  six  stress  components  in  cylindrical  co¬ 
ordinates  only  three  are  not  zero;  for  the  general  case  of 
anisotropy  the  expressions  obtained  after  separating  the 
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real  parts  are  rather  unwieldy  and  we  shall  not  write  them 
out. 

Note  that  all  stress  components  are  inversely  proportional 
to  the  distance  from  the  loaded  line  (the  z  axis).  Points  at 
which  the  stress  or  on  a  cylindrical  surface  r  =  constant 
is  a  maximum  lie,  in  general,  off  the  line  of  action  of  the 
forces  0  =  0,  and  points  where  or  =  0  do  not  lie  on  the 
boundary  plane. 

Consider,  in  greater  detail,  the  plane  problem  (which,  as 
has  been  previously  mentioned,  has  two  variants)  for  an 
orthotropic  body.  In  the  case  of  plane  strain  we  have  an 
elastic  half-space  loaded  by  forces  distributed  uniformly 
along  an  infinite  straight  line  on  the  boundary  plane.  It  is 
assumed  that  at  each  point  there  are  three  planes  of  elastic 
symmetry  parallel  to  the  co-ordinate  planes,  of  which  one 
is  parallel  to  the  boundary  plane;  the  line  along  which  the 
load  is  distributed  (the  z  axis)  is  normal  to  another  plane 
of  elastic  symmetry.  In  the  case  of  generalized  plane  stress 
we  consider  a  semi-infinite  orthotropic  plate  loaded  at  its 
edge.  In  both  cases  the  region  of  the  body  (in  the  xy  plane) 
is  a  half-plane.  Accordingly,  the  body  under  investigation 
will  be  called  an  elastic  half-plane,  as  is  done  in  the  case 
of  an  isotropic  medium  (see,  for  example,  [32]). 

We  first  consider  the  action  of  a  normal  force  p  applied 
to  the  boundary  of  the  half-plane.  In  the  case  of  orthotropy 
formulas  (29.2)  are  considerably  simplified  and,  on  separating 
the  real  parts,  take  the  form 

°t  =  —  ~  (ui  +  u?)  V  P11P22  rcg  ^0) 

O’©  =  Tr6  =  Tez  =  Xrz  =  0. 

Here 

X  (0)  =  jiu  sin4  0  +  (2pi2  +  p66)  sin2  0  cos2  0  + 

+  P22  cos4  0  (29.4) 

is  a  positive  quantity  different  from  zero  for  all  values  of 
6;  «!,  u2  are  the  roots  of  the  equation 


} 


(29.3) 


Pn^4  —  (2Pi2  +  Pee)  “2  +  P22  —  0. 


(29.5) 
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These  roots  are  related  to  the  roots  of  the  equation  i4  (p)  =  0 
by  the  expressions  =  — ip*,  u2  —  — ip2,  and  hence  may 
only  be  real  or  conjugate  complex  numbers;  consequently, 
Ux  +  u2  is  always  a  real  number.  In  the  case  of  plane  strain 
are  the  reduced  strain  coefficients,  =  a u  —  dtsO-ja/o-ss', 
in  the  other  case  of  the  plane  problem  p2j  must  be  replaced 
by  the  corresponding  coefficients  atj.  Note  also  that  X  (0) 
is  equal  to  the  reduced  elastic  constant  prr  for  the  radial 
direction  r : 

X  (0)  =  prr,  (29.6) 

or,  if  generalized  plane  stress  is  under  consideration,  X  is 
the  reciprocal  of  Young’s  modulus  for  the  radial  direction: 

<5?  (0)  =  -g~  •  (29.7) 

Formulas  (29.3)  show  that  the  stress  distribution  produced 
in  an  elastic  half-plane  by  a  normal  force  is  one  which  may 
be  described  as  a  radial  or  raylike  distribution:  on  all  planes 
normal  to  a  radius  vector  r  drawn  in  the  xy  plane  from  the 
point  of  application  of  the  force  there  is  a  stress  directed 
along  r,  and  on  planes  passing  through  the  radius  vector 
(and  normal  to  xy)  no  stresses  occur. 

The  stress  a T  is  a  principal  one,  it  is  inversely  proportional 
to  the  distance  r,  and  for  a  given  r  —  constant  aT  varies 
with  0  according  to  a  rather  complex  law;  the  stresses  ct8 
and  Tre  are  zero. 

In  the  case  of  plane  strain  there  is  another  stress  compo¬ 
nent,  o  z\  it  acts  on  planes  normal  to  the  loaded  line  (i.e.,  in 
planes  parallel  to  xy)  and  is  numerically  equal  to 

az=  — or  (aia  cos2  0  -f-  a23  sin2  0).  (29.8) 

a33 

Points  at  which  the  stress  aT  is  the  same  (equal  to  some 
value  a0)  are  situated  on  a  fourth-order  curve.  The  equation 
of  the  family  of  these  curves  is  of  the  form 

Pua:4  +  (2p12  +  Pee)  &y%  +  P22i/4  + 

+i(“i+U2)VP TKz(^+yz)y=o.  (29.9) 
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All  these  curves  are  closed,  symmetrical  about  the  line 
of  action  of  the  force,  and  tangent  al  to  the  boundary  of  the 
half-plane  at  the  point  of  application  of  the  force  0.  In  the 
case  of  a  normal  compressive  force  all  curves  situated  in  the 
half-plane  correspond  to  negative  o0i  and  only  on  the 
boundary  a0  =  0;  in  this  case  they  may  be  called  isobars 
(lines  of  constant  pressure).  The  material  of  the  half-plane 
is  compressed  under  the  action  of  a  compressive  force;  the 


Fig.  33  Fig.  34 

boundary,  with  the  exception  of  the  point  of  application 
of  the  force  0,  which  is  a  singular  point,  is  a  neutral  line: 
at  each  point  (except  for  the  single  point  0)  all  stresses 
are  zero. 

The  shape  of  the  lines  of  constant  stress  ffr  depends  on 
the  relation  among  the  reduced  or  true  strain  coefficients. 
Three  basic  types  of  curves  may  be  mentioned. 

(1)  If  the  elastic  constants  satisfy  the  conditions 

2pl2  +  Pee  >1  -5^*  (29.10) 

or 

2f5j2  +  Pee  =  1.5P„,  8pn  -  3p22  >  0,  (29.11) 

the  curves  have  the  shape  of  ovals  for  which  the  line  of 
action  of  the  force  is  an  axis  of  symmetry  (Fig.  33).  The 
stress  ar  attains  the  numerically  greatest  value  on  the  line 
of  action  of  the  force. 
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(2)  If,  in  addition  to  conditions  (29.10)  or  (29.11),  further 
conditions  are  fulfilled,  namely 

2P12  +  P66>4pu,  1 

(2p12  +  p66-4p„)2-4p11(4pi2+2p66-3p22)>0,  J  (29J2) 

the  curves  ar  =  a0  have  symmetrical  lateral  projections 
and,  depending  on  their  length,  the  stress  may  attain  the 
numerically  greatest  value,  not  under  the  force,  hut  on  the 
axes  of  the  projections  (Fig.  34). 

(3)  If 

2pi2  +  Pe«  <  1.5P„  (29.13) 

or 

2Pi2  “F  Pe6  ~  l-^Paa*  ^Pii  ^P22  <1  0,  (29.14) 


the  general  nature  of  the  curves  ar  =  a0  is  altered  as  shown 
in  Fig.  35.  Clearly,  the  stress  ar  is  numerically  greatest,  not 
under  the  force,  but  on  two  symmetrical  rays. 


For  some  relations  among  the  constants,  the  curves  may 
degenerate  into  ellipses  with  the  major  or  minor  axis  directed 
along  the  line  of  action  of  the  force.  If  the  half-plane  is 
isotropic,  then 

Pn  =  P2a  ~  0-5  (2pi.  +  Pee))  ui  ==  ua  =  1 »  (29.15) 
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and  we  obtain  the  classical  solution  of  Flamant’s  problem 
[37]: 

ar=_2E <Je-Tre  =  0.  (29.16) 

The  lines  of  constant  stress  transform  into  circles  (Fig.  36). 

By  using  formulas  (28.8),  where  TV  =  0,  we  can  easily 
determine  the  stresses  in  a  half-space  due  to  tangential 


forces  t  (per  unit  length)  perpendicular  to  the  z  axis  and 
distributed  nniformly  along  this  axis.  Leaving  out  elemen¬ 
tary  intermediate  computations,  we  give  formulas  for  an 
orthotropic  half-space  in  cylindrical  co-ordinates: 

r  n  (“i  +  “2)  rX  (0)  ’  i  (29.17) 
<Je  —  Tr6  =  0.  J 


By  superimposing  solutions  (29.3)  and  (29.17),  we  obtain 
the  stress  distribution  in  an  orthotropic  half-space  or  in 
a  corresponding  plate  due  to  a  force  p  acting  in  the  plane  of 
elastic  symmetry  xy  and  making  an  angle  to  with  the  y 
axis  (Fig.  37): 


- “T  (U1  "t~  u2)  PllP: 


22 


r#(0) 


X 


X  (  cos  to  cos  0  -J-  j/"  -jp-  sin  co  sin  0^  , 


°e  =  Tr0  -=  0. 


(29.18) 
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In  the  case  of  an  oblique  force  there  is  a  neutral  line 
inside  the  half-plane,  a  straight  line  on  which  all  stresses 
are  zero.  This  line  is  perpendicular  to  the  line  of  action 
of  the  force  if  pu  =  P22;  otherwise  it  intersects  the  line  of 
action  of  the  force  at  an  acute  or  obtuse  angle  (see  Fig.  37). 

If  the  half-plane  is  orthotropic,  but  one  of  the  planes  of 
elastic  symmetry  intersects  the  boundary  at  an  arbitrary 
angle,  or  if  it  is  not  orthotropic,  the  solution  for  these  cases 
is  also  easily  obtained  by  Muskhelishvili’s  method  [see 
(28.8)].  The  case  of  a  non-orthotropic  half-plane  has  been 
investigated  in  [104],  We  state,  without  derivation,  the  basic 
results  for  a  half-space  or  a  plate  having,  at  each  point,  not 
three,  but  only  one  plane  of  elastic  symmetry  parallel  to 
xy.  In  [104]  the  x  axis  is  taken  along  the  boundary  and  the  y 
axis  is  directed  into  the  region,  i.e.,  the  upper,  and  not 
the  lower,  half-plane  is  considered.  We  shall  not  change  the 
directions  of  the  axes  and  choose  them  as  in  [104].  Let 

Pi  =  a  +  Pi,  p2  =  y  +  8i  (P  >0,  8  >0) 

be  the  complex  parameters,  the  roots  of  the  equation  (p)  = 
=  0  (Sec.  20),  and  let  plt  p2  be  their  complex  conjugates. 
We  introduce  the  notation: 


a  =  «6  +  yp,  b  =  (a2  +  p2)  8  +  ( y 2  +  82)  P;  (29.19) 
X  (0)  =  pu  cos4  0  +  2pi6  sin  0  cos®  0  + 

+  (2Pi,  +  Pee)  sin2  9  c°s2  9  +  2P26  sin®  0  cos  0  -f- 

4-  p22  sin4  0  (29.20) 


(the  meaning  of  this  quantity  is  the  same  as  in  the  case 
of  an  orthotropic  body,  see  formulas  (29.6)  and  (29.7);  the 
angle  0  is  measured  from  the  y  axis). 

If  the  force  is  normal  to  the  boundary,  the  stresses  are 
determined  by  the  formulas 


<4 


pPj  j  a  sin.  0  -f  b  cos  0 
~n  r%  (0) 


°fe  =  'tre  =  0. 


(29.21) 


In  general,  through  the  region  of  the  body  there  passes 
a  neutral  line  (straight  line): 

tan  0  —  — — . 


a 


(29.22) 
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In  the  case  of  a  tangential  force  (directed  along  the  boundary) 


l(5u  ((5  +  6)  sin  0+acos0 
n  r%  (0) 


oe  =  Tr9  =  0.  (29.23) 


The  angle  of  inclination  of  the  neutral  line  is  obtained  by 
equating  the  numerator  in  (29.23)  to  zero. 

In  [104]  a  specific  example  is  considered  and  families  ot 
curves  of  constant  stress  are  constructed  for  a  material  with 
the  following  values  of  the  ratios  of  jlj;  (or  ): 


4“-* 0.6,  2P»+P««  =0.35,  -0.731, 

Pll  Pll  Pll 

4**-  =  0.751;  ut  =  l.l  +  1.0i, 

PH 

P2 =  - -  0.5  +  0.3  z. 


(29.24) 


Figure  38  shows  curves  for  the  case  of  a  normal  force, 
and  Fig.  39  for  a  tangential  force. 

Formulas  (29.21)  and  (29.23)  show  that  the  qualitative 
picture  of  the  stress  distribution  remains  the  same  as  in 
the  case  of  an  orthotropic  half-plane,  namely  the  distribution 
of  stress  on  planes  normal  to  the  xy  plane  is  a  radial  or  ray¬ 
like  one  and  the  only  non-zero  stress  aT  is  inversely  pro¬ 
portional  to  the  distance  from  the  point  of  application 
of  the  force.*  The  curves  of  constant  stress  ar  =  a0  appear 
to  be  more  complicated  than  for  an  orthotropic  half-plane 
and  do  not,  in  general,  exhibit  any  kind  of  symmetry. 


30.  Stress  Distribution  in  an  Elastic  Homogeneous 
Space  with  a  Cavity  in  the  Form 
of  an  Elliptical  Cylinder 

Consider  an  infinite  elastic  space  filled  with  a  homogeneous 
material  with  anisotropy  of  the  general  kind  having  a  cavity 
in  the  form  of  an  infinite  cylinder  of  elliptical  section.  Let 
the  surface  of  the  cavity  be  acted  on  by  distributed  forces 
normal  to  the  generators  of  the  cylinder  and  constant  along 
the  generators,  and  let  body  forces  be  absent. 

The  body  is  referred  to  a  co-ordinate  system  x,  y,  z  with 
the  origin  placed  at  the  centroid  of  a  cross  section  of  the 

*  In  the  case  of  a  half-space  (plane  strain)  there  is  another  com¬ 
ponent,  at,  on  planes  parallel  to  xy ,  which  is  proportional  to  ar. 


Fig.  39 
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cavity,  the  z  axis  directed  along  its  axis,  and  the  x,  y  axes 
along  the  principal  axes  of  the  ellipse  (Fig.  40). 

Let  the  projections  of  the  external  forces  per  unit  area  be 
denoted  by  Xn,  Yn.  In  general,  these  forces  reduce  to  a 
resultant  force  vector  with  projections  Px,  Py  and  to  a 
resultant  couple  M  (per  unit  length  of  the  generator). 

At  the  section  by  the  xy 
plane  we  have  a  region  S 
in  the  form  of  an  infinite 
plane  with  an  elliptical  , 

cutout;  the  equation  of  its  1 

contour  is 


_eL.l.x.=i 


(30.1) 


Fig.  40 


x  —  a  cos  fi,  y  =  b  sin 

(30.2)  1 

(2a,  2b  are  the  principal  axes  Fig.  40 

of  the  ellipse,  d  is  a  para¬ 
meter  varying  from  0  to  2n  on  passing  once  round  the 
contour).  The  regions  Si,  S 2,  S3  are  also  planes  with  ellip¬ 
tical  cutouts  whose  contours  are  given  by  the  equations 
Xk~a  cos  -f-  akb  sin  fi,  1 

yfc  =  Ph6sinfi  (fc  =  l,  2,  3).  j 
The  forces  Xn,  Yn  are  periodic  functions  of  the  parameter 
with  period  2ji;  they  are  assumed  to  be  expressed  as  Fourier 
series  in  cos  and  sin  mft.  With  prescribed  forces  the 
boundary  conditions  contain  contour  integrals  of  Xn,  Yn 
involving  periodic  functions  of  and  terms  proportional 
to  fi.  Representing  the  trigonometric  series  in  complex  form, 
we  write  the  conditions  for  the  functions  (zh)  as 
2  Re  (Cpj  -f-  02  +  ^^a)  —  ] 


2  Re  (pjd^  -f-  p2<I>2  4-  Pa^^s)  = 

oo 

=  +  (Ke^  +  Ke-^), 

m-=l 

2  Re  (^(D,  +  X2d>2  +  d>3)  =  c0 

tl-0800 


(30.4) 
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(am,  bm,  and  their  complex  conjugates  are  known  constants; 
a0,  b0,  c0  are  arbitrary  constants,  which  may  be  set  equal  to 
zero  in  the  case  under  consideration).  The  stresses  must 
vanish  at  infinity,  and  this  requires  that  the  derivatives 
(zh)  should  tend  to  zero  as  zh  —*■  oo. 

The  problem  is  solved  as  follows.  We  map  all  four  regions, 
S,  S-i,  S2,  S3,  onto  the  outside  of  a  unit  circle  |  £  |  ^  1. 
In  the  present  case  when  the  regions  Sh  are  the  outsides  of 
ellipses,  which  are  in  affine  correspondence,  this  mapping 
can  be  effected  so  that  to  four  points  on  the  contours  of  the 
regions  S  and  Sk  corresponds  one  and  only  one  point  on  the 
contour  of  a  unit  circle  £  =  e#i,  and  this  property  holds 
for  all  values  of  d. 

On  the  basis  of  this  property,  we  can  solve  a  variety  of 
problems  for  an  infinite  plane  with  an  elliptical  cutout: 
both  the  first  and  second  fundamental  problems,  the  problem 
of  generalized  plane  strain  and  the  plane  problem. 

We  map  conformally  the  regions  S  and  Sh  onto  the  outside 
of  a  unit  circle.  The  mapping  functions  are  of  the  form 

+  (30.5) 

=  -••+2- -  (fc  =  1,2,  3).  (30.6) 


The  functions  reciprocal  to  (30.5)  and  (30.6)  are 
J,  Z  4-  Y  22  —  o2  +  62 


a  +  fc 


(30.7) 


2ft 


+V*%-a*-n 


■  ,  •  (30.8) 

a— 

When  x  and  y  run  along  the  contour  of  the  ellipse  S  taking 
values  (30.2),  functions  (30.7)  and  (30.8)  take  the  values 

£  =  ti  =  £2  =  ts  =  e**.  (30.9) 

/ 

The  expressions  for  Oh  are  sought  in  the  form 


<Dh(zh)  =  Ahlnth+  H  Ahmtum  (k  =  1,  2,  3).  (30.10) 


1 


The  coefficients  Akm  are  determined  from  the  boundary 
conditions  (30.4),  and  Ak  from  the  boundary  conditions  and 
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the  conditions  for  single-valuedness  of  displacements  (each 
of  the  displacements  must  be  a  single-valued,  or,  what  is 
the  same  thing,  periodic  function  of  d).  The  final  expressions 
are  obtained  as 

<fh  (zi)  =  A i  In  ^  + 

oo 

2  Ml*2  —  M'3^2^3)  am  +  (^2^3 — 1)  bm]  ?i  ”*» 

771=1 

<1?2  (%)  ~  A2  1Q  £2  +  j  (30.11) 

00  | 

+  -J-  2j  —  fll)  O-m  +  (1  —  ^1^3)  ^m)  S2  ”\ 

771=1 

®3  (zs)  =  Aa  In  £3  + 

OO 

+  -J-  2  f(  1*1^2  ^2^1)  am  +  (^1 —  ^2)  frm]  S3  m  • 

m=  1 

Here 

A  =  p2  —  px  +  X,2X,3  (px  —  |i2)  +  ^3  (|x,  —  na);  (30.12) 
Ax,  A2,  A  3  are  coefficients  that  are  found  from  the  equations 
Al  +  Az  +  X3A3  —  Al  —  A2-l3A3  =  -^r,  ) 

4"  ^2A2  4"  Hs^S-^S  —  (Aj Ai  —  p2A2 —  JI3A.3.A3  = 

_  Px 


2  ni 

^vi  At  +  ^2^2  +  A3 —  ^1^1  —  k2A2  —  A3  =  0, 

Pi4t  +  p2A2  +  p3A3  —  piAi  —  p2A2  —  p3A3  =  0, 
h  A\  +  q2A2  +  —  ?i  At  —  q2A2  —  q3  A3  =  0, 

riA±  4-  r2A2  4-  r3A3 —  riAi  —  r2A2  —  r3A3  —  0. 


}  (30.13) 


In  these  equations  ph,  qh,  rh  are  the  constants  entering 
nito_the  formulas  for  displacements  [see  (21.5)  to  (21.7)), 
/'ft-  rh  are  their  complex  conjugates.  The  expressions  for 

ii» 
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the  coefficients  Alt  A2,  Aa  are  too  lengthy  to  be  given  here; 
we  just  state  that  if  the  resultant  force  vector  is  zero,  all 
these  coefficients  vanish: 

A{  =  A2  =  Aa  =  0,  Af  =  A%  =  Aa  =  0. 

The  derivatives  of  the  functions  (zh)  are  determined 
from  the  formulas 


(D'l  (Zj)  =  1  m  X 

X  [(^2  (I3X2X3)  dm  -|-  1)  Si  ^  1 

OO 

w-  y,  ”  x 

X  [(|X3^iA,3 — pi)  am+  (1  W&mKz  }> 

00 

®3  (Z3)  =  —  ---  - r  ( A3 - y.  mx 

X  [(|i^2 — P2^l)  am~h  (^1  ^2)  ^m]  S3  }• 


(30.14) 


When  there  are  planes  of  elastic  symmetry  normal  to  the 
generators,  the  body  undergoes  plane  strain,  and  we  obtain, 
instead  of  (30.11), 


0^!)=^!  lnSt  +  'i  -1  —  2  (bm—  P2«m)Sl”\ 
^1 - H*2 

m=i 

00 

(^2)  =  ^2  ln  ^2  ^  ^2  ? 

m=i 


(30.15) 


(^3)  —  0. 
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After  simple  manipulation,  we  obtain  equations  for  the 
coefficients  A2  and  their  complex  conjugates: 


-^1  +  -^2  —  Az  —  j , 

\liAl  +  H2A2  Pl-^l  P-2-^2  =  —  , 

pMi  +  ^2-^l-^2=  — jS^-fe- 


(30.16) 


1  .  ,  1  .  1  X  1  T 

TP  -^i  +  T7~  ^2  —  -^i  =-  A2  — 

Pi  Pa  Pj  p2 

_  Pia  ^ *  .  Pag  Py 

~  1^7  liii  +  ‘KT  2nT  ' 

The  determinant  of  this  system  is 

d=  (»,+^yiV+P7  l(g-T)*+  (P~6>!1  [<«-v)!  +  (P+6)sl. 

(30.17) 

With  distinct  complex  parameters  we  always  have  d  >  0, 
and  hence  the  coefficients  Ax,  A2  and  their  complex  con¬ 
jugates  are  uniquely  determined  from  system  (30.16).  When 
the  parameters  are  pairwise  equal,  i.e.,  px  =  p2t  Pi  =  P2> 
we  have  d  —  0t  but  Eqs.  (30.16)  are  then  meaningless  since 
in  solving  the  problem  we  must  proceed  from  the  expression 
for  the  function  F,  not  in  the  form  of  (26.4),  but  in  the 
form  of  (26.6).  This  case  will  not  be  discussed  here. 

Below  are  given  values  of  the  coefficients  am,  bm  for 
several  special  cases  of  loading.  In  all  cases  Ax  =  A2  = 
=  A3  —  0,  and  each  function  <Dfe  is  represented  by  only 
one  term  of  the  series  (see  [26],  Chap.  3). 

(1)  Normal  pressure  distributed  uniformly  over  the  surface 
of  a  cavity  (Fig.  41): 


~ _ 3L  h _ qn 

ai  2  ’  2  ’ 

«m  =  ^m  =  0  for  m  =  2,  3,  4,  ... 

(<?  is  the  pressure  per  unit  area). 


(30.18) 
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(2)  Tangential  forces  distributed  uniformly  over  the  surface 
of  a  cavity  and  acting  in  planes  parallel  to  xy  (Fig.  42): 


—  _  tbi  T  ta 

a*\  77~  ,  0\  9  * 


«m  =  6m  =  0  for  m=  2,  3,  4,  ... 


(30.19) 


( t  is  the  force  per  unit  area). 

In  the  following  three  cases  when  the  surface  of  the 
cavity  is  not  loaded  and  the  forces  are  applied  at  a  large 


Fig.  41 


Fig.  42 


distance  from  it  (theoretically,  at  infinity),  the  stress  com¬ 
ponents  are  determined  from  the  formulas 


°x  ~~  °*  —  °v  ay ! 


T*J,  =  +  Tij,.  (30.20) 
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The  first  terms  (with  zeros)  are  the  stresses  produced  by 
the  same  forces  in  a  continuous  space  (with  no  cavity);  the 
second  (primed)  terms  are  the  stresses  determined  by  func¬ 
tions  (30.11)  or  (30.15)  (in  all  these  cases  P*  =  Py  =  0, 
A i  —  A  2  =  A  3  =  0). 


Fig.  43 


(3)  Tension.  At  a  large  distance  from  the  cavity  there  are 
tensile  forces  acting  at  an  angle  cp  to  the  axis, 2a  of  the 
ellipse  (Fig.  43). 

In -this  case 


a®=pcos2cp,  ag  =psin2cp,  | 

T°„  =  psincpcos(p,  J 

xyz  =  ^xz  —  0, 

°z  =  —  — —  ( a13  cos2  cp  +  az3  sin2  cp  -f  a36  sin  cp  cos  cp); 

a33 


ai—  — --  sin  cp  (a  sin  cp  —  lb  cos  cp) , 
bi  —  y  cos  cp  (a  sin  cp  —  ib  cos  cp), 
«m=i»  =  0  (m  =  2,3,  ...) 


(30.21) 

(30.22) 


(30.23) 


(P 


is  the  tensile  force  per  unit  area,  a  ^  b  or  a  <L  b). 
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In  particular,  when  tension  is  applied  in  the  direction  of 


the  axis  of  length  2 a  (cp  =0), 

Oy  —  =  0, 

T®  —  T®  —  (V 

lyz  -  lXZ  - 

(30.24) 

a0  —  _  n  fit  • 

Z -  "  n  9 

a33 

(30.25) 

a  | 

II 

p 

pl 

II 

pa 

2  * 

(30.26) 

(4)  Shear.  At  a  large  distance  from  the  cavity  there  are 


tangential  forces  acting  parallel  to  the  principal 
the  ellipse  (Fig.  44): 


—  _  tbi  ~r  _  ta 

ai~  2~  >  °1  ~2~  > 

am  =  bm  =  0  for  m=  2,  3,  ... 
( t  is  the  force  per  unit  area). 


Fig.  44 
axes  of 


(30.27) 

(30.28) 

(30.29) 
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(5)  Pure  bending.  At  a  large  distance  from  the  cavity  are 
applied  normal  forces  that  vary  according  to  a  linear  law 
(Fig.  45): 


ax  —  ty,  o«=x“i/  =  0, 
t$z  =  t*z  =  0; 


(30.30) 


=0,  a2  =  0,  b2  =  — , 
am  =  bm  =  0  for  m  =  3,  4,  5,  ... 


(30.31) 

(30.32) 


The  second  fundamental  problem  can  be  solved  by  the 
same  method  as  the  first  one  using  functions  G>ft  of  the  form 


°f  (30.11).  For  definiteness,  it  is  necessary  to  prescribe  the 
resultant  force  vector  ( PX1  Pv).  The  constants  Ah  are  deter¬ 
mined  from  Eqs.  (30.13),  and  in  the  case  of  the  plane  problem 
from  (30.16);  the  constants  A  km  are  found  from  the  boundary 
conditions. 
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31.  Extension  of  a  Homogeneous  Orthotropic  Plate 
with  an  Elliptical  Hole 

Consider,  in  greater  detail,  the  elastic  equilibrium  of  an 
orthotropic  plate  with  an  elliptical  hole  situated  far  from 
the  edge,  which  is  extended  by  uniformly  distributed  forces 
in  one  direction.  Suppose  that  (1)  one  of  the  planes  of  elastic 

symmetry  is  parallel  to  the 
middle  plane;  (2)  the  direc¬ 
tions  of  the  principal  axes 
of  the  ellipse  x,  y  are  not 
coincident  with  the  prin¬ 
cipal  directions  of  elastic¬ 
ity  q;  (3)  the  forces  act 
at  an  arbitrary  angle  to 
the  principal  axes  of  the 
hole,  the  edge  of  the  hole 
is  not  loaded  and  is  not 
fixed.  The  plate  is  consid¬ 
ered  to  be  infinite,  and  the 
forces  are  assumed  to  be 
applied  at  infinity.  The 
solution  of  this  problem  has  been  obtained  by  the  author 
together  with  V.V.  Soldatov  in  [85], 

Below  is  given  the  solution  of  this  problem,  which  is 
represented  schematically  in  Fig.  46.  We  introduce  the 
following  notation:  2a,  2b  =  principal  axes  of  the  ellipse, 
c  =  alb,  p  =  force  per  unit  area,  cp  =  angle  of  inclination 
of  forces  to  the  principal  axis  2 a  of  the  ellipse,  i|)  =  angle 
between  the  directions  of  the  principal  axis  2 a  of  the  ellipse 
and  of  the  principal  axis  of  elasticity 
We  introduce  the  engineering  constants:  Young’s  moduli 
Eu  E 2  for  the  principal  directions  |,  q,  Poisson’s  ratios 
v1(  v2  and  the  shear  modulus  G  for  the  £q  plane.  We  further 
introduce  the  notation:  aiy-  =  strain  coefficients  from  the 
generalized  Hooke’s  law  equations  written  for  a  (non-prin¬ 
cipal)  co-ordinate  system  xy ,  and  m,  k,  n,  defined  by 

m  =  ~ — 2vj,  k=]/  n  =  V  2k +  m.  (31.1) 

Since  m  is  expressed  in  terms  of  n  (m  =  n?  —  2k)  and  vice 
versa,  we  have  two  independent  parameters,  which  will  enter 
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into  formulas  for  the  stresses  in  an  orthotropic  plate;  k  and 
n  will  be  termed  the  real  generalized  plane  stress  parameters 
for  an  anisotropic  (or,  more  precisely,  orthotropic)  plate. 
The  real  plane  strain  parameters  for  an  orthotropic  medium 
are  expressed  in  terms  of  the  ratios  of  the  corresponding 
reduced  coefficients: 

m  =  2^'p66 ,  k  =  n  =  V2k  +  m.  (31.2) 

In  the  case  of  an  isotropic  medium  k  —  1,  n  =  2;  for 
an  orthotropic  medium  k  =£=  1  and  n  =£=  2  in  general.  On 
these  grounds  we  may  state  that  the  pair  of  numbers  (k,  n ) 
somehow  characterize  the  deviation  of  a  medium  from  the 
isotropic  one,  i.e. ,  it  is  a  kind  of  measure  of  anisotropy  (in 
the  case  of  the  plane  problem  for  an  orthotropic  medium). 
This  question  will  be  taken  up  in  the  next  section. 

We  now  introduce  the  symbols: 

K  =  0.5 n  (1  —  k)  sin  2\f>, 

Z/=0.5«[l  +&-+  (1  —  k)  cos  2if>], 

M  =  0.5  [1  — A2  +  (l  -|-  &2 — m)  cos  2i|)j  sin  2\J), 

TV  =  0.25  (1  +  k2-m)  sin22i|: —  k, 

P  =  0.125  [3  +  m  +  3A2  +  4  (1  -  k2)  cos  2^  + 

-)-  (1  -\~kz  —  m)  cos  4\|)]. 

The  generalized  Hooke’s  law  equations  for  the  principal 
directions  rj,  relating  the  components  of  strain  and  stress 
(averaged  across  the  thickness),  are  written  as 

es  =  TT  0"’  +  <31-4> 

i 

Vgu  —  -q 

and  for  the  directions  x,  y  as 

&x  — ai)Px~\~ ai?Py  aifixyi  1 
ey  =  al2ax  ~\~a22ay  ~h  a26Xxy>  1  (31.5) 

~  a16°x  +  a2S Gy  +  a66^xy-  J 

The  coefficients  ai;-  are  expressed  in  terms  of  the  principal 
(engineering)  elastic  constants  on  the  basis  of  the  general 


}  (31.3) 
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formulas  for  the  transformation  of  elastic  constants  as 
follows: 

«ii  =  ^,  a2Z  =  -~-[P  +  (k2—  1)  cos  2i|>], 
al2=-~  [  — v,4  0.25 (I4-&2 — m)sin22\p], 

««6  =  -^-  [-f1-  4-  (l  +  fe2— m)  sin2  2\jj  J  ,  (31.6) 

ai6  =  -^|— [1  — A:24-(l  +  *2— cos  2iJ)]  sin  2^, 
az6  —  ~^~  fl  —  *2 — (1  4 -&2 — w»)  cos  2i|j]  sin  2i|j. 

By  taking  the  equation  of  the  contour  in  parametric 
form,  i.e. ,  assuming 

x  =  a  cos  ft,  y  —  b  sin  ft  (a  b),  (31.7) 

we  introduce  the  notation  for  functions  depending  on  the 
parameter  ft: 

l 2  =  c2  sin2  ft  +  cos2  ft,  (31.8) 

S  =  Ex  [auc4  sin4  ft  —  2alec3  sin3  ft  cos  ft  4- 

4-  (2«i2  4-  CL»e)  sin2  ft  cos2  ft  — 

—  2 a26c  sin  ft  cos3  ft  4-  a22  cos4  ft].  (31.9) 

The  only  stress  of  interest  to  us  is  that  at  the  edge  of  the 
hole,  o«,  where,  as  a  number  of  solved  problems  show,  it  is 
the  greatest.  The  preceding  section  contains  everything 
necessary  to  derive  a  formula  for  the  stress  o*  at  the  edge  of 
the  hole.  Omitting  the  intermediate  computations,  we  give 
the  final  formula  for  the  stress  at  the  very  edge  of  the  hole 
acting  on  planes  normal  to  this  edge: 

0^  =  [{Nc  sin2  cp  4-  {K  4-  Me)  sin  cp  cos  cp  4- 
4-  (L  4-  Pc)  cos2  <p)  c  sin2  ft  —  {[M N  4-  K  (L  4-  Pc)]  c  sin2  cp  4- 
+  [ M  ( K  4-  Me)  4 -Lc(L-\-  Pc)  —  LN]  sin  cp  cos  cp  + 

4-  (K  4-  Me)  P  cos2  cp} - - - f- 

+  {[£  (K  +  Me)  N  (N  —  Lc)\  sin2  cp  + 
(L+/>c)]sin9coscp4-PA^cos2(p}^^-^| .  (31.10) 
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From  this,  when  <p  and  aj?  are  equal  to  zero  or  n/2,  we 
obtain  expressions  for  the  stresses  for  four  basic  cases  when 
the  hole  is  cut  out  so  that  the  directions  of  the  major  and 
minor  axes  of  the  ellipse  coincide  with  the  principal  axes 
of  elasticity,  and  tension  is  applied  in  the  direction  of  the 
major  or  minor  axis  of  the  ellipse.  In  particular,  for  tension 
in  the  direction  of  the  minor  axis  (<p  =  ix/2)  we  have 

o#  =  k  [  —  c2  sin2  d  +  (k  -j-  cn)  cos2  d]  (i|)  =  0)  (31.11) 
or 

a#  =  ^[-*c2sin20  +  (l+e/i)cos2d]  (ij3  =  ~).  (31.12) 

It  is  natural  to  expect  that  when  c  >•  1  the  maximum  stress 
occurs  at  the  ends  of  the  major  axis  and  is  determined  from 
either  of  the  two  formulas: 

(ad)#=0  =  p(  1+-22-)  0|>  =  0),  (31.13) 

(Oo)a=o  =  p(l+c«)  (♦  =  t)-  (31.14) 

It  should  be  noted,  however,  that  this  statement  may  be 
untrue  for  some  values  of  the  parameters  k  and  n,  and  the 
numerically  greatest  stress  occurs  at  the  ends  of  the  minor 
axis  instead  of  at  the  ends  of  the  major  axis;  it  is  compressive 
end  is  found  from  either  of  the  formulas: 


(®o)#=j</ 2  —  pk,  (31.15) 

(oo)#=n/2=  —  p-y.  (31.16) 

Note  that  the  stress  concentration  around  the  hole  is 
greatly  affected  by  the  shear  modulus  G  entering  into  the 
expression  for  the  parameter  n. 

Below  are  given  some  results  of  calculations  for  a  plate 
with  the  same  elastic  constants  as  for  birch  plywood  (see 
Table  6).  For  brevity  we  shall  refer  to  such  a  plate  simply 
as  a  plywood  plate.  If  the  direction  of  the  x  axis  coincides 
with  that  of  maximum  Young’s  modulus,  the  following 
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values  of  the  complex  and  real  parameters  are  obtained 
for  it: 


p1  =  4.11i,  p2  =  0.343i,  1 

k  =  V  2  =  1.414,  n  =  4.453.  J 


(31.17) 


If,  however,  the  direction  of  the  x  axis  coincides  with  that 
of  minimum  Young’s  modulus,  the  values  obtained  for  the 
same  plywood  plate  are 


p,1  =  0.243i,  p,2  =  2.91£,  1 
k  =  0.707,  n  =  3.149.  J 


(31.18) 


Tables  8  and  9  give  values  of  the  maximum  tensile  stress 
omax  and  values  of  the  maximum  compressive  stress  Omax 
on  the  contour  of  a  hole  in  a  plywood  plate.  The  ratio  of 
the  semiaxes  of  the  ellipse  is  taken  to  be  c  =  2.  We  have 
considered  five  cases  of  the  orientation  of  forces  in  relation 
to  the  major  axis  of  the  ellipse  and  eight  cases  of  the  orienta- 


Maximum  Tensile  Stresses  Omax/p  in  a  Plywood  Plate  Table  8 


<p° 

-& 

O 

II 

O 

30 

45 

60 

90 

120 

135 

150 

180 

0 

3.23 

2.76 

2.67 

2.21 

2.57 

2.21 

2.67 

2.76 

3.23 

30 

3.10 

4.92 

4.64 

4.96 

2.55 

3.80 

4.00 

3.76 

3.10 

45 

3.85 

5.55 

5.84 

6.93 

6.19 

4.28 

4.98 

5.18 

3.85 

60 

5.58 

5.47 

6.52 

8.20 

7.55 

4.24 

5.33 

6.14 

5.58 

90 

7.20 

5.77 

5.52 

7.72 

9.91 

7.72 

5.52 

.5.77 

7.20 

Maximum  Compressive  Stresses  o'maJp  in 

a  Plywood  Plate 

Table  9 

<P° 

o 

II 

o 

30 

45 

60 

90 

120 

135 

150 

180 

0 

ESI 

ra 

1.18 

1.38 

1.41 

1.38 

1.18 

0.94 

m 

30 

EH 

RSI 

0.79 

1.24 

1.24 

1.54 

1.83 

45 

1.41 

0.46 

1.09 

1.16 

1.38 

1.57 

1.82 

m 

60 

0.63 

1.11 

1.13 

1.24 

1.37 

1.53 

1.60 

90 

1.41 

1.29 

1.13 

0.92 

0.92 

1.13 

1.29 

1.41 
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tion  of  the  principal  directions  of  elasticity.  Two  significant 
figures  are  retained  after  the  decimal  point;  calculations 
with  greater  accuracy  would  be  unnecessary  taking  into 
account  the  approximate  nature  of  initial  data  (Table  6) 
and  also  the  fact  that  we  are  mainly  interested  in  the 
qualitative  picture  of  stress  distribution. 

Below  are  given  values  of  the  maximum  tensile  stresses 
in  an  isotropic  plate  (Table  10). 


Maximum  Tensile  Stresses  in  an  Isotropic  Plate  Table  10 


<p° 

0 

30 

45 

60 

90 

°ma  x/P 

2,00 

2.86 

3.54 

4.29 

5.00 

For  an  isotropic  plate,  o^ax  =  p  in  all  cases. 

Figures  47  to  50  show  the  distribution  of  the  stress  Oa 
along  the  contour  of  a  hole  for  four  cases: 

(1)  (P  =  =  0, 

(2)  q>  =  90°,  i|3  =  45°, 

(3)  q>  =  90°,  =  0, 

(4)  cp  =  30°,  =  60°. 

The  values  of  the  stresses  are  laid  off  from  the  contour 
of  the  hole  on  the  prolongations  of  rays  drawn  from  the  centre 
through  given  points  of  the  contour;  the  positive  directions 
are  indicated  by  arrows  directed  from  the  centre  towards  the 
periphery,  the  negative  directions  by  arrows  pointing  to  the 
centre.  In  each  graph  is  given  the  loading  scheme.  For 
comparison,  dashed  lines  show  graphs  for  an  isotropic  plate. 

Figure  51  illustrates  the  variation  of  omaJp  (curve  1) 
and  of  Omax/p  (curve  2)  with  ij)  when  the  plate  is  extended 
along  the  minor  axis  of  the  hole.  Figure  52  gives  the  variation 
°f  CTmax/p  with  the  angle  of  inclination  of  the  forces  to  the 
major  axis  for  i|)  =  0°  (curve  1)  and  for  ij)  =  90°  (curve  2). 

By  analysing  the  results  obtained,  we  may  draw  the  fol¬ 
lowing  conclusions  for  a  plywood  plate,  which  provide  a 
basis  for  assessing  the  stress  distribution  along  the  contour 
of  a  hole  in  a  plate  with  k  >1,  n  >2. 
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As  seen  from  the  graphs  in  Figs.  47  to  50,  the  contour  of 
the  hole  is  broken  down  into  four  symmetrical  portions 
with  tensile  and  compressive  stresses  acting  alternately; 
in  all  cases  the  maximum  tensile  stresses  significantly  exceed 
the  magnitudes  of  the  maximum  compressive  stresses.  The 
maximum  tensile  stress  in  an  anisotropic  plate  is  greater 

Gmi/P 


Fig.  51  Fig.  52 


than  that  in  a  similar  isotropic  plate.  As  Table  8  shows, 
of  all  possible  tensile  stresses  the  greatest  one  occurs  in  the 
case  when  the  hole  is  cut  out  so  that  the  direction  of  its 
minor  axis  coincides  with  a  direction  for  which  Young’s 
modulus  is  maximum  and  tension  is  applied  in  the  direction 
of  the  minor  axis  of  the  hole.  In  this  case  amax  =  9.91  p. 
Of  the  other  cases  considered,  and  presented  in  the  tables, 
the  unfavourable  ones  (as  regards  the  maximum  tensile 
stresses)  are  the  following: 

(1)  if  =  60°,  q>  =  60°,  0max  =  8.20p, 

(2)  =  60°,  <p  =  90°,  0max  =  7.72p, 

(3)  i|>  =  90°,  cp  =  60°,  <rmax  =  7.55p. 

The  most  severely  stressed  regions  are  near  the  ends  of 
the  major  axis  (the  angular  distance  from  the  x  axis  does 
not  exceed  8°). 

For  tension  in  the  direction  of  the  minor  axis  of  an  ellip¬ 
tical  hole,  the  least  value  of  the  maximum  tensile  stress 
in  the  cases  discussed  here  is  amax  =  5.52p,  and  this  value 
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occurs  when  the  axes  of  the  hole  are  inclined  at  an  angle  of 
45°  to  the  principal  directions  of  elasticity. 

As  Table  9  shows,  the  numerically  greatest  compressive 
stresses  are  obtained  for  the  following  angles  i|3  and  <p: 

(1)  1|3  -  135°,  cp  =  30°,  Umax  =  l-80p, 

(2)  1|3  =  150°,  cp  =  30°,  dm  ax  =  1.83p, 

(3)  ij)  =  150°,  cp  =  45°,  c4as  =  1.82p. 

As  seen  from  the  same  table,  the  numerically  least  com¬ 
pressive  stresses  are  dmax  =  O.lip,  and  these  values  are 
obtained  for  ifi  =  0°  and  i|3  =  180°,  cp  =  0°  and  for  tj?  =  90°, 
q>  =  90°. 

The  numerically  greatest  compressive  stresses  in  all  cases 
considered  here  are  much  less  than  the  maximum  tensile 
stresses. 

A.S.  Kosmodamianskii  and  his  pupils  have  studied  a  large 
number  of  cases  of  an  anisotropic  plate  weakened  by  many 
elliptical  and  circular  holes,  and  they  have  also  given 
approximate  solutions  for  holes  of  other  shapes  whose  edges 
are  free  or  stiffened  (see  [20],  where  there  is  also  an  extensive 
list  of  references). 

32.  Some  Cases  of  Stress  Distribution 

in  an  Orthotropic  Plate  with  a  Circular  Hole 

Below  are  given  the  solutions  to  several  special  cases 
of  the  plane  problem  of  a  homogeneous  orthotropic  body  for 
an  infinite  plane  with  a  circular  cutout,  which  is  of  practical 
interest.  For  definiteness,  we  shall  consider  a  plate,  i.e., 
generalized  plane  stress,  and  the  results  of  calculations  are 
given  for  a  plate  (though  all  formulas  remain  true,  with 
suitable  modifications,  for  plane  strain).  Everything  neces¬ 
sary  for  the  solution  of  the  problems  considered  is  found 
in  Sec.  30.  One  of  the  planes  of  elastic  symmetry  is  parallel 
to  the  middle  plane  xy,  the  x  and  y  axes  are  normal  to  the 
other  two.  We  use  the  notation  of  the  preceding  section. 

Altogether  we  have  considered  six  different  cases  of  the 
elastic  equilibrium  of  an  infinite  plate  with  a  circular  hole; 
they  are  all  presented  in  the  author’s  books  [26]  and  [27]. 
r  or  each  case  formulas  are  given  for  the  stresses  He  on  radial 
12* 
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planes  at  any  point  and  at  the  most  important  points  on 
the  contour  of  a  hole.  For  four  cases  we  give  tables  of  numer¬ 
ical  values  of  the  maximum  and  minimum  stress  factors 
for  eight  materials,  viz.  four  kinds  of  plywood  and  four 
kinds  or  grades  of  glass-fibre  reinforced  plastics  whose 
elastic  constants  are  given  in  Sec.  9,  and  also  graphs  of 
stress  distribution  along  the  contour  of  a  hole  in  a  plate  of 
birch  plywood  and,  for  comparison,  graphs  for  an  isotropic 
plate,  which  acts  in  the  same  conditions.  Segments  repre¬ 
senting  the  magnitudes  of  the  stresses  Oe  are  laid  off  on  the 
radii  produced;  the  positive  stresses  are  represented  by 
arrows  directed  from  the  centre  towards  the  periphery,  the 
negative  stresses  by  arrows  pointing  to  the  centre.*  The 
loading  schemes  are  shown  in  the  upper  right  corner.  In  the 
other  two  cases  we  give  only  some  results  for  a  plate  of  birch 
plywood. 

All  formulas  for  the  stresses  contain  the  factor  Ee/E u 
where  Eq  is  Young’s  modulus  for  directions  tangential  to  the 
contour  of  a  hole.  These  functions  are  determined  by  the 
formulas 

T?T=  sin4  0-)-(n2  — 2fc)  sin2  0  cos*  0+fc2  cos4  0  •  (32-2) 

Table  11  gives  values  of  the  real  parameters  k  and  n  for 
eight  anisotropic  materials  indicated  in  Sec.  9  with  three 
significant  figures.  Two  cases  are  considered  for  each  material: 

(1)  the  direction  of  the  x  axis  coincides  with  a  direction  for 
which  Young’s  modulus  is  maximum  {Ex  —  i?max)  an<i 

(2)  the  x  direction  corresponds  to  a  direction  for  which 
Young’s  modulus  is  minimum  (E1  =  i^in).  If  the  parameters 
for  the  first  case  are  denoted  by  k  and  n,  and  for  the  second 
by  k'  and  n',  it  is  easy  to  show  that  ' 

k’  =  - j-,  n'=±  =  nk’.  (32.3) 

*  This  method  of  plotting  the  graphs  makes  them  particularly 
vivid;  if  segments  representing  the  negative  09  are  laid  oS  inward 
from  the  circle,  the  vividity  may  be  lost. 
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Rea!  Parameters  for  Selected  Anisotropic  Materials  Table  11 


Plywood 

Glass-fibre  reinforced 
plastics 

.C 

O 

u 

m 
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© 

Filament- 
wound  uni¬ 
directional 
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m 

H 

U 

O 

i? 

SB 

E-B 

“c 

•<  KJ 

(1)  Ei  —  2?max 
k 

n 

1.414 

4.453 

pi 

1.217 

3.636 

1.119 

3.943 

l 

1.107 

2.566 

1 

(2)  Ei  =  £min 

k' 

n' 

nffTfi 

0.879 

3.330 

0.822 

2.988 

0.894 

3.524 

0.853 

2.629 

0.903 

2.318 

0.856 

2.484 

For  an  isotropic  medium,  as  has  already  been  noted, 
k  —  1  and  n  =  2. 

As  Table  11  shows,  the  difference  between  the  anisotropic 
and  isotropic  materials  is  most  significant  for  birch  plywood 
and  filament-wound  unidirectional  glass-fibre  reinforced 
plastic  (particularly  when  Ex  =  £max).  The  glass-fibre 
reinforced  plastics  CT9T  and  ACTT(6)-C2-0  and  IIH-3  differ 
comparatively  little  from  the  isotropic  material  in  the 
values  of  the  real  parameters. 

We  now  turn  to  the  discussion  of  special  cases. 

(1)  Normal  pressure  distributed  uniformly  along  the  edge 
of  a  hole  (Fig.  53). 

Denoting  the  pressure  per  unit  area  by  q,  we  write  an 
expression  for  the  stress  ere  on  radial  planes  near  the  contour 
as  a  product,  namely 


ere  =  qf  (0). 


(32.4) 
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Here  /  (0)  is  a  non-dimensional  function  of  the  angle  0 
measured  from  the  x  axis  and  of  the  real  parameters  k  and  re: 

f  (9)  =  -^r-{n—k  +  n(k  —  i)  cos20-f 

+  [  (&  + 1  )2  —  re2]  sin2  0  cos2  0}  (32.5) 

The  direction  of  the  x  axis  corresponds  to  a  direction  for 
which  Young’s  modulus  is  maximum  ( E1  =  Emax). 

In  an  isotropic  plate  /  =  1,  tie  =  q. 


At  the  points  of  intersection  of  the  contour  of  the  hole 
and  the  principal  axes  of  elasticity  A,  Ax  and  B,  Bi  we  have 

<*e  =  qfA,  o r9  =  qf  B,  (32.6) 

where 

/a  =  ^,  fB  =  n-k;  (32.7) 

fA  and  fB  characterize  stress  concentration,  and  they  may 
be  termed  the  concentration  factors.  The  values  of  fA,  f  B, 
the  minimum  stress  factor  /mln  and  the  angle  0mln  in  the 
first  quadrant,  which  determines  the  point  where  the  stress 
is  minimum  (to  within  1°),  are  given  in  Table  12. 
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Stress  Concentration  Factors  and  Minimum  Stress  Factors  for  Table  12 
Anisotropic  Materials  under  Uniformly  Distributed  Pressure 


Plywood 

Glass-fibre  reinforced 
plastics 

Birch 
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e 

o 

e 

Filament- 
wound  uni¬ 
directional 

Orthogonally 

reinforced 

H 

ro 

Eh 

a 

O 

1 

X*? 

SM 

31 

/a 

2.44 

2.45 

2.17 

2.63 

1.32 

1.78 

1.41 

1.63 

/a 

3.04 

2.65 

2.42 

2.82 

1.65 

1.91 

1.46 

1.74 

/min 

0.08 

0.13 

0.22 

0.08 

—0.11 

0.41 

0.64 

0.49 

0min 

49° 

46° 

47° 

46° 

53° 

46° 

46° 

47° 

The  table  shows  that  the  plywood  of  all  four  grades 
behaves  as  a  material  with  very  pronounced  anisotropy  since 
the  maximum  stresses  and  particularly  the  minimum  stresses 
differ  greatly  from  the  stress  in  the  isotropic  plate  equal  to  q. 
For  the  glass-fibre  reinforced  plastics  this  difference  is 
considerably  less,  but  it  might  be  well  to  point  out  the 
feature  of  the  filament-wound  unidirectional  fibre-glass 
reinforced  plastic  for  which  the  qualitative  picture  of  stress 
distribution  is  different  from  that  for  the  other  seven  mate 
rials,  a  feature  that  near  the  bisectors  of  the  angles  between 
the  axes  there  are  portions  on  the  contour  where  the  stress  ore 
is  not  tensile  but  compressive. 

On  deforming  under  the  uniformly  distributed  forces  q, 
the  edge  of  the  hole  becomes  elliptical;  the  magnitudes  of 
the  principal  semiaxes  of  the  ellipse  are 

’Ol.  1  (32g) 

b' =a\  i — kn  —  v,)j.  J 

Figure  53  shows  the  stress  distribution  along  the  edge  of 
&  hole  in  a  plate  of  birch  plywood  (solid  line)  and  in  an 
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isotropic  plate  (dashed  line).  The  graphs  in  Fig.  53  show, 
in  a  particularly  vivid  way,  how  the  anisotropy  affects  the 
stress  distribution. 

(2)  Tangential  forces  distributed  uniformly  along  the  edge 
of  a  hole.  Let  forces  t  equivalent  to  a  counterclockwise  moment 
be  distributed  uniformly  along  the  entire  contour.  The 
stress  ffe  near  the  edge  of  the  hole  is 

ore  =  tf  (0),  (32.9) 


where 

/(0)  =  -§r{(*-1)  (*-n+l)  + 

+  [(ft  +  1)2  —  re2]  cos  20}  sin  20.  (32.10) 


In  an  isotropic  plate  /  =  qe  =  0;  on  radial  planes  near 
the  edge  of  the  hole  there  are  only  shearing  stresses  xTe  =  t. 
In  the  orthotropic  plate,  however,  the  stress  cre  is  distributed 
along  the  edge  according  to  a  rather  complex  law,  namely 
the  entire  contour  of  the  hole  is  broken  down  into  eight 
portions  where  tensile  and  compressive  stresses  act  alter¬ 
nately;  at  the  boundary  points  of  the  portions  ore  =  0. 
The  maximum  stress  ormax  may  exceed  the  magnitude  of 
the  tangential  forces  producing  it.  In  particular,  for  a  plate 
of  birch  plywood  the  maximum  normal  stress  is  approxim¬ 
ately  equal  to  1.5£.* 

(3)  Extension  at  an  angle  to  a  principal  direction.  Let  a 
plate  with  a  circular  hole  be  extended  by  forces  p  (per  unit 
area)  applied  at  a  large  distance  from  the  hole,  uniformly 
distributed,  and  acting  at  an  angle  cp  to  a  principal  direction 
As  usual,  the  plate  is  considered  as  infinite  and  the  forces 
are  taken  to  be  at  infinity  (Fig.  54). 

In  this  case  the  stress  near  the  contour  of  the  hole  is 

ore  =  Pf  (0),  (32.11) 


*  This  case  is  discussed  in  greater  detail  in  [26]  and  [27],  where 
there  are  graphs  of  stress  distribution  in  a  plywood  plate. 
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f  (0)  =  -£§-  {  —  [cos2  cp  -f  (k  -f  n)  sin2  cp]  k  cos2  0  + 

-f  [(1  +  n)  cos2  <p  —  A:  sin2  cp]  sin2  0  — 

—  n  (1  -j-  k  -f-  n)  sin  cp  cos  cp  sin  0  cos  0}.  (32.12) 

In  an  isotropic  plate  acting  in  the  same  conditions 

<Te  =  P  [1  —  2  cos  2  (0  —  cp)].  (32.13) 

The  maximum  stress  in  the  isotropic  plate  is  equal  to  3 p 
and  occurs  at  the  ends  of  a  diameter  perpendicular  to  the 


tensile  forces.  In  the  orthotropic  plate  the  distribution  of 
the  stress  <7e  along  the  contour  of  the  hole  is  not  symmetrical 
about  the  line  of  action  of  the  forces;  it  is  only  symmetrical 
about  the  centre  of  the  hole. 
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Figure  54  shows  the  distribution  of  the  stress  ore  in  a 
plate  of  birch  plywood  extended  at  an  angle  of  45°  to  one 
of  the  principal  directions  of  elasticity,  x.  The  maximum 
stress  in  the  plywood  plate  acting  in  these  conditions  differs 
very  little  from  that  in  the  isotropic  plate;  it  is  equal  to 

ormax  =  3.3 p.  The  points 
where  oe  =  0  are  deter¬ 
mined  by  the  angles  0  = 


at  the  ends  of  a  diameter 
we  have 


— 13°,  82°,  193°,  and  262°. 

(4)  Extension  in  a  prin¬ 
cipal  direction.  Let  the 
forces  p  be  directed  paral¬ 
lel  to  the  principal  direc¬ 
tion  of  elasticity  x,  i.e. , 
<p  =  01  (Fig.  55).  The  stress 
ore  at  the  edge  of  the  hole 
is  then  determined  by  for¬ 
mula  (32.11),  where 

/(0)  =  -|^[~fccos20  + 

+  (l  +  n)sin*0].  (32.14) 

The  stress  distribution  is 
symmetrical  about  the  prin¬ 
cipal  directions  of  elasti¬ 
city.  At  the  points  A  and 
Ai  at  the  ends  of  a  diame¬ 
ter  parallel  to  the  forces 
and  at  the  points  B  and  Bi 
perpendicular  to  the  forces, 


/a— — y  ’  /b  —  1  "f  n-  (32.15) 

One  of  these  values  is  a  maximum  for  the  whole  plate, 
the  other  is  a  minimum;  the  maximum  stress  in  a  plate 
with  very  pronounced  anisotropy  may  be  not  fB  but  |  fA  |. 
The  non-dimensional  quantities  fB  and  |  fA  j  are  termed 
the  (tensile  and  compressive)  stress  concentration  factors. 
Table  13  gives  values  of  |  fA  |  and  fB  for  eight  orthotropic 
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Stress  Concentration  Factors  for  Selected  Anisotropic  Table  13 

Materials  under  Tension  in  Principal  Direction 


Plywood 

Glass-fibre  reinforced 
plastics 

€ 

ti 

s 

l 

o 

w 

a 

e 

W 

© 

o 

© 

Filament- 
wound  uni¬ 
directional 

Orthogonally 

reinforced 

u 

o 

A 

A” 

sw 

BB 

«!§ 

(1)  Ei  —  Emax 
I/aI 
/b 

0.707 

5.453 

0.879 

4.788 

0.822 

4.636 

0.894 

4.943 

0.496 

4.672 

0.853 

4.081 

0.903 

3.566 

0.855 

3.904 

(2)  Ei  =  £min 

I/aI 

/b 

1.414 

4.149 

1.138 

4.330 

1.217 

3.989 

1.119 

4.524 

1.172 

3.629 

| 

1.169 

3.484 

plates  considered  above  under  tension  in  the  directions  of 
maximum  and  minimum  Young’s  moduli. 

As  seen  from  the  table,  the  tensile  stress  concentration 
factor  for  all  eight  materials  is  greater  if  the  plate  is  extended 
in  the  direction  of  maximum  Young’s  modulus,  and  in  all 
cases  /B  >  |  /a  I  •  The  tensile  stress  concentration  factors 
for  the  four  glass-fibre  reinforced  plastics  considered  are 
less  than  those  for  the  four  kinds  of  plywood. 

Figure  55  gives  graphs  of  the  distribution  of  (Te  along 
the  edge  of  a  hole  in  a  plate  made  of  birch  plywood,  which 
is  extended  by  forces  in  the  direction  of  maximum  Young’s 
modulus  (in  the  direction  of  the  fibres  of  the  jacket).  The 
stress  diagram  for  tension  in  the  direction  of  minimum 
Young’s  modulus  is  very  little  different  in  nature  from 
that  represented  in  Fig.  55.  It  is  obvious  that  if  a  plate 
with  a  circular  hole  is  to  be  extended  in  a  principal  direc¬ 
tion,  it  is  more  advantageous  to  do  this  so  that  the  directions 
of  forces  are  parallel  to  a  direction  for  which  Young’s 
modulus  is  a  minimum.  Note  that  in  the  case  of  extension 
at  an  angle  of  45°  to  a  principal  direction  the  maximum 
tensile  stresses  are  even  smaller  (3.3 p).  This  gives  rise  to 
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a  number  of  problems  of  establishing  an  optimum  direction 
of  forces  for  which  the  resulting  stress  concentration  is 
minimum  of  all  possible  ones  for  a  given  plate;  these  ques¬ 
tions  will  not  be  discussed  here. 

(5)  Shear  by  forces  arbitrarily  oriented  in  relation  to  the 
principal  directions  of  elasticity.  Let  there  be  a  rectangular 
plate  with  a  small  circular  hole  at  the  centre  in  which  one 
of  the  principal  directions  of  elasticity  makes  angles  cp  and 
n/2  —  <p  with  the  sides.  At  the  edges  there  are  uniformly 
distributed,  balanced  tangential  forces  of  intensity  t  acting, 
consequently,  at  the  angles  <p  and  ji/2  —  cp  to  the  principal 
directions;  the  contour  of  the  hole  is  not  loaded  or  fixed. 

The  plate  is  considered  as  infinite  and  the  forces  are 
taken  to  be  at  infinity.  In  this  case  near  the  contour 

<re  =  ff(0),  (32.16) 

where 

f  (0)  =  (1  4-  &  4-  n)  {  —  n  cos  2<p  sin  20  -f 

-f-  f(&+  1)  cos  20 -(-/c  —  l|sin2(p}.  (32.17) 
For  an  isotropic  plate 

/  (0)  =  4  sin  2  (0  -  <p).  (32.18) 

In  particular,  if  the  forces  act  at  angles  of  45°  and  135° 
to  the  principal  directions,  formula  (32.17)  becomes 

/(0)  =  -^-(1  +  A:  +  n)l(A:4-l)cos2e  +  A:-1].  (32.19) 

In  this  case  the  maximum  stress  in  the  orthotropic  plate 
must  occur  at  the  points  of  intersection  of  the  principal 
directions  and  the  circle,  viz.  A,  and  B,  Bu  for  which 

/a  =  1±^+-”  ,  /B=-(l  +k  +  n).  (32.20) 

Table  14  gives  values  of  the  stress  concentration  factors  fA, 
|  fB  |  for  eight  orthotropic  materials.  The  x  axis  coincides 
with  a  direction  for  which  Young’s  modulus  is  maximum. 
The  table  also  gives  an  angle  0O  in  the  first  quadrant  that 
determines  a  point  where  —  0, 
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Stress  Concentration  Factors  for  Shear  at  45°  Table  14 


Plywood 

Glass-fibre  reinforced 
plastics 

si 

o 

it 

3 

I 

o 

w 

u 

e 

W 

© 

g 

Pll  ament- 
wound  uni¬ 
directional 

Orthogonally 

reinforced 

E-i 

m 

Eh 

u 

1 

/a 

4.856 

5.209 

2.811 

5.418 

3.315 

4.488 

4.221 

4.339 

1  }b  1 

6.867 

5.926 

5.853 

6.062 

6.690 

5.253 

4.673 

5.073 

% 

50° 

47° 

47° 

46° 

55° 

47° 

46° 

47° 

Here,  too,  the  highest  stress  concentration  occurs  in  a 
plate  of  birch  plywood;  the  graph  of  stress  distribution  in 
this  plate  is  shown  in  Fig.  56. 

(6)  Shear  by  forces  parallel  to  the  principal  directions. 
Suppose  a  rectangular  plate  with  a  hole  is  cut  out  from  an 
orthotropic  sheet  so  that  its  sides  are  parallel  to  the  principal 
directions  of  elasticity,  and  tangential  forces  of  intensity  t 
are  uniformly  distributed  along  these  sides.  Assuming  the 
plate  to  be  infinite,  and  taking  the  forces  at  infinity,  we 
obtain,  putting  <p  =  0  in  (32.17), 

/(0)=--^-n(1  +  /c  +  ra)sin20.  (32.21) 

It  is  obvious  that  the  stress  takes  the  zero  value  at  four 
points  of  the  circle  and  attains  the  numerically  greatest 
value  at  some  symmetrical  points  of  the  four  quadrants, 
namely 

^max  =  ^/max-  (32.22) 

The  concentration  factor  /max  for  an  isotropic  plate  is  4, 
and  for  eight  orthotropic  materials  it  is  found  from  Table  15, 
which  also  gives  angles  a  in  the  first  quadrant  to  which 
correspond  the  numerically  greatest  stresses  (to  within  1°). 
The  x  axis  is  parallel  to  the  direction  of  maximum  E. 

In  contrast  to  the  case  (5),  here  the  concentration  factors 
differ  very  little  from  that  for  the  isotropic  plate  (/max  =  4). 
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The  greatest  of  the  eight  factors  is  /max  for  filament-wound 
unidirectional  glass-fibre  reinforced  plastic,  followed  by  that 
for  birch  plywood.  The  fact  worthy  of  notice  is  that  the 
factor  /max  for  seven  of  the  eight  materials  is  less  than  the 
concentration  factor  for  the  isotropic  plate.  Hence,  the 


obvious  conclusion:  the  plate  must  be  cut  out  so  that  the 
tangential  forces  will  be  parallel  to  the  principal  directions 
of  elasticity. 

Figure  57  shows  a  graph  of  stress  distribution  in  a  plate 
of  birch  plywood. 

The  foregoing  formulas  for  the  stress  tie  near  the  edge 
of  a  hole  show  that  this  stress  is  determined  by  various 
combinations  of  two  independent  parameters,  k  and  re. 
The  first  parameter  is  expressed  in  terms  of  the  ratio  of 
principal  Young’s  moduli,  and  the  second  depends  on  the 
shear  modulus  as  well  and  plays  an  important  part  in  the 
determination  of  stress  concentration.  For  a  given  plate, 
it  may  turn  out  that  principal  Young’s  moduli  are  equal 
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Stress  Concentration  Factors  (or  Shear  by  Forces  Table  IS 

Parallel  to  Principal  Directions 


Plywood 

r 

Glass-fibre  reinforced 
plastics 

Birch 

BC-l 

u 

e 

w 

© 

a 

© 

Filament- 
wound  uni¬ 
directional 

Orthogonally 

reinforced 

CT9T 

O 

1 

N 

A  ' 

<!  M 

/  max 
a 

3.94 

75° 

3.53 

71° 

3.58 

69° 

3.55 

72° 

4.36 

69° 

3.53 

61° 

3.66 

50° 

1 

1 

(Ei  —  E 2),  and  nevertheless,  because  of  the  shear  modulus, 
the  parameter  n  differs  considerably  from  2,  which  gives 
rise  to  very  high  stress  concentration  in  each  of  the  cases 
considered.  Consequently,  the  anisotropy  of  a  homogeneous 
anisotropic  body  acting  in  plane  problem  conditions  is 
characterized,  not  by  a  single,  but  by  two  parameters  or 
indices  of  anisotropy.*  True,  the  pair  of  numbers  ( k ,  n) 
do  not  permit  a  quantitative  estimate  of  the  degree  of 
anisotropy  since  it  may  happen  that  the  stresses  in  an 
anisotropic  body  are  numerically  exactly  the  same  as  in 
an  isotropic  body  despite  the  fact  that  k  and  n  are  very 
different  from  1  and  2  (for  example,  in  the  cases  of  a  plate 
without  a  hole  under  tension,  shear  or  pure  bending).  Hence, 
it  is  desirable  to  choose  the  anisotropy  indices  so  that  they 
will  give  an  estimate  of  the  degree  or  intensity  of  anisotropy 
of  different  bodies.  Here  there  are  several  possible  ways  of 
choosing  the  parameters  or  indices  of  anisotropy. 

Referring  only  to  the  plane  problem  for  a  homogeneous 
rectilinearly  anisotropic  body,  we  may  proceed  from  the 
simplest  case  of  the  elastic  equilibrium  of  an  infinite  plate 
with  a  hole,  namely  uniaxial  tension.  The  first  anisotropy 
index,  alf  is  taken  to  be  the  ratio  of  the  maximum  possible 
normal  stress  for  a  plate  with  a  circular  hole  to  the  maximum 
stress  in  an  isotropic  plate  acting  in  the  same  conditions. 
The  second  index,  a2,  is  taken  to  be  the  ratio  of  the  minimum 


*  An  exception  is  for  rocks  investigated  in  [50]. 
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stress  in  the  anisotropic  plate  in  question  to  the  minimum 
stress  in  the  isotropic  plate. 

If  an  anisotropic  plate  with  a  circular  hole  is  extended 
at  an  angle  cp  to  a  fixed  axis  x,  the  stress  on  the  contour 
of  the  hole  is  given  by  the  formula 

Or  =  Pf  (9;  cp).  (32.23) 

If  the  angle  <p  is  varied,  both  the  maximum  and  minimum 
stresses  change  (see  Figs.  54  and  55),  and  at  certain  values 


Fig.  57 

of  cp  they  reach  the  greatest  and  least  of  all  possible  values 
for  a  given  plate.  The  anisotropy  indices  are  determined  by 
the  formulas 

=  <*2=  | /|  mm-  (32.24) 

In  particular,  for  an  orthotropic  plate 
1 4-n  T 

g  f  ^2  — 


(32.25) 
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these  maximum  and  minimum  values  are  reached  when  the 
plate  is  extended  in  the  x  direction,  for  which  Young’s 
modulus  is  maximum. 

For  birch  plywood  we  obtain 

a±  -  2.151,  a%  =  0.707. 

For  ACTT(6)-C2-0  and  IIH-3  glass-fibre  reinforced  plastic 
ax  =  1.635,  at  =  0.855. 

For  an  isotropic  body  at  =  a2  —  1.  Birch  plywood  and 
the  above  glass-fibre  reinforced  plastic  must  be  considered 
as  materials  with  sufficiently  well  developed  anisotropy. 

The  expression  for  the  factor  /  (0;  (p)  for  a  non-ortho  tropic 
plate  extended  at  an  angle  (p  to  the  x  axis  can  be  obtained 
from  the  data  of  Sec.  30,  and  we  shall  not  give  it  here. 

Note  that  in  other  cases  of  elastic  equilibrium  (torsion, 
bending,  deformation  of  bodies  of  revolution,  etc.)  the 
anisotropy  indices  must  be  chosen  in  a  different  way,  but 
this  question  will  not  be  discussed  here. 


33.  Determination  of  Stresses  in  a  Homogeneous 
Plate  with  an  Elliptical  or  a  Circular  Core 

Let  there  be  an  anisotropic  plate  of  arbitrary  shape  with 
an  elliptical  hole,  small  compared  with  the  plate  dimensions 
and  situated  far  from  the  edge,  with  a  core  of  different 
material  and  of  the  same  thickness  soldered  into  it  without 
positive  or  negative  allowance.  There  are,  in  general, 
arbitrary  forces  distributed  along  the  edge  of  the  plate  and 
acting  in  its  plane;  no  external  forces,  apart  from  the  contact 
forces  exerted  by  the  plate,  are  applied  to  the  core.  Body 
forces  are  absent. 

As  before,  the  region  of  the  plate  is  considered  as  an 
infinite  plane  with  an  elliptical  cutout  and  the  external 
forces  are  taken  to  be  applied  at  infinity. 

Let  the  centre  of  the  ellipse  be  chosen  as  the  origin  of 
co-ordinates,  with  the  x  and  y  axes  directed  along  its  prin¬ 
cipal  axes  (Fig.  58).  The  equation  of  the  ellipse  is  assigned 
in  parametric  form: 

x  —  a  cos  fi,  y  =  b  sin  fi.  (33,  f ) 

13-0800 


194 


RECTILINEARLY  ANISOTROPIC  BODY 


[CH.  4 


All  quantities  for  the  core,  such  as  stresses,  displacements, 
strains,  strain  coefficients,  will  be  primed  to  distinguish 

them  from  the  same  quan¬ 
tities  for  the  plate.  t 
If  the  plate  is  not  or- 
thotropic,  but  has,  at 
each  point,  a  [plane  of 
elastic  symmetry  [paral¬ 
lel  to  [the  middle  plane, 
the  generalized  Hooke’s 
law  equations  for  it  relat¬ 
ing  the  average  values  of 
the  strain  and  stress  com¬ 
ponents  across  the  thick¬ 
ness  are  written  as  (bars 
above  ox ,  ay,  xxy,  u,  v 
denoting  averaging  are  omitted) 

e*  =  allaac+  ^12°^  +  a16Txy>  'j 

Ey  =  ai2<3xJTaZ2av  -\~a26*xy,  r  (33.2) 

Tx;/  =  "t-  ^zcPy  "l-  ®66^xjr  J 

The  equations  for  the  core  (which  also  has  a  plane  of 
elastic  symmetry  parallel  to  the  middle  plane)  are  of  the 
form 

d12Oy  ai  fXxy,  1 

Ey  =  -f-  o,22oy  -j-  n2(ixxy,  >  (33.3) 

Yscy  =  ni6Or3c  +  a26°ri/ +  .  J 

Assuming,  as  in  all  preceding  cases,  the  strains  to  be 
small,  we  solve  the  problem  approximately  by  superimposing 
the  stresses  in  a  plate  of  finite  dimensions  without  a  core 
and  the  stresses  in  an  infinite  plate  with  an  elliptical  hole 
loaded  by  external  forces  along  its  edge;  these  forces  are 
chosen  so  as  to  fulfil  the  required  conditions  on  the  surface 
df  contact  between  the  core  and  the  plate. 

Let  F°,  a*,  dy,  %%v,  u°,  v°  denote,  respectively,  the  stress 
function,  the  components  of  stress,  and  the  projections  of 
displacement  in  a  plate  without  a  core,  and  let  dh  (zx), 
(z2)  denote  the  functions  of  the  complicated  complex 
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variables  in  a  plate  with  a  hole.  The  formulas  for  the  stresses 
and  displacements  in  a  plate  with  a  core  may  then  be  re¬ 
presented  as 


°x = °£+ 2Re  [^(d;  (zj)  +  p,|a>2  (z2)], 

ay  =  aO  +  2Re[(D'1  +  (D2], 

=  xly  —  2Re 

u  =  u°  +  2Re  f PjO),  (Zj)  +  p2<D2  (z2) ]  —  coy  +  u0 , 
V  —  v°  +  2Re  +  g2<P2]  +  coa:  -f  v0. 

Here 

Pk  —  anPk  +  al2  —  a16Pft) 

.  flo2 

<7fc==aI2H'fc+  — - a26i 

(Zc  =  1,  2), 


(33.4) 

(33.5) 


(33.6) 


(0,  u0,  v0  are  constants  characterizing  rigid-body  displace¬ 
ments  in  the  xy  plane,  p*  (complex  parameters)  are  the 
roots  of  the  equation 


anP4  —  2a16p3  -f-  (2a12  -f-  a66)  p2  —  2a26p  -T  a22  =  0,  (33.7) 


which  are  assumed  to  be  distinct. 

The  stresses  in  an  elastic  core  are  determined  in  terms 
of  the  function  F'  or  in  terms  of  two  functions  of  the  variables 


z'i  =  x  -f  p'p,  z'  =  x  +  p'y,  where  p',  p2  are  the  complex 
parameters  of  the  core  material. 
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The  conditions  at  a  point  on  the  contact  surface  are 
written  as  (Fig.  59) 


xn=-x'n 

u  —  u'. 


(33.8) 


On  transforming  the  first  two  conditions  by  contour 
integration,  we  obtain  equations  to  determine  the  functions 
(D,  and  d>2: 


2Re  [CD,  (z,)  +  (D2  (z2)I  =  9{F'dx  F0)-+cu 

2Re  [p,®,  +  |i2(D2]  =  9('F~F°)  +c2, 

2Re  [p,(D,  +  p20>2]  =  u’  —  u0  -f  ©y  —  u°, 
2Re  [g,(D,  -f-  q2<- D2]  =  v’  —  v0  —  ax  —  v°. 


(33.9) 


The  procedure  of  solution  is  the  same  as  in  the  case  of 
an  infinite  plate  with  a  hole  whose  edge  is  loaded  by  given 
forces.  In  the  general  case  of  loading  the  form  of  the  complex 
potentials  <Dt,  d>2  is  known,  namely 


*Di  (zi)  —  -Aq  +  In  -f-  2  -^nJ=  I™) 

m=i 

<b2(z2)  =  B0  +  Bllnt2+  § 

m— 1 

where 


(33.10) 


In 


zn+Y  zj— a2— Pjft2 

a — 


(k  =  1,  2). 


(33.11) 


The  simplest  cases  are  the  ones  where  the  (normal  and 
tangential)  loads  are  uniformly  distributed  along  the  outer 
edge.  Consider  them.  With  the  adopted  ^simplifying  assump¬ 
tions  we  have 

a0x  =  P .  °y=^  X°xy  =  t'  (33-12) 

(known  constants); 

F°  =  -~  qx2 — txy  +  y  py2 


(33.13) 
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An  investigation  shows  that  we  can  satisfy  conditions  (33.8) 
only  when  the  stress  distribution  in  the  core  is  also  uniform: 

or i  =  A,  —B,  x'xy  =  C  (33.14) 

(unknown  constants); 

F'=±-Bx*-Cxy  +  \Ay*.  (33.15) 

The  additional  stresses  in  the  plate  expressing  the  effect 
of  the  core  are  determined  with  the  help  of  the  functions 


01  (Zl> =  ~2  ([t/-  -  p2)  f  (A~  P) bi  W  + 

+  (C—t)  (i\i2b—a)]~, 

fel 

®2  (22)  =  —  —  bi-(B-q) 

+  (C—t)  {i^b-a)]—. 


(33.16) 


Three  unknowns,  A,  B,  C  (stresses  in  the  core),  and  the 
fourth  unknown  (difference  of  rotations)  to'  —  co  are  found 
from  the  four  equations  (33.9).  These  equations  will  not  be 
written  out,  nor  will  the  resulting  expressions  for  (Dx,  <D2, 
which  are  rather  unwieldy. 

-  These  equations  in  expanded  form  are  available  in  the 
author’s  paper  [82]  and  book  [27],  and  we  shall  not  write 
them  out  for  the  case  of  a  non-orthotropic  body,  but  refer 
the  interested  readers  to  the  cited  works.  In  the  case  when 
the  plate  and  core  are  orthotropic  j(a16  =  a26  =  a'6  = 
=  a'6  =  0),  the  system  of  four  equations  (33.9)  falls  into 
two  elementary  systems  given  below: 


A(n-\-ailc)  —  Bc{k-srai2  —  a\2)  —  p  (rc-f  c)  —  qck, 
Mi+k(y'l2—yU)]+B(nc—y2zk)  =  p  +  q{nc  +  k), 

c(n  +  k  -f«12)  —  — n~-~  =  t(nc  +  k  +  «i2), 

“11 

C  [c  +  n  kc  (yl2  +  766)1  +  ~ —  (co7  —  co)  = 

“S2 

=  t  [c  +  n  -f  kc  (yi2  +  Ves)]- 
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Here  we  have  used  the  notation: 

ajl 

an  '  (33.18) 

k  and  n  are  the  real  parameters  of  the  plate  (see  Secs.  31 
and  32).  The  solution  of  the  problem  is  somewhat  more 
complicated  in  cases  where  the  core  is  soldered  or  fitted  into 
a  hole  with  negative  allowance.  The  problem  becomes 
considerably  more  complicated  if  the  core  is  inserted  into 
a  hole  and  contact  over  some  portions  of  the  contour  is  not 
maintained. 


34.  Extension  of  an  Orthotropic  Plate 
with  a  Circular  Core 


As  an  example,  consider  a  rectangular  orthotropic .  plate 
with  a  circular  hole  in  which  is  soldered  or  bonded  without 
negative  allowance  a  circular  core  of  the  same  diameter 
made  of  a  different  orthotropic  material,  elastic  or  absolutely 
rigid  (non-deformable) .  It  is  assumed  that  the  principal 
directions  of  the  plate  and  the  elastic  core  are  parallel  to 
the  sides  oLthe^plate.  Two  opposite  sides  are  acted  on  by 

uniformly  distributed  nor¬ 


mal  forces  reducing  on 
either  of  the  loaded  sides 
to  a  tensile  force  (Fig.  60). 

The  only  cases  of  inter¬ 
est  to  us  are  the  ones 
where  the  elastic  moduli 
of  the  core  are  different 
from  those  of  the  plate. 
Such  cases  are  practically 
infinite  in  number  and 


Fig.  60  there  js  no  possibility  of 


studying  them  all. 

We  restrict  our  investigation  to  a  special  case  when  the 
strain  coefficients  of  the  core  are  twice  as  large  as  the  like 
coefficients  of  the  plate  (a\j  —  2a  tj),  and  compare  the  results 
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obtained  with  those  for  an  absolutely  rigid  core  (a\j  =  0, 
a..  0)  and  for  a  plate  with  a  hole  not  filled  with  anything 

(a'j  =  oo,  atj  are  finite).  As  in  the  problems  previously 
solved,  the  elastic  constants  of  the  plate  are  assumed  to  be 
equal  to  those  of  birch  plywood,  and  the  region  of  the  plate 
is  considered  as  an  infinite  plane  with  a  cutout,  taking  tensile 
forces  at  infinity.  The  solution  of  the  problem  may  be  found 
in  [831  and  [27]  (p.  179). 

In  the  case  of  uniform  tension  in  the  principal  directions 
the  stresses  in  the  core  are 


o’x=*A,  &V=B,  t  =  a  (34.1) 

On  determining  the  constants  A  and  B  from  Eqs.  (33.17) 
(C  =  to'  —  ©  =  0),  we  obtain,  after  elementary  manipu¬ 
lation,  formulas  for  the  stresses  in  the  core: 

i 

°t  =  T  t"2  +  "  (J  +  2fc)  +  k~  viK 

(34.2) 

Here  p  is  the  force  intensity,  v*  =  v12,  v2  =  v21,  and 
A  =  n2  +  2n  (1  +  k)  +  Sk  —  vx  (2  +  v2/c).  (34.3) 

On  determining  the  stresses  in  the  plate,  and  transforming 
to  cylindrical  co-ordinates,  we  obtain,  after  some  manipu¬ 
lation,  on  the  contact  surface: 


”'=4[1-Hi‘+(1-!Tb)“s20].  1 

Tre=f(^x^-1)sin20;  J 

<T0  =  -plf  {(l  +^t)  sin6  9  +  [^/i2  —  2k  + 

^  —  (fe-j-re)  &x  — (1+2 k)  &a~f  (l  +  re)  (2+k)  b3  J  gjn4  0cog2  0 


+  [k*  + 


(1  +  2 k)  ( k  +  n )  b2  —  k  (2+n)  ft3  —  fc(l  +  ra)  &4 


X  sin2  9  cos4  9  +  ~  k2  cos6  .  (34.5) 
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Here  use  has  been  made  of  the  notation: 

bx  —  n2  —  k  -|-  vt  +  (2  —  vtv2)  kn, 
fe2  =  l  — v2fc  (1  4  n), 
b3^n—vl  +  (2  —  viv2)k, 

~  [v2(n2  +  n—  k)  +  2  —  v,v2]; 

Ee/E1  is  determined  by  formula  (32.2)  (Sec.  32). 

If  the  core  is  absolutely  rigid  (non-deformable) ,  the 
formulas  for  the  stresses  in  an  orthotropic  plate  are  obtained 
by  determining  the  coefficients  A,  B  from  Eqs.  (33.17), 
where  we  must  set  a\ j  =  a-j  =  y’a  =  0.n  The  stresses  at 
the  contact  surface  are  determined  by  the  previous  formulas 
(34.4)  and  (34.5),  but  the  factors  bt  and  the  divisor  A  are 
expressed  in  a  diSerent  way: 

hi  =  —  (n2 — k  +  Vj  4-  vtv2fc/i) , 

&2=  —  [1  — v2fc  (l4-»)], 

b3=  —  (n— vl  +  vlv2kn), 

bi  =  v2(n2  +  n—k  +  vl); 

A  =  n2  —  k  (1  4-  vxv2)  +  2vx.  (34.8) 

The  stresses  aT  and  Tr0  at  the  contact  surface  are  obtained  as 


orr=  2|-|/i24”— *4vj  41  —  v2fc (14-re)  + 

+  [n2  +  n— A  +  Vj—  1  4v2fe(l4-re)]cos20},  ^ 

Tr6=  ~  2Fl”2  +  ”—  fc  +  Vi  —  1  4 
+  v2fc  (1  +  n)]  sin  29. 

The  formula  for  a3  is  more  complicated,  and  we  shall  not 
write  it  out.  Below  are  given  expressions  for  the  stresses  at 
the  points  of  intersection  of  the  contour  line  of  the  hole  and 
the  principal  axes  of  elasticity  A,  Ax,  B,  Bx  (see  Fig.  60): 


(°r)A  —  -£~  (r2  +  n  &4Vi),  (ffe)A  —  v2  (34.10) 

(°v)b  =  1  —  v2^  (1  ra)l>  (^ejn  =  vi(&r)j3’  (34.11) 
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Stresses  on  the  Contour  of  a  Hole  in  a  Plywood  Plate  Table  16 

under  Uniaxial  Tension 


0° 

Rigid  core 

Elastic 

core  (ojj= 2ajj) 

No  core 

aTlv 

Wp 

Vp 

or/p 

Tr  e'P 

a0/p 

°o/p 

0 

1.237 

0 

0.044 

BP 

0 

■SI! 

—0.707 

15 

1.156 

—0.299 

0.093 

-0.214 

—0.340 

30 

EB 

—0.519 

0.270 

WSm 

—0.371 

0.069 

45 

EH 

—0.599 

0.516 

HU 

-0.429 

0.404 

60 

0.338 

—0.519 

0.699 

0.198 

—0.371 

0.964 

75 

0.119 

—0.299 

0.564 

0.041 

—0.214 

1.186 

2.571 

90 

0.039 

0 

0.003 

—0.016 

0 

1.684 

5.453 

Table  16  gives  numerical  values  of  all  three  stresses  on 
the  contour  of  a  hole  in  a  plate  of  birch  plywood  with  a 
circular  rigid  core  and  an  elastic  core  for  which  a\j  —  2a  l} 
[83].  For  comparison,  the  last  column  gives  values^  of  the 
stresses  ae  in  a  plywood  plate  with  a  circular  hole  not  filled 
with  anything.  Tension  is  applied  in  a  direction  for  which 
Young’s  modulus  is  maximum. 

Figure  61  shows  graphs  of  the  distribution  of  the  stress  aT 
along  the  edge  of  a  hole  in  a  plate  of  birch  plywood  (in  the 
form  of  polar  diagrams).  A  solid  line  represents  the  stress 
distribution  in  a  plate  with  an  elastic  core  {a\j  =  2 ai}), 
a  dashed  line  shows  the  stress  distribution  in  the  case  of 
an  absolutely  rigid  core.  Figure  62  gives  graphs  of  the  stress 
<*e  for  a  similar  plate.  A  solid  curve  shows  the  stress  dis¬ 
tribution  in  a  plate  with  an  elastic  core  for  which  a'a  —  2 ai}, 
dashed  curves  are  the  graphs  of  stresses  in  a  plate  with  a 
rigid  core  and  in  a  plate  without  a  core. 

If  the  core  is  rigid,  the  greatest  of  the  three  stresses  is 
the  stress  or  at  the  ends  of  a  diameter  parallel  to  the  tensile 
forces;  it  is  equal  to  or  =  1.237p.  If  there  is  no  core,  the 
stress  0e  is  maximum;  it  is  equal  to  0e  =  5.453p,  and 
occurs  at  the  ends  of  a  diameter  perpendicular  to  the  direc¬ 
tion  of  the  tensile  forces.  In  the  present  special  case  of  an 
elastic  core  (a\j  =  2 atj)  the  value  of  the  maximum  normal 
stress  is  intermediate  between  these  two;  it  is  equal  to 


elastic  core 
-  rigid  core 
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Stresses  on  the  Contour  of  a  Hole  in  a  Plywood  Plate  Table  17 

under  Uniform  Tension 


0° 

a0/p 

Rigid  core 

Elastic  core 

No  core 

0 

MM 

Mm 

3.422 

15 

WXSm 

2.383 

30 

HEH 

1.411 

45 

1.022 

1.092 

60 

0.927 

1.043 

1.226 

75 

0.646 

1.218 

2.178 

90 

0.098 

1.557 

4.039 

Oe  =  1.684/7,  and  occurs  at  the  ends  of  a  diameter  normal 
to  the  direction  of  the  forces. 

When  the  plate  is  extended  in  a  direction  for  which  the 
modulus  Ex  is  minimum,  the  qualitative  picture  of  the 


Fig.  63 
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stress  distribution  is  unaltered;  only  the  values  of  the 
stresses  at  particular  points  are  changed.  In  a  plate  without 
a  core  (cr0)max  =  4.153p,  and  in  a  plate  with  an  elastic 
core  ( a'ij  =  2atj)  (ae)max  =  1.603p.  We  may  conclude  that 
it  is  more  advantageous  to  cut  out  a  plate  from  a  sheet  of 
plywood  so  that  the  plate  is  extended  in  a  direction  for 
which  Young’s  modulus  is  minimum.  The  problem  is  solved 
just  as  easily  for  all  cases  where  a\j  =  Xatj  (k  =£  2). 

We  give,  without  derivation,  the  chief  results  for  an 
infinite  plywood  plate  with  a  circular  core  extended  uniform¬ 
ly  in  all  directions  by  normal  forces,  namely  a  table  of 
values  of  the  stress  <79  on  the  contour  (Table  17)  and  graphs 
(Fig.  63). 

The  other  two  components,  or  and  rre,  play  a  secondary 
role  in  the  general  picture  of  the  state  of  stress.  The  normal 
stress  is  distributed  along  the  contour  of  a  rigid  core  in 
a  nearly  uniform  manner,  and  the  shearing  stress  is  small 
(not  greater  than  0.03p). 


35.  Remarks  Concerning  the  Solution  of  the  Plane 

Problem  and  the  Problem  of  Generalized  Plane  Strain 
for  an  Infinite  Plane  with  a  Cutout 

The  solutions  described  in  Secs.  30  to  34  to  problems  for 
an  infinite  plane  with  an  elliptical  or  a  circular  cutout  (empty 
or  filled)  are  exact.  They  are  obtained  in  a  very  simple  way, 
namely  by  Muskhelishvili’s  method  based  on  the  application 
of  conformal  mapping  and  power  series.  The  solutions  are 
just  as  easy  to  obtain  if  the  technique  of  Cauchy-type  integ¬ 
rals  is  used  instead  of  rpower  series  (see  [27],  Chap.  VI, 
Sec.  37). 

It  is  much  more  difficult  to  solve  the  plane  and  the 
generalized  plane  problem  for  an  infinite  plane  with  a  closed 
cutout  of  other  than  elliptical  or  circular  shape.  So  far  it 
has  only  been  possible  to  obtain  efficient  approximate  solu¬ 
tions  by  two  routes:  (1)  by  considering  the  contour  of  a 
cutout  as  differing  very  little  from  a  circular  or  an  elliptical 
one,  and  (2)  by  considering  a  body  as  low  anisotropic.  In 
both  cases  parameters  are  introduced  which  characterize 
the  deviation  of  the  cutout  from  an  elliptical  or  a  circular 
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one  or  the  deviation  of  the  body  from  an  isotropic  one,  and 
the  functions  of  complex  parameters  or  the  stress  functions 
are  sought  in  power  series  of  these  parameters.  Thus,  the 
problem  is  reduced  either  to  a  number  of  problems  for  an 
infinite  plane  with  an  elliptical  cutout  or  to  a  number  of 
problems  for  an  isotropic  medium  (depending  on  the  route 
chosen).  During  solution  the  powers  or  products  of  the 
parameters  are  dropped  beginning  with  the  second,  third, 
fourth,  and  higher  orders. 

A  variety  of  approximate  solutions  found  both  by  the 
first  and  second  routes  are  available  in  [27]  (Chaps.  VII 
and  VIII)  and  in  [82]  and  [84],  where  the  author  gives  results 
of  the  calculation  of  stresses  at  the  most  important  points 
for  a  plate  with  given  elastic  constants  and  a  comparison 
of  values  of  successive  approximations.  As  yet,  there  has 
been  no  mathematically  rigorous  proof  given  for  the  con¬ 
vergence  of  such  processes. 

Ease  of  solution  of  the  problem  for  ,a  plane  with  an  ellipti¬ 
cal  or  a  circular  cutout  is  due  to  the  fact  that  three,  four 
and  even  any  number  of  regions  (a  given  region  S  and 
auxiliary  regions  Sk,  k  —  i,  2,  3,  .  .  .,  obtained  from  S 
by  affine  transformation)  can  be  simultaneously  mapped  onto 
the  outside  of  a  unit  circle  so  that  to  points  A  andAft  on 
the  contours  of  the  regions  S  and  Sk,  which  are  in  affine 
correspondence  among  themselves,  corresponds  one  and 
only  one  point  a  on  the  contour  of  the  unit  circle.  Thus, 
the  boundary  values  of  the  functions  can  be  expressed 
in  terms  of  the  single  variable  a.  The  same  property  is 
possessed  by  infinite  regions  bounded  by  a  second-order 
curve  (parabola  or  hyperbola)  and  by  a  straight  line,  of 
course. 

If  the  cutout  in  an  infinite  plane  is  not  elliptical  or  cir¬ 
cular,  the  simultaneous  mapping  of  the  regions  S  and  Sk 
onto  the  outside  of  a  unit  circle  subject  to  the  above  con¬ 
dition  for  affine  correspondence  becomes  impossible,  namely 
to  points  A  and  Ak  that  are  in  affine  correspondence  will 
correspond  different  points  on  the  contour  of  a  unit  circle, 
o'  and  ak,  which  may  coincide  only  for  particular  points 
on  the  contour  of  the  region  S.  This  considerably  complicates 
the  problem  since  the  boundary  values  of  at  the  affine- 
corresponding  points  are  not  expressible  in  terms  of  a  single 
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variable  cr  in  a  sufficiently  simple  way;  if  Q>k  are  sought  in 
the  form  of  series,  the  systems  obtained  for  their  coefficients 
are  infinite  and  fairly  complex. 

36.  Radial  Stress  Distribution  in  a  Continuously 
Non-homogeneous  Elastic  Half-plane 

In  Sec.  29  we  have  investigated  the  stress  distribution  in 
an  elastic  homogeneous  orthotropic  half-plane  under  the 
action  of  a  concentrated  force  applied  to  the  boundary,  and 
we  have  pointed  out  some  characteristic  features  of  this 

distribution,  namely  that 
it  is  radial,  the  normal 
stress  (in  the  plane  of  the 
cross  section)  being  inver¬ 
sely  proportional  to  the 
distance  r  from  the  point 
of  application  of  the  force. 
Let  us  see  what  the  distri¬ 
bution  looks  like  in  a  con¬ 
tinuously  non-homoge¬ 
neous  half-plane. 

Fig.  64  There  is  an  elastic  contin¬ 
uously  non-homogeneous 
half-space,  which  is  in  a  state  of  plane  strain  under  the  action 
of  forces  uniformly  distributed  along  a  straight  line  on  the 
boundary  plane,  or  there  is  a  plane-parallel  plate  subjected 
to  a  concentrated  force.  In  both  cases  we  obtain,  at  a  section, 
an  elastic  half-plane,  which  is  taken  as  the  co-ordinate  plane 
xy;  in  the  present  case  it  is  more  convenient  to  have  the 
y  axis  directed  into  the  half-plane  and  the  polar  angle  0 
measured  from  this  axis.  At  the  point  of  the  boundary  taken 
as  the  origin  of  co-ordinates,  a  concentrated  force  is  applied 
at  an  arbitrary  angle  w  to  the  y  axis  (Fig.  64).  We  formulate 
the  problem  as  follows:  determine  what  the  functions 
expressing  the  elastic  characteristics  should  be  for  the 
stress  distribution  to  be  radial,  and  find  this  distribution. 

Even  in  this  narrow  formulation  the  question  is  fairly 
extensive  in  the  case  of  an  anisotropic  medium,  and  hence 
we  further  restrict  the  problem  and  consider  only  an  iso¬ 
tropic  half-plane  [87]. 
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Assuming  that  of  the  three  stress  components  of  the  plane 
problem  only  ar  is  not  zero,  and  Oe  =  rre  =  0,  we  write 
the  fundamental  system  of  equilibrium  equations  for  an 
elastic  body  as 


do  r 

1 F 


dur 

IT 


±£“9  .Mu—  _  _t_rr 
r  d6  r  r  ~  E'  r’ 

1  dur  ,  due  Mfl  __  n 

r  30  '  dr  r 


1 


(36.1) 


(36.2) 


Here  in  the  case  of  generalized  plane  stress  E'  =  E,  jx  =  v 
(Young’s  modulus  and  Poisson’s  ratio);  in  the  case  of  plane 
strain 


E' 


E 

1-v2  ’ 


From  Eq.  (36.1)  we  obtain 


<*r 


V 

1— V  ' 


(36.3) 

(36.4) 


where  f  (0)  is  a  function  to  be  determined  from  Eqs.  (36.2). 
By  eliminating  the  displacements  from  them  (by  differenti¬ 
ation  and  subtraction,  see  Sec.  23),  we  finally  obtain  the 
equation 


d 2 
dr2 


(36.5) 


The  stress  distribution  will  be  radial  if  the  function  and 
the  variable  elastic  characteristics  satisfy  Eq.  (36.5). 

Consider,  in  greater  detail,  a  special  case:  Poisson’s 
ratio  is  a  constant,  and  the  modulus  E'  is  the  product  of  a 
function  of  the  polar  co-ordinate  r  and  a  function  of  the 
co-ordinate  0: 

E'  -  ET  (r)  Ee  (0).  (36.6) 

Substituting  (36.6)  in  Eq.  (36.5),  and  separating  the 
variables  (which  is  possible),  we  obtain  equations  for  the 
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function  ilEr  of  the  variable  r  and  for  the  function  // 2?q 
of  the  variable  0: 


where 


(36.7) 

(36.8) 

—  V(l  —  a)  (1  +  |ia), 

(36.9) 

a  is  an  arbitrary  (real)  constant.  By  integrating  (36.7)  and 
(36.8),  we  obtain 

-^-  =  C1r“  +  C2r-“+1-1/p;  (36.10) 

Er 

-L—  —  A  cos  nQ-^B  sin  nQ.  (36.11) 


We_thus  find  a  modulus  E'  providing  a  radial  distribution 
of  stress: 


_ ^8 _ 

~  C1ra+Cir-a+i-V'1’ 


(36.12) 


where  Cx,  C2  are  arbitrary  (given)  constants  not  vanishing 
simultaneously,  Eq  is  an  arbitrary  function  of  the  angle; 
expression  (36.12)  has  a  definite  physical  meaning  only 
when  it  is  positive.  The  stress  ar  for  n  real  is  determined 
by  the  formula 

oT  —  [A  cos  n0-f-  B  sin  n0);  (36.13) 


this  is  true  when  the  radicand  in  (36.9)  is  positive.  The 
constants  A  and  B  are  determined  from  the  conditions  for 
the  equilibrium  of  a  semicircle  of  arbitrary  radius  r  cut  out 
from  the  half-plane: 

jt/2 

\  ar  sin  0r  dQ  -f-  p  sin  ©  =  0, 

-it/2 

Jl/2 

\  crr  cos0r  d0  +  pcos©  =  0. 

-it/2 


(36.14) 
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If  n  happens  to  be  pure  imaginary  (since  a  may  be  any  real 
number),  the  cosine  and  sine  in  formula  (36.13)  must  be 
replaced  by  the  corresponding  hyperbolic  cosine  and  sine. 
Finally,  if  a  —  1  or  a  =  —  1/p,  then  n  —  0,  and  instead 
of  (36.13)  we  have  the  formula 

ar  =  -^-(AQ  +  B).  (36.15) 

We  now  consider  the  case  when  the  modulus  E'  varies  as 
some  power  m  of  the  distance  y  from  the  boundary  of  the 
half-plane: 

E'  —  Emym  =  Emrm  cos'"  0  ( Em  =  constant).  (36.16) 

This  relation  is  obtained  by  setting  Cx  —  1,  C2  —  0,  a  — 
=  — m,  and  Eq  =  Em  cos'”  0  in  (36.12). 

The  stress  is  determined  by  the  formula 

ar  —  (4COsn0-)-i?sinn0),  (36.17) 

where 

n=  Y  (1  -f-/re)  (1  —  pm).  (36.18) 

Let  the  modulus  E'  vary  as  the  distance  from  the  boundary 
( E '  =  Exy)  acted  on  by  a  normal  force  p,  and  let  the  mate¬ 
rial  be  incompressible  (v  =  0.5).  In  the  case  of  generalized 
plane  stress  m  =  1,  p  =  0.5,  n  =  1.  The  final  formula  for 
the  stress  is  of  the  form 

ar=  —0.75p  (36.19) 


The  lines  of  constant  stress  (isobars)  are  drop-shaped 
(Fig.  65). 

If  the  modulus  varies  inversely  as  the  distance  from  the 
boundary  (E'  —  E.Jy)  and  the  force  is  applied  normally 
to  the  boundary,  the  situation  is  quite  different:  the  stress 
is  determined  by  the  formula 


a 


r  — • 


P 

ny  ’ 


(36.20) 


and  the  lines  of  constant  stress  are  unclosed,  namely  they 
are  straight  lines  parallel  to  the  boundary. 
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The  contents  of  the  present  section  dealing  with  only 
several  cases  give  an  idea  of  the  extensiveness  of  the  field 

of  science  under  consideration 


and  of  the  variety  of  stress  dis¬ 
tributions  in  a  continuously  non- 
homogeneous  medium.  The  var¬ 
ious  cases  of  distributions  are 
practically  infinite  in  number 
as  are  all  possible  specifications 
of  elastic  characteristics  as  func¬ 
tions  of  position.  This  is  also 
true  of  the  following  problem 
for  a  non-homogeneous  body 
discussed  in  Sec.  37. 

N.A.  Rostovtsev  has  given 
the  general  solution  of  the  prob¬ 
lem  of  radial  stress  distribu- 


Fir  65 


tion  by  using  methods  of  mod¬ 
ern  mathematics,  from  which 


all  solutions  of  this  section 


are  obtained  as  special  cases.  Unfortunately,  because 
of  limited  space  we  cannot  present  here  these  highly  interest¬ 
ing  results  and  have  to  refer  the  reader  to  [109]. 


37.  Extension  and  Bending  by  Moments 
of  a  Rectangular  Plate 

The  problem  of  a  homogeneous  bar  with  rectilinear  aniso¬ 
tropy  extended  by  an  axial  force  and  bent  by  moments  has 
quite  an  elementary  solution  (Chap.  2).  But  the  same 
problem  becomes  considerably  more  complicated  if  the 
bar  is  continuously  non-homogeneous.  Consider,  briefly, 
one  of  the  simplest  cases  of  a  non-homogeneous  bar. 

Let  there  be  a  bar  in  the  form  of  a  rectangular  plate  of 
narrow  rectangular  section,  elastic  and  continuously  non- 
homogeneous,  whose  long  sides  are  free  from  forces  and 
restraints  and  short  sides  (ends)  are  loaded  by  identical 
forces  reducing  to  an  axial  force  P  and  a  moment  M  acting 
in  the  middle  plane,  which  is  taken  as  the  xy  plane.  Suppose 
that  the  bar  is  orthotropic  and  its  elastic  characteristics  do 
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not  vary  across  the  thickness;  one  end  is  assumed  to  be 
fixed  (Fig.  66). 

Let  the  length,  thickness,  and  depth  be  denoted  by  l, 
h,  and  b,  respectively;  the  force  P  and  the  moment  M  are 
calculated  per  unit  thickness.  In  the  case  under  consideration 
it  may  be  assumed  that  the  state  of  stress  is  generalized 


1 

/r 

\p  - 

" 

a ' 

uA 

/  m 

r 

x  1  J 

t 

Fig.  66 


plane  stress;  bars  above  the  components  of  stress  and  dis¬ 
placement  denoting  averaging  across  the  thickness  are 
omitted  throughout. 

Suppose  that  in  a  non-homogeneous  bar,  as  in  a  homoge¬ 
neous  one,  only  one  component,  ax,  is  not  zero,  and  oy  = 
=  t xy  =  0;  ox  is  a  function  of  y  only.  The  generalized 
Hooke’s  law  equations  give  three  equations  for  the  average 
displacements  and  stresses: 


du _  ox  dv  _  _  du  .  dv  _ ^ 

dx  Ex  ’  dy  Ex  XJ  dy  '  dx 


(37.1) 


From  the  first  two  it  follows  that* 

U  =  0*Iir  —  cai/  -f-  w°,  v=-\)^-dy  +  a>x+v0.  (37.2) 

The  third  equation,  when  differentiated  with  respect  to  x 
and  y ,  gives  an  equation  relating  Young’s  modulus,  Poisson’s 
ratio,  and  the  stress: 


(37.3) 


*  Here  we  introduce,  at  the  outset,  rigid-body  displacements 
w>  uo>  i’o,  which  strictly  appear  when  we  satisfy  the  third  equation 
°1  (37.1). 


14* 


212 


RECTILINEARLY  ANISOTROPIC  BODY 


[CH.  4 


If^condition  (37.3)  is  fulfilled,  the  stress  distribution  is 
uniaxial  (a*  =5^=  0,  ay  —  rxy  =  0).  If  Ex,  are  given  (the 
other  elastic  characteristics,  E2,  G,  etc.,  may  be  arbitrary), 
the  stress  ax  is  determined  from  Eq.  (37.3);  the  latter  can 
be  integrated  in  the  general  form  only  when  the  elastic 
characteristics  are  suitably  specified  (for  ^example,  when 
Ex  and  are  functions  of  y  only). 

We  now  investigate  the  case  when  both  Young’s  modulus 
and  Poisson’s  ratio  are  the  products  of  functions  of  only  x 
and  functions  of  only  y ,  i.e. , 

Ex  =  Ex  (x)  Ey  (y),  Vx  =  vlx  (x)  vly  (y).  (37.4) 


Substituting  in  (37.3),  and  separating  the  variables,  we 
obtain  two  equations: 


/  via  \n  _ 1_ 

\  Ex  }  1*  Ex 


/  axy  ^xy  ax 
\Ey)  l 2  Ey 


0, 

0. 


(37.5) 

(37.6) 


Here  n  is  any  constant  real  or  pure  imaginary  number,  or 
zero.  We  denote  linearly  independent  solutions  of  Eq.  (37.5) 
by  Xx  (x,  re),  X2  (x,  re),  and  for  Eq.  (37.6)  by  Yx  (y,  re), 
Y2  (y,  re),  and  write  the  final  results  (see  [89]). 

(1)  The  expression  for  the  modulus  has  the  structure: 


p  Ey  (y) 

^  CxXx  +  C2X2  ’ 


(37.7) 


where  Ey  is  an  arbitrary  function  of  y,  and  Cx,  C2  are  arbi¬ 
trary  constants.  Of  course,  these  three  arbitrary  quantities 
(the  variable  Ey  and  two  constants,  CXl  C2)  have  a  definite 
physical  meaning  only  when  Ex  >0.  Moreover,  certain 
restrictions  must  be  imposed  on  the  function  Ey  since  it 
enters  into  Eq.  (37.6). 

(2)  The  product  of  the  functions  vlx  and  vlB  must  be 
positive  and  less  than  unity,  but  in  other  respects  these 
functions  may  be  arbitrary  [apart  from  restrictions  associated 
with  the  fact  that  they  enter  into  Eqs.  (37.5)  and  (37.6)]. 

(3)  The  stress  is  determined  by  the  formula 


Oy  -  Ey  {AY  X  +  BY2). 


(37.8) 
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The  constants  A  and  B  are  found  from  the  conditions 
at  the  loaded  end  and  at  any  cross  section: 

6/2  6/2 


^  axdy-=P,  ^  axydy  =  M.  (37.9) 

-6/2  -6/2 


From  this  we  obtain  a  system  of  two  equations  for  A 
6/2  6/2 

A  J  EyY idy  +  B  |  EyYzdy  =  P , 

-6/2  -6/2 

6/2  6/2 

A  j  EyY^ldy  +  B  j  EuY2ydy  =  M. 
-6/2;  -6/2 


and  B : 


(37.10) 


(4)  The  displacements  are  found  by  formulas  (37.2), 
after  substitution  for  ax,  Elt  and  v1;  take  the  form 

u  ~  {AY i  -f-  BY 2)  J  (CjXj  -|-  dx  —  (ay-j-Uy, 

v  —  (CiXt  +  £2^2)  vix  £  (-4^1  -i-PY^z)  viy  dy-\- 

A-o)xA-v0', 


which, 


(37.11) 


the  constants  to,  u0,  v0  are  determined  from  the  fixing  con¬ 
ditions  for  an  element  of  the  bar  axis  at  the  end  x  —  0. 

The  case  re  =  0  is  also  a  possible  situation;  the  modulus 
and  stress  corresponding  to  it  are 


VixEy  (y) 
Cl+C,T 


(37.12) 


ox  =  Ey(A  +  BJLy  (37.13) 

Finally  we  note  that  when  Poisson’s  ratio  vx  is  constant, 
and  re  is  real  and  different  from  zero,  formulas  (37.7)  and 
(37.8)  become 

E  = - — - ,  (37.14) 

_  ,  nx  .  _  .  ,  nx  ’  '  ’ 

Ct  cosh  -y  C2  sinh  — 


Oy  —  Ey  ^  ^4cosh  re^Vl  y  -f-i?sinh  n  ^-Vl  i/j-  (37.15) 
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If  n  is  an  imaginary  number,  the  hyperbolic  cosine  and 
sine  must  be  replaced  by  the  cosine  and  sine. 

We  have  presented  here  the  solution  of  only  one  simple 
problem  of  the  elastic  equilibrium  of  a  non-homogeneous 
plane  beam  (strip).  A  large  number  of  problems  for  beams 
loaded  by  various  forces  has  been  solved  by  G.B.  Kolchin 
who  has  obtained  stress  distributions  by  applying  different 
methods,  and  has  drawn  some  conclusions  of  interest  and 
importance  for  practice.  The  solutions  of  G.B.  Kolchin  are 
presented  in  his  book  [16]  and  other  works  (see  also  Biblio¬ 
graphical  Index  [18]). 


Chapter  5 


generalized  plane  strain, 

PLANE  PROBLEM,  AND  RELATED 

PROBLEMS  FOR  A  HOMOGENEOUS 

AND  A  CONTINUOUSLY  NON-HOMOGENEOUS 

BODY  HAVING  CYLINDRICAL 

ANISOTROPY 


This  chapter  deals  with  the  problems  studied  in  the  preceding 
chapter,  but  for  a  body  having  cylindrical  anisotropy, 
namely  the  problems  of  generalized  plane  strain,  plane 
strain,  generalized  plane  stress,  and  also  related  problems 
specific  to  curvilinear  anisotropy  and  to  a  continuously 
non-homogeneous  body.  These  are  the  problems  of  tension- 
compression  by  an  axial  force  and  of  bending  by  a  moment; 
both  these  problems  must  be  regarded  as  generalized  since 
stress  distributions  in  tension-compression  and  in  bending 
are  much  more  complicated  than  that  in  a  homogeneous 
rectilinearly  anisotropic  body.  Some  of  the  most  important 
special  problems  have  been  worked  out  to  explicit  formulas 
for  stresses. 

38.  Generalized  Plane  Strain  in  a  Homogeneous  Body 
Having  Cylindrical  Anisotropy 

In  Chap.  3  of  this  book  we  have  considered  the  general 
case  of  the  elastic  equilibrium  of  a  loaded  homogeneous 
cylinder  having  cylindrical  anisotropy,  a  case  characterized 
by  the  fact  that  all  stress  components  are  constant  along 
the  generators,  and  so  depend  only  on  two  co-ordinates 
(Sec.  23).  In  this  and  the  following  sections  we  shall  study 
special  cases  of  the  elastic  equilibrium  of  the  type  considered, 
which  are  of  practical  interest.  We  begin  with  the  case  that 
has  been  termed  in  Chap.  4  generalized  plane  strain. 

The  problem  is  formulated  as  follows.  There  is  a  body  of 
infinite  length  bounded  by  the  surface  of  an  arbitrary 
cylinder  (in  particular,  this  surface  may  have  infinitely 
long  plane  portions  and  may  not  even  be  curved  but  plane, 
e-g-  an  infinite  layer,  an  infinite  half-space).  The  body  is 
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homogeneous  and  has  cylindrical  anisotropy  of  the  most 
general  kind  with  an  axis  of  anisotropy  g  parallel  to  the 
generators.  There  are  surface  forces  distributed  over  the 
cylindrical  surface  and  body  forces,  both  acting  in  planes 
normal  to  the  generators  and  constant  along  the  generators, 
and  the  body  forces,  in  addition,  have  a  potential.* 

The  region  of  the  cross  section  may  be  arbitrary,  whether 
finite  or  infinite,  simply  connected  or  multiply  connected. 

Let  the  plane  of  a  cross 
section  be  taken  as  the  co¬ 
ordinate  plane  r0  or  xy, 
and  let  the  origin  of  co¬ 
ordinates  be  chosen  at  a 
point  0  where  the  axis  g 
intersects  this  section;  the  z 
axis  is  directed  along  the 
axis  of  anisotropy,  and  the 
x  and  y  axes  are  directed 
arbitrarily  if  the  region 
is  infinite  or  parallel  to  the 
principal  axes  of  inertia 
of  the  section  if  the  re¬ 
gion  is  finite.  The- a;  axis  is 
simultaneously  considered 
as  the  polar  axis  of  a  cylindrical  co-ordinate  system  and  the 
polar  angles  0  are  measured  from  it  (the  distance  r  is  [mea¬ 
sured,  as  always,  from  the  origin  0).  In  solving  some  questions 
for  the  case  when  the  region  of  the  section  is  finite,  we  shall 
also  use  a  (Cartesian)  co-ordinate  system  0\  x' ,  y' ,  z'  whose 
origin  O'  coincides  with  the  centroid  of  the  section  and  x' ,  y' 
axes  are  directed  along  its  principal  axes  of  inertia.  The 
co-ordinates  of  the  centroid  O'  in  the  system  0,  x,  y,  z  are 
denoted  by  £  and  r)  (Fig.  67). 

The  projections  of  the  surface  forces  on  the  co-ordinate 
directions  r,  0  are  denoted  by  Rn,  ©„,  the-  projections  of  the 


*  The  last  restriction  is  not  essential,  and  the  general  equations 
can  easily  be  derived  without  it;  if  there  is  a  potential,  these  equations 
are  somewhat  simplified  and  become  more  symmetrical. 
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body  forces  (per  unit  volume)  by  R,  ©,  with 


i?  = 


dU 
dr  ’ 


0  = 


1  dU 
r  dQ  ’ 


(38.1) 


where  V  (r,  0)  is  the  body  force  potential  (Zn  =  Z  =  0). 

We  write  out  (with  obvious  abridgements)  the  generalized 
Hooke’s  law  equations  for  the  general  case  of  cylindrical 
anisotropy  using  the  strain  coefficients  atJ: 


er  =  auor  -f-  alzOQ  +  . 
80  —  0,izar  +  a2Z Gq  +  . 

•  4-a16Tr0- 

•  ~ha2  0Tr0, 

Vre  =  aiBar  “H  aZ6aB  +  • 

•  “l_a66Tr0, 

(38.2) 


These  equations  involve  21  coefficients  at  most,  but 
according  to  V.V.  Novozhilov  whose  argument  may  be 
extended  to  the  case  of  cylindrical  anisotropy  the  number  of 
independent  (invariant)  coefficients  in  the  general  case  is  18 
[34].  We  now  recall  an  important  point,  which  has  already 
been  mentioned  in  Sec.  10.  If  the  axis  g  passes  outside  the 
body  or  inside  a  cylindrical  cavity,  no  additional  restric¬ 
tions  need  be  imposed  on  atj\  the  coefficients  may  be  arbi¬ 
trary.  If,  however,  the  axis  g  passes,  not  inside  a  cavity,  but 
through  the  body,  then  aiS  must  necessarily  be  related  by 
additional  equations  examined  in  detail  in  Chap.  1  (Sec.  10); 
otherwise  the  problem  will  have  no  physical  meaning  since 
it  is  solved  on  the  basis  of  inconsistent  equations. 

Since  the  length  of  the  body  is  infinite  and  the  forces 
are  independent  of  z,  all  cross  sections  are  in  identical  con¬ 
ditions,  and  hence  both  the  stresses  and  displacements  are 
independent  of  z. 

Referring  to  the  expressions  for  displacements  in  the 
general  case  (23.12),  we  see  that  this  condition  is  fulfilled 
if  we  set 

A=B  =  C  =  §  =  0,  ©!  =  co2  =  0,  (38.3) 

and  then 

uT  —  U(r,  0)  -f-  u0  cos  0  +  v0  sin  0, 

Ue  —  V(r,  0)  —  w0  sin  0-fno  cos  0-f(D3r,  l  (38.4) 
w=  W  (r,  0)-f  w0  j 
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( u0 ,  v0,  (o3  are  the  coefficients  of  rigid-body  displacements 
in  the  plane  of  the  section,  w0  is  a  rigid-body  displacement 
in  the  longitudinal  direction). 

The  functions  U,  V,  W  satisfy  Eqs.  (23.9)  and  (23.10): 

~Of~~  Pllffr  +  Pl2°0  +  •  •  •  +  Pl6xr0,  1 

~  +  —  =  Pi2Ov  +  P22ct9  +  •  •  •  +  {Wr0, 

1  dU  ,  dV  V  a  ,  a  .  ,  „ 

+  - -  -  Pl6°r+P26°6+  •  •  •  T  P66Tr0i 

dW 

=  Pi  5°^  +  $25°®  +  P45X0Z  +  P55xrz  +  P56xr0> 

i  fiW 

—  ~qQ-  =  Pl4CTr  +  P24°r0  +  •  •  •  +  P46xr0- 

As  is  known  (Sec.  23),  pi;-  in  (38.5)  and  (38.6)  are  the 
reduced  elastic  constants: 

Pw  =  fl»— ^  (»,  7  =  1,  2,  4,  5,  6).  (38.7) 


1  (38.5) 

) 

|  (38.6) 


Further,  as  in  the  general  case,  we  introduce  two  stress 
functions,  F  and  \j),  and  obtain  the  same  expressions  for 
five  components  as  in  the  general  case  (Sec.  23): 


or 


±iL+J_*£.  +u 

r  5r  '  r2  50*  ^  ’ 


U  r  I  TT 

5*  /  F  \  1  dy 

Tr9—  5r50  \  r  )  ’  Trz_  r  50  ’ 


1 


(38.8) 


The  normal  stress  at  the  cross  sections  is  expressed  in  terms 
of  all  other  stresses: 

Oz=  —  —  (fli3orr_t_a23or0  +  a34x0z_t-  a35xrz  +  a36xr0)  i  (38.9) 
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The  functions  F  and  satisfy  a  system  of  two  equations: 
L'J?  +  =  —  (p12  +  P22)  -fa*  + 

+  (Pi«  +  P26)  7-  -faffi  (P„  +  P12)  75-  + 

+  (P1i-2p22~-P,2)|-^  +  (P16  +  M-^^-,  (38.10) 

L'F  +  =  (P14  +  p24)  ~)  — 

—  (Pl5  +  P25)  -7 

where  L',  L',  L",  and  L'  are  differential  operators  of  the 
fourth,  third,  and  second  orders  containing  13,  7,  8,  and  4 
terms.  We  shall  not  give  expressions  for  them  since  they  are 
available  in  Chap  3,  Sec.  23  [see  (23.16)].  The  boundary 
conditions  on  the  cylindrical  surface  are  not  different  from 
conditions  (23.17)  of  the  general  case: 

ar  cos  (re,  r)+Tr0cos(re,  0)  =  i?„,  n 
xre  cos  (re,  r) -f  or9  cos  (re,  0)  =  0„,  l  (38.11) 

xr*cos(re,  r) -f  t02  cos  (re,  0)  =  O.  J 

The  problem  is  reduced  to  that  of  determining  two  stress 
functions  satisfying  conditions  (38.11),  or,  in  other  words, 
to  the  boundary  value  problem  for  system  (38.10),  generally 
non-homogeneous,  with  known  right-hand  sides  [26].  The 
resulting  stresses  reduce  at  each  cross  section  to  a  longitudinal 
force  P,  a  bending  moment  with  components  Mu  Mt,  and 
a  twisting  moment  Mt.  These  four  quantities,  identical 
for  all  sections,  are  determined  from  equalities.  (23.18)  to 
(23.21),  where  we  must  set  .4  =  5  =  C  =  d  =  0  (see  also 
Fig.  26). 

If  at  each  point  there  are  no  planes  of  elastic  symmetry 
normal  to  the  generators,  the  cross  sections  do  not  remain 
plane  after  deformation,  but  become  warped  (all  in  the 
same  manner);  the  warping  depends  on  the  function  W 
[the  third  formula  in  (38.4)].  The  deformation  is  not  plane 
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strain  (in  the  common  sense),  and  it  maybe  termed  generalized 
plane  strain. 

If  the  body  has  a  finite  length  and  the  end  sections  are 
fixed  so  that  the  distance  between  them  cannot  change,  it 
may  be  taken,  on  the  basis  of  Saint-Venant’s  principle,  that 
the  stresses  are  the  same  as  in  a  body  of  infinite  length  at  all 
points  remote  from  the  ends.  There  are  zones  of  local 
stresses  near  the  ends,  but  we  do  not  know  how  the  stresses 
are  distributed  there  since  there  are  not  enough  data  for 
that;  Saint-Venant’s  principle  cannot  provide  them  since 
it  is  of  a  purely  qualitative  nature. 

The  situation  is  somewhat  more  complicated  in  the  case 
when  the  body  loaded  over  the  cylindrical  surface  as  indicated 
above  has  a  finite  length  and  the  ends  are  free  from  load.  An 
approximate  solution  for  a  finite  region  of  the  section  is 
obtained  by  solving  the  boundary  value  problem  for  system 
(23.15),  more  complicated  than  (38.10)  and  containing  four 
unknown  constants,  A,  Z?,  C,  th  While  satisfying  the 
conditions  on  the  lateral  surface  (38.11)  exactly,  we  can 
satisfy  the  conditions  at  the  free  ends  only  approximately 
by  requiring  the  fulfilment  of  conditions  (23.18)  to  (23.21), 
where  P  —  Mx  —  M2  =  Mt  =  0.  We  thus  obtain  a  system 
of  equations  for  four  unknown  constants  and,  on  solving 
it,  we  find  a  stress  distribution  in  the  body  for  which  the 
resultant  force  vector  and  the  resultant  couple  at  the  ends 
are  zero.  The  formulas  for  displacements  (23.12)  in  this 
case  show  that  the  forces  distributed  over  the  cylindrical 
surface  produce  the  warping  of  the  sections  and  the  twisting, 
extension,  and  bending  of  the  axis. 


39.  Problem  of  Plane  Strain  for  a  Body 

with  Cylindrical  Anisotropy,  and  Related  Problems 

The  problem  considered  in  the  preceding  section  is  greatly 
simplified  if  the  plane  of  the  cross  section  bf  a  body  is  a  plane 
of  elastic  symmetry  [26].  By  retaining  the  arrangement 
of  the  co-ordinate  axes  as  in  Fig.  67,  in  this  case  we  have 

ali  ~  fl24  =  a34  =  a46  ~  a15  =  a25  =  aSi  =  a56  =  0, 

Pl4  =  P24  —  ?46  =  PtS  =  P35  =  P56  =  0* 
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System  (38.10)  falls  into  two  equations,  one  containing  only 
the  function  F,  and  the  other  only  the  function  \j),  and  the 
problem  falls  into  two  problems:  (1)  the  determination  of  the 
function  F  and  the  corresponding  stresses,  and  (2)  the  deter¬ 
mination  of  the  function  (not  associated  with  the  finding 
of  F)  and  the  corresponding  stresses  characteristic  of  pure 
torsion  deformation.  Leaving  out,  for  the  present,  the  second 
problem  (the  torsion  problem,  which  will  be  taken  up 
separately  in  the  next  chapter),  we  consider  several  variants 
of  the  first  problem. 

(1)  Plane  strain  [26].  Suppose  that  a  homogeneous  body 
with  cylindrical  anisotropy  of  the  kind  of  (39.1)  is  infinitely 
long  and  is  loaded  by  surface  and  body  forces.  Both  the 
surface  and  body  forces  act  in  planes  normal  to  the  generators 
and  do  not  vary  along  the  generators.  Referring  to  Sec.  23, 
we  see  that  the  constants  A,  B,  C,  {>  are  zero  since  all  cross 
sections  deform  identically,  and  the  displacements  U ,  F,  W 
satisfy  the  equations 


=  PllCTr  +  ^12^9  +  Pl6Tr0> 

7"  77  +  “  =  Pl2°V  +  P22°r0  +  P26Tr9i 

\ 

1 

(39.2) 

“I- 7p - -  Pl6°r  4'  P26°r9  +  Pe6Tr0i 

1 

J 

m  =0  1  m  +0 
dr  U’  r  dQ  1  U- 

(39.3) 

We  conclude  that  the  general  expressions  for  displacements 
are  of  the  form 


uT  =  U(r,  0)  -l-wpcos  0-fnosin_0, 

w0  =  F(r,  0)  —  Ug  sin  0  -}•• v0  cos  0  +  co3r,  > 

w  =  w0, 


(39.4) 


hence,  the  cross  sections  do  not  warp,  and  the  deformation  is 
plane  strain.  Since  the  function  \j)  satisfies  a  homogeneous 
equation  and  homogeneous  boundary  conditions,  it  follows 
that  =  0  at  every  point  and  xrz  =  tqz  =  0. 
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The  formulas  for  the  remaining  stresses  are  obtained  as 

1  +JL*L+ij 

^  rz  dQ* 

d2 

*r  6  = 


06  = 


r  dr 


dr  dd 


(f)  = 


Oz  —  —  — —  (fl13°r  +  a23°'e  +  0’36Cre)- 


(39.5) 

(39.6) 


The  function  F  satisfies  the  equation 

L[F^=  —  (P12  +  P22)  -faT  +  (Pi6  +  P26)  —  -^Tgg 

-  (P , !  +  P 12)  +  (Pit  -  2p22  -  P 12)  -7  -^  + 

+  (P16  +  P26)^^.  (39.7) 


Here  L'  is  the  fourth-order  operator  previously  encountered 
in  Chap.  3  [see  (23.16)].  The  boundary  conditions  are  of  the 
form 


o>  cos  ( n ,  r)  +  Tre  cos  (n,  0)  =  Rn,  ) 
Tr0  cos  ( n ,  r )  +  (ie  cos  ( n ,  0)  J 


(39.8) 


The  deformation  is  also  plane  for  a  body  of  finite 
length  with  fixed  ends  (the  distance  between  the  ends  cannot 
change).  In  this  case  it  is  necessary  to  exclude  from 
consideration  zones  of  local  stresses  near  the  ends,  where 
the  distribution  of  stress  and  strain  canxlot  be  found  by  the 
method  used  here,  but,  on  the  basis  of  Saint-Venant’s  principle, 
outside  these  zones  the  deformation  is  plane  strain  and  the 
stress  distribution  is  such  as  in  plane  strain. 

If  the  body  has  a  finite  length  and  a  finite  region  of  the 
cross  section  and  if  it  is  loaded  as  indicated  above,  and  its 
ends  are  not  loaded  or  fixed,  an  approximate  solution  of 
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the  problem  can  be  obtained  by  using  the  equation 
L'kF  —  [  —  ^36^4  +  (fli3  —  fl2s)  — - b 

a33  r 

2  ./  \  a  ,  t-j,  cos  8 

+  — —  [  (fli3  U23)  A  4~  oS6  B ]  — — - 

“33  T 


—  (P12  +  P22)  +  (Pi6  +  P26)  —  -drdQ  — 

-  (Pit + p,2>4  + On  -  sp22  -  p12)  4  + 


(39.9) 


+  0l6  +  P26)  “T  • 


It  is  necessary  to  solve  the  boundary  value  problem  for 
this  equation  by  satisfying  conditions  (39.8).  The  unknown 
constants  A,  B,  C  entering  into  Eq.  (39.9)  and  into  the 
expression  for  the  stress  az 

az  =  —  (^4r  cos  0  -f  Br  sin  0  -j-  C)  — 

aS3 

- ~ —  (®13  ar  +  a23ae  +fl36Tre)»  (39.10) 

“33 

are  determined  from  the  end  conditions  by  requiring  that 
the  resultant  force  vector  and  the  resultant  couple  at  the 
ends  should  be  equal  to  zero: 


j  j  az  dS  =  0,  j  j  oz  (r  sin  0  —  tj)  dS  =  0, 
j  j  oz  (r  cos  0  —  |)  dS  —  0  ( d,S  =  rdr  dQ). 


(39.11) 


From  conditions  (39.11)  we  obtain  a  system  of  three 
equations  for  three  unknowns,  A,  B,  C. 

The  following  general  formulas  are  obtained  for  displace¬ 
ments: 


ur—  — y  (-T  cos  9  +  B  sin  0)  +  U  + 

+  z  (co2  cos  0  —  cot  sin  0)  -f  u0  cos  0  -f  v0  sin  0, 
uq~  —  4p(  —  Asin0  +  ficos0)-(-F-b(i)3r— 

—  z  (<o2  sin  0  4-  (o4  cos  0)  —  u0  sin  0  +  Uo  cos  0, 
w  —  z  (Ar  cos  0  -\-Br  sin  0  +  C)  + 

+  r  ( —  co2  cos  0  -f  (Oj  sin  0)  +  w0, 


(39.12) 
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where  <oft,  u0,  v0,  w0  are  six  constants  characterizing 
rigid-body  displacements.  The  functions  U,  V  are  determined 
from  a  system  of  three  equations: 

—  Pllar  +  Pl2ffe  +  Pi6Tr0  + 

+  al3  (Ar  cos  8  -f-  Br  sin  0  -f-  C), 

~'a0"+"7'  =  Pi2<Tr  +  P22CTe+P26Tre-f  (39  13) 

-f-  (Ar  cos  0  +  Br  sin  0  +  C), 

1  9U  ,9V  V  , 

T~d6+~d? —  T  =  P16°r  +  P26<j0  + 

-f-  PfifiTro  -f"  036  (Ar  cos  0  -  j-  Br  sin  0  -f-  C). 


After  finding  the  unknown  constants  and  the  functions 
U,  V,  we  may  conclude  from  the  expressions  for  displace¬ 
ments  (39.12)  that  a  body 
with  free  ends  deforms  so 
that  its  axis  bends  and 
undergoes  longitudinal  ten¬ 
sion  or  compression,  but 
does  not  twist,  while  the 
cross  sections  remain  plane. 

(2)  Equilibrium  of  a  “bar 
under  an  axial  force  and 
bending  moments  [26].  If 
the  lateral  surface  of  a 
cylinder,  whose  region  of 
the  cross  section  is  finite, 
is  free  from  external  forces, 
and  the  ends  are  acted  on 
by  a  force  P  directed  along 
the  geometrical  axis  z  and  a  bending  moment  with  compo¬ 
nents  Mit  M2  with  respect  to  the  principal  axes  of  inertia 
x,  y  of  the  section,  an  elementary  stress  distribution  is 
obtained  in  a  homogeneous  cylinder  with  rectilinear  aniso¬ 
tropy,  as  in  a  homogeneous  isotropic  cylinder.  The  situation 
is  different  if  a  cylinder  has  curvilinear,  and  in  particular 
cylindrical,  anisotropy  with  an  axis  of  anisotropy  parallel 
to  the  generators  (Fig.  68).  The  stress  components  xrz 
and  t a*  are  zero,  and  ar,  a0,  xr9  are  expressed  in  terms 
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of  the  stress  function  F  [formulas  (39.5)1.  The  stress  function 
satisfies  Eq.  (39.9),  and  the  sixth  stress  component  is 
determined  by  formula  (39.10). 

The  boundary  conditions  in  this  case  are  homogeneous: 


or  cos  ( n ,  r )  -j-  Tr0  cos  (n,  0)  =  0,  1 
Tr0  cos  ( n ,  r)  +  og  cos  ( n ,  0)  =  0,  J 


(39.14) 


and  the  equation  for  the  stress  function  F  (39.9)  is  non- 
homogeneous.  When  there  are  no  body  forces,  the  conditions 
on  the  cylindrical  surface  (39.14)  are  greatly  simplified  and 
reduce  (in  the  case  of  a  simply  connected  region  of  the 
section)  to 

1T  =  0>  f=<>-  (39.15) 

Thus,  the  problem  of  tension-compression  by  an  axial 
force  and  bending  by  moments  for  a  bar  having  cylindrical 
anisotropy  is  akin  to  the  plane  strain  problem  and  of  much 
the  same  difficulty.  The  tensile  force  and  the  bending 
moments  produce  not  only  the  normal  stress  az  at  cross 
sections,  but  also  the  stresses  ar,  a0,  xr0  characteristic 
of  plane  strain. 

The  problem  is  extremely  simplified  if  the  elastic  con¬ 
stants  are  related  by  the  equalities 

a23  ~  ®13»  a36  =  0  (39.16) 

(and  this  is  true,  for  example,  for  an  orthotropic  body  whose 
axis  of  anisotropy  passes,  not  in  a  cavity,  but  through  the 
body)  and  if  there  are  no  body  forces.  The  equation  for  the 
stress  function  becomes  homogeneous,  L\F  =  0.  Considering 
the  boundary  conditions,  it  may  be  taken  that  F  =  0; 
the  corresponding  stress  distribution  is 

a*  =  ■§"  +  (r  sin  0 — r])  +  (rcos0-g),l 

Or  =  Oq  =  Tr0  =  Trz  =  T0Z  =  0,  J 


where  S  is  the  cross-sectional  area  and  /lt  I2  are  its  moments 
of  inertia  with  respect  to  the  principal  axes  of  inertia  x' ,  y' . 


15-0800 
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(3)  Generalized,  plane  stress.  Closely  related  to  the  plane 
strain  problem  is  also  the  problem  of  generalized  plane  stress 
in  a  plane-parallel  plate  of  uniform  thickness  h  [26].  Let 

there  be  such  a  plate  of  arbi¬ 
trary  shape  having  cylindri¬ 
cal  janisotropy  with  an  axis 
of  anisotropy  normal  to  the 
middle  plane,  this  plane  and 
those  parallel  to  it  being 
planes  of  elastic  symmetry. 
By  taking  the  axis  of  anisot¬ 
ropy  as  the  z  axis  of  a  cylin¬ 
drical  co-ordinate  system  r,  0, 
2  with  origin  0  at  a  point 
of  the  middle  plane  (Fig.  69), 
we  consider  the  elastic  equi¬ 
librium  under  the  action  of  forces  distributed  along  the 
edge  symmetrically  with  respect  to  the  middle  plane  and 
varying  only  slightly  across  the  thickness. 

A  fairly  clear  idea  about  the  state  of  stress  and  strain 
in  the  plate  can  be  obtained  from  the  average  values  of  the 
stress  components ~ar,  oe,  Tr0  and  the  projections  of  displace¬ 
ment  across  the  thickness: 


Tr0  : 


h/2 

h/2 

\  (Tr  dz, 

ae  = 

1 

h 

\  dz, 

-h/2 

-h/2 

h/2 

■  l  tre  dz , 

-h/2 

h/2 

h/2 

l  ur  dz, 

W0  = 

1 

h 

l  Uq  dz. 

-h/2 

V 

-h/2 

(39.18) 


We  introduce  into  consideration  body  forces  averaged 
across  the  thickness  and  their  potential  U;  we  have 


R  =  - 


dU 

dr  * 


©=  — 


1  dU 
r  dd 


(39.19) 
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As  in  the  case  of  a  body  with  rectilinear  anisotropy,  the 
average  stresses  may  be  expressed  in  terms  of  the  stress 
function  [formulas  (39.5)].  Neglecting  the  average  stress az 
in  comparison  with  ar,  o0,  Tre,  the  resulting  equation  for 
the  function  F  is 


L[F- 


/  ,  ,  d*u 

—  (°12  +  azz) 


(ai6  +  a26) 


1  d2U 


'  (ali  ‘ 


1  d2U 
r  dr  90 

2^22 


v  1  dU  , 

aiz)7  ~»r+ 


+  (al6  +  a2a)±-^-,  (39.20) 


where  L\  is  an  operator  obtained  from  L\  [the  first  formula 
of  (23.16)]  by  replacing  the  reduced  coefficients  p^  by  the 
corresponding  strain  coefficients  atj.  On  the  basis  of  the 
generalized  Hooke’s  law  equations  the  average  displacements 
are  determined  from  the  equations 


dU\ 

dr 

dug 


f - ail°r  +  ai2Pd  + 


gQ  +  ~  —  a12°r  +  a22<Jd  +  fl26Tr0  « 


dur 


90 


dlia  Ua  — *  —  — 

— - —  =  a16ar  a26ae  a86Tre. 


(39.21) 


The  boundary  conditions,  i.e.,  the  conditions  on  the  contour 
of  the  region  of  the  plate  (in  the  middle  plane)  are  identical 
in  form  with  the  conditions  on  the  Contour  of  the  cross 
section  in  the  case  of  plane  strain. 


40.  Plane  Problem  for  a  Continuously  Non-homogeneous 
Body  Having  Cylindrical  Anisotropy 

All  general  equations  derived  for  a  homogeneous  body 
with  cylindrical  anisotropy  can  be  extended  to  the  case  of 
a  continuously  non-homogeneous  body  with  anisotropy  of 
the  same  kind  [26].  The  procedure  of  derivation  is  similar 
to  that  for  a  homogeneous  body.  Hence,  we  may  omit 
some  intermediate  computations  and,  moreover,  restrict 
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our  attention  to  a  body  with  anisotropy  of  a  special  kind, 
viz.  an  orthotropic  body. 

We  shall  consider  only  the  case  of  plane  strain  since  the 
allied  two  cases,  as  shown  in  Sec.  39,  are  investigated  in  an 
entirely  similar  way. 

Let  there  be  a  body  ofj  infinite  length  bounded  by  an 
arbitrary  cylindrical  surface  and  having  cylindrical 
anisotropy,  or,  more  specifically,  let  the  body  be  orthotropic 
(the  axis  of  anisotropy  is  parallel  to  the  generators,  one  of 
the  three  planes  of  elastic  symmetry  is  normal  at  each  point 
to  the  axis  of  anisotropy  g,  i.e.,  it  coincides  with  the  plane 
of  the  cross  section).  Let  the  axis  g  be  taken  as  the  z  axis, 
and  the  plane  of  any  cross  section  as  the  plane  xy  or  r0 
(Fig.  67). 

Suppose  that  there  are  surface  and  body  forces  acting 
normally  to  the  generators  and  constant  along  the  length; 
the  body  forces  have  a  potential,  so  that 


dU  1  dU 

dr  ’  r  dQ 


(40.1) 


In  the  case  of  an  orthotropic  body  it  is  more  convenient 
to  use  the  engineering  elastic  characteristics,  which  dre 
denoted  as  in  Sec.  10:  Er,  E0,  Ez  —  Young’s  moduli,  yr0, 
Ver,  •  •  •,  v zr  =  Poisson’s  ratios,  Gr0,  G0Z,  Grz  =  shear 
moduli.  The  reduced  elastic  characteristics  are  expressed 
as  [see  (24.5)] 


a  t  VTzyzr 

Pu-  Yr  ' 

1  — V0ZV20 


P22 : 


E0 


P12  — 


Vr0  +  VrzVz0 

Er 


(40.2) 


(the  other  pi;-  are  either  zero  or  do  not  enter  into  plane  strain 
formulas). 

We  give  only  the  final  results  obtained  in  the  same  way 
as  for  a  homogeneous  body. 

The  displacements  uT ,  u0,  w  are  determined  by  the  same 
formulas  (39.4)  as  for  a  homogeneous  body,  and  the  functions 
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U,  V  are  found  from  the  equations 

dU 


dr 


—  Pll^r  +  Pl2^0> 


—  +  ~  —  Pl2°>  +  P22a0, 

l  dU  .  dv  v  _  H  „ 

r  90  +  dr  r  ~ 


(40.3) 


where  p^  are  not  constants  as  in  Eqs.  (39.2),  but  functions 
of  r  and  9  (since  the  engineering  characteristics  E,  v,  G 
are  functions  of  r  and  0). 

Of  the  six  stresses  two  are  zero,  viz.  xrz  —  t02  =  0; 
three  stresses  are  expressed  in  terms  of  the  stress  function: 


1  dF 


oe  = 


r  dr  r  r2 
92F 


1  '  U , 


dr* 


■u. 


aO2 

Tre  = 


dr  90 


(f). 


(40.4) 


and  the  sixth,  last  one  depends  on  o,  and  o0: 

oz  =  v2ror  +  v20(T0.  (40.5) 


The  stress  function  satisfies  a  non-homogeneous  equation 
with  variable  coefficients  if  body  forces  are  acting,  which 
is  written  as 


JM 

(  Pn 

Pii  av  , 

dr  ) 

\  r 

dr  + 

r2  902  1 

+  r 

—  ii 

3  *L 

,  Pii  W 

dr 2  V 

P12  dr 

1  r  902 

+jA[-fcA(f)]--(£-rT)ift.+wib 


+  (40.6) 


When  forces  are  prescribed,  the  boundary  conditions  are  of 
the  form  of  (39.8). 

If  the  cylinder  has  a  finite  length  and  a  finite  region  of 
the  cross  section,  the  theory  may  be  considered  true,  by 
virtue  of  Saint-Venant’s  principle,  for  all  its  parts  with  the 
exception  of  zones  of  local  stresses  near  the  ends  where  the 
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stresses  cannot  be  found  by  this  method.  Finally  we  note 
that  the  proposed  theory  may  also  be  used  to  obtain  an 
approximate  solution  for  a  body  of  finite  length  with  free 
ends.  In  this  case  the  stress  az  contains  three  unknown 
constants: 

(I z  =  Ez  ( Ar  cos  0  +  Br  sin  0  +  C)  -f  vzror  -f-  v2eae  (40.7) 


and  the  stress  function  satisfies  Eq.  (24.5),  where  U  =  0: 

iJL-r ,  !ni!F  R  d*F\ 

\  d02  dr  )  \  r  dr  ‘  r2  S02  '  ^12  dr 2  )  ' 


+  r 


d 2 

[dr2 


8F 
12  ~dT 


Px2  d*F 


hrJ£)  + 


d02 


dr  dQ 


['fc.jSi(-f)]- 


=  (-^T  —  r~r)  [vzr(^rcos0  +  5rsin0  +  C)]  + 


d* 


+  r2  -fag-  [vze'(4r  cos  0  +  Br  sin  0  -f  C)].  (40.8) 


The  constants  A,  B,  C  are  determined  from  the  end  condi¬ 
tions  by  requiring  that  the  resultant  force  vector  and  the 
resultant  couple  should  be  zero  at  the  ends.  For  this  the 
stresses  oT,  o0,  az  must  first  be  found,  and  then  A,  B ,  C 
are  determined. 

In  the  case  of  generalized  plane  stress  all  reduced  coefficients 
P ij  must  be  replaced  by  the  coefficients  a, Of  all  the  foregoing 
equations  there  remain  only  (40.3),  (40.4),  and  (40.6). 

41.  Axially  Symmetric  Distribution  of  Stress 
in  a  Homogeneous  Hollow  Cylinder 
Having  Cylindrical  Anisotropy 

We  now  turn  to  the  study  of  specific  problems  and,  to 
begin  with,  we  consider  a  body  in  the  form  of  a  hollow 
circular  cylinder  with  an  axis  of  anisotropy  coincident  with 
the  geometrical  axis  of  the  cylinder. 

We  first  consider  the  elastic  equilibrium  of  a  body  in 
the  form  of  a  hollow  cylinder  (tube)  of  finite  length  made  of 
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a  homogeneous  material  having  cylindrical  anisotropy  of  the 
most  general  kind  and  subjected  to  forces  distributed  over 
the  lateral  surface  and  the  ends.  Suppose  that  (1)  the  forces 
on  the  cylindrical  surfaces  are 
normal  and  are  distributed 
uniformly,  and  (2)  the  forces 
at  the  ends  are  distributed 
identically  over  both  sur¬ 
faces  and  reduce  to  equal  and 
opposite  axial  forces  and 
twisting  moments. 

Let  the  axis  of  the  body  be 
taken  as  the  z  axis  of  a  cy¬ 
lindrical  co-ordinate  system, 
with  the  polar  axis  x  direct- 
ed  arbitrarily  in  the  plane  ° 
of  either  of  the  end  sections.  y 

We  introduce  the  notation: 
a,  b  —  inner  and  outer  radii  Fig-  70 

of  the  section;  p,  q  =  internal 

and  external  pressure  per  unit  area;  P  =  axial  force,  M  = 
=  twisting  moment  (Fig.  70).  We  further  introduce  symbols 
for  coefficients  depending  on  p^,  which  will  enter  into 
formulas  for  the  stresses: 


..  _ Pl4  _ 

™  4  (PaaP*4 — Pm)  —  (P11P44  —  Pi*)  ’ 

.  _ Pll — ^Pag _ 

^  4(pMp4t-PW-(PuPt«-PW  ’ 

v  _  (a13  a2a)  Pt«  a34  (Pl4 —  P24) 

‘  P22P44  P24  (P11P44  Pl^)  ’ 

v  /  a13 —  a23)  (Pl4'hPa4) — a34  (Pll  —  P22)  . 

X2"'  P22P44  P§4  (P11P44  Pf  4) 


u _ ■%/"  P11P44  —  Pl4 

K~y  P22P44-PI4 

Pl4+^P24 


g-h= 


Px4  i  P24 
P44  ' 

P14 — ^Pa4 


(41.1) 


(41.2) 


It  may  be  stated  that  even  in  the  general  case  of  anisotropy 
the  axially  symmetric  distribution  of  external  forces  produces 
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stresses  identical  at  all  cross  sections  and  dependent  only 
on  the  distance  r  from  the  axis.  We  may  set  A  =  B  =  U  =  0 
in  system  (23.15)  and  seek  the  solution  of  the  resulting 
equations  in  the  form  of  functions  of  only  one  variable  r: 

F  —  F  (r),  i|)  =  i|>  (r).  (41.3) 


The  expressions  for  the  stresses  are  obtained  as 
Or—-—- °e  =  F",  Tr0  =  0, 

Trz  =  0,  tez=  — 1|>'; 

°2  —  C  —  ~ —  (a13°r  +  a23°e  +  a34T0z)- 
“33 

The  system  of  equations  for  F  and  t|>  becomes 

P22(^IV+^)+Pu(-^+^)- 

-p24^'+(Pi4-2p24)Jr=°> 

—  ^24^”"  —  (Pl4  +  P24)  “  +  P44  (  '!’"  +  -~T  )  ~ 

=  — 2'd’. 

r 

The  conditions  on  the  cylindrical  surfaces  are: 

when  r  =  a,  crr=  —  p;  1 
when  r  =  b,  oT  =  —  q.  J 


(41.4) 

(41.5) 


(41.6) 


(41.7) 


The  conditions  at  the  ends  reduce  to  the  following  two: 

b  b 

j  azrdr  —  ~,  j  XQzr2dr- 

a  a 

The  general  solution  of  system  (41.6)  is 


M_ 
2ji  ‘ 


F  =  C,  Pu 


i  +  k 


s  ri+h. 


'J_  ri-h 


l—k‘ 
+  C4  - 


+ 


jfrl  r3 


—  C0  In  r  +  C  r  +  Cig±r  + 


-^g_kr-*  +  C5- 


r2. 


(41.8) 


(41.9) 
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Of  the  six  arbitrary  constants  Ct  two  can  be  set  equal  to 
zero  since  the  corresponding  stresses  are  zero,  namely  C4  = 
=  Ch  —  0.  The  stress  components  expressed  by  formulas 
(41.4)  in  terms  of  constants,  not  yet  found,  are  of  the  form 

°t  —  Co  +  C4  4-  C2rft_ 1  +  C3r~k~l  4-  , 

P44  r 

OQ  =  Cl-\-C2krh~i  —  Cskr~h~l  -)-2'dp1r,  ^  ^ 

Tez=  — C0  — — C-^ — Ci8i  —  C2gftrft_1  — 

—  C3g-ftr-ft-14tfp2r.  . 

On  determining  displacements  from  stresses  (41.10)  [by 
integration  of  the  generalized  Hooke’s  law  equations  (23.7) 
and  (23.8)],  we  conclude  that,  with  arbitrary  C0,  Clt  C2,  C3, 
the  expressions  for  the  displacements  will  involve  non-period¬ 
ic  functions  of  the  angle  0,  i.e.,  the  displacements  will,  in 
general,  be  multiple  valued.  To  make  them  single  valued,  we 
must  set 


C„  =  0  and  C,  =  Cxj  (41.11) 

We  introduce  the  following  notation  for  the  ratio  of  the 
radii  of  the  section  and  the  ratio  of  the  variable  distance  to 
the  outer  radius: 


c  =  -~,  p  =  -£-  (c<l,  c<p<l).  (41.12) 

By  satisfying  the  conditions  on  the  cylindrical  surfaces, 
we  obtain  expressions  for  Cs  and  C3  in  terms  of  C  and  three 
formulas  for  three  stresses  [for  the  fourth  formula  see  (41.5)]: 


pci+1— q  ft— , 
l_c2ft  P 


ic*-i-pch+i  p_fc_t 


i - C2h 

r.h+1  t.  .  1 — 


+ 


({ 


1  —  cft+2  1  —  cfe~2 


P 


1- 


,th 


,ft+2 
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*P^  -  + 

+  C*i  (  1  +  V"1  +  ^h+1p'h'1 )  + 

+  ft^h  (  2p  —  — kpk- ‘  +  ^h+2p-h-i )  , 

^  =  -  ^^2-  ^Pfe-‘  -  4^=^  g-hch+l p-h-1  + 

-f  C  [  —  X2  +  Xi  (  \  _Ce2fe  S'ftP’*'1  + 

+  \~lir  g-hCh+ip~h~l  )]  +  ^[p2p+ 


/ 1 — cft+2  1— C*"2  k+, 

+  N  (iZT^F  Sk9h  1  +  —c W  g-hCh+2P  1  j 


(41.13) 


The  constants  C  and  ft,  remaining  undetermined,  must  be 
found  from  the  two  end  conditions  (41.8).  To  obtain  them,  it 

is  necessary  to  perform 
quite  elementary  but  lengthy 
computations,  which  will 
1  ad  to  rather  compli¬ 
cated  expressions  for  the 
coefficients  C  and  ft.  For 
this  reason  we  shall  not 
write  out  either  the  com¬ 
putations  or  the  final  re¬ 
sults. 

42.  Stress  Distribution  in 
a  Hollow  Homogeneous 
Cylinder  under  Internal 
and  External  Pressure 

If  the  hollow  cylinder 
Fig.  71  considered  in  the  preceding 
section  is  rigidly  fixed  at 
its  ends  and  is  deformed  by  pressures  p  and  q  distributed 
uniformly  over  the  inner  and  outer  surfaces,  r  —  a  and 
r  =  b,  it  is  in  a  state  of  generalized  plane  strain  (Fig.  71). 
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The  solution  of  the  problem  for  a  tube  of  material  with 
cylindrical  anisotropy  of  a  special  kind  was  obtained  by 
Saint-Venant  [113]  and  Voigt  [128].*  The  formulas  for  the 
stresses  in  the  general  case  of  anisotropy  are  found  from 
(41.13)  assuming  that  C  =  ft  =  0.  We  obtain  (the  notation 
is  taken  from  Sec.  41) 


pch+l-q 
1  -c*h  P 


qch  l  —  p  k+1  h_t 

~  A  U 


O0  = 


pch+ 1  —  q 


1  —c*h 


kp 


h-i  . 


l_c2h 

qch-t.  —  p 

1  — c2ft 


kch+l p-ft 


-ft-1 


tre  =  0; 


(42.1) 


Tr2  —  0? 


102 


pc 


fc+l_ 


^vr8hph  i- 


9ch  1~ZP  a  ,ch+ 

S-fcC  p  , 


az=~r~  [  Pi-cz)T  («i3  +  ^23  —  gha3i)  ph  1  + 


qc 


h-l_, 


(al3  —  ka23  —  g_ha3i)  ch+1  p  h  *]. 


(42.2) 


^  l_c2h  .  -  -  -  -  —  j 

The  stresses  az  at  the  ends  (and  at  any  cross  section)  reduce 
to  an  axial  force  P,  and  tez  to  a  twisting  moment  M.  which 
are  equal  to 

-|^-[(g_pCh+1)  (1  ch+1)  X 


P  = 


X 


M  = 


ai3  r^a23  Shasi 

1  +  k 


(qch  1  —  p)  (1  —  ch_1)  e2  X 

X 


al3  k°23  S-ha  34 


2n63 


c2h 


[(?  —  pch+i)  (1  —  ch+z) 


1  —k 
gh 


2+k 

-{qc'-'-p)  (1-^V-g- 

The  stresses  near  the  inner  surface  r  —  a  are 

2ch~1 


]• 


(42.3) 


O0: 


,  1+C2ft 
1— c2h 

g-h  —  gkc' 


■qk 


•2k 


T8  Z  —  P  l_c2ft 


1  —  C2*  ’ 

-  (gh  —  g-h)^-1 
q  1-c2* 


(42.4) 


*  A.  N.  Mitinskii  considered  the  stresses  in  a  drilled  wooden  tube 
treated  as  a  body  having  cylindrical  anisotropy  ([101]  and  [102]). 
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and  near  the  outer  surface  r  =  6’ 


t  — c*h 


gh—g-hc* 


=-p  ( gk  -  8-h)  fl_~aT  + 


(42.5) 


In  the  general  case  of  anisotropy  the  stresses  ar,  ct9  are 
accompanied  by  a  stress  characteristic  of  torsion.  The  cross 
sections  become  warped  since  W  0;  the  radii  also  become 
curved  (F  =/=  0). 

If  at  each  point  there  is  a  plane  of  elastic  symmetry 
normal  to  the  axis  of  the  tube,  then  a3i  =  p14  =  p24  = 
—  gk  —  g-h  —  0,  and  the  shearing  stress  t0z  becomes  zero. 
The  normal  stresses  are  determined  by  the  previous  formulas 
[the  first  and  second  formulas  of  (42.1)],  but  now  k  has 
a  different  value,  namely 


(42.6) 


The  cross  sections  do  not  warp,  and  the  deformation  is 
plane  strain.  The  radii  do  not  distort  only  in  the  case  when 
every  radial  plane  is  a  plane  of  elastic  symmetry  since  their 
distortion  depends  on  a16  and  a28.  If  the  elastic  constants 
are  related  by  the  equality 

PiiP44  -  p;.  =  p..p««  -  p;.,  (42.7) 

then  k  —  1  and  the  distribution  of  the  stresses  or,  00  is 
the  same  as  in  a  tube  of  isotropic  homogeneous  material: 


Pc2  —  q  ,  (g  —  p)c2 
1-c*  ^  i-c * 
pc2  —  q  {q—p)c2 

1  —  c2  1-c2 


(42.8) 


If  the  ends  are  free  from  forces,  formulas  (41.13)  must 
be  used  (where  k  =/=  1  or  in  the  case  just  considered  k  =  1), 
and  C  and  must  be  chosen  so  that  the  axial  force  P  and  the 
twisting  moment  M  will  be  zero.  In  the  general  case  of 
cylindrical  anisotropy  both  constants  are  different  from 
zero  and  the  tube  under  normal  pressure  changes  not  only 
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its  cross-sectional  radii,  but  also  its  length  and  becomes 
twisted.  No  twisting  occurs  (0  =  0)  if  there  are  planes  of 
elastic  symmetry  normal  to  the  axis. 


43.  Stress  Distribution  in  a  Hollow  Homogeneous 
Cylinder  under  an  Axial  Force 
and  a  Bending  Moment 


Consider  the  elastic  equilibrium  of  a  tube  of  homogeneous 
material  with  cylindrical  anisotropy,  which  has  a  finite 
length  and  is  deformed  by  forces  distributed  over  its  ends. 
The  manner  in  which  the 
forces  are  distributed,  i.e., 
the  law  governing  their  dis¬ 
tribution  is  not  specified,  but 
it  is  known  that  at  either  end 
they  reduce  to  a  force  of  mag¬ 
nitude  P  directed  along  the 
axis  to  one  side  of  the  other. 

One  end  may  be  fixed,  and 
the  reaction  arising  at  it  is 
equal  and  opposite  to  the 
force  P  at  the  other  end 
(Fig.  72). 

The  stress  distribution  is  ob¬ 
tained  by  formulas  (41.13) 
setting  p  =  q  —  0  in  them  and 
determining  the  constants  C 
and  0  from  the  end  condi¬ 
tions  (41.8),  where  M  —  0. 

Since  the  procedure  of  solution  for  a  tube  with  arbitrary 
cylindrical  anisotropy  is  perfectly  clear  but  leads  to  rather 
cumbersome  formulas,  we  shall  consider  only  a  special 
case  of  anisotropy  when  there  are  planes  of  elastic  symmetry 
normal  to  the  geometrical  axis  z  (which,  it  will  be  recalled, 
is  at  the  same  time  the  axis  of  anisotropy  g ). 

The  results  reduce  to  the  following.  The  notation  is  that 
used  in  Secs.  41  and  42,  and  in  addition 


a23  —  a13 

Pll  —  P22 


(43.1) 
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The  stresses  are  determined  by  the  formulas  (see  [81]  and 
[26]) 


Ph 

T 

Ph 


(<-45 


lz--£-h+1 


„_i  _ 

l  —  ch+l  t  b  4  _ 


cft+lp-ft-l 
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Ph  I  .  l_cft+i  1— c*”1, 

°0—  y  (1  l_C2fc  P  / 

tr0  =  O; 

Trz  =  T0Z  —  0, 


Ph 


Ta% 


£ai3  +  023 - JZZ 


l  —  ck+l, 
c2h 


X 


X  (a13  +  &a23)  pft“‘  —  \  {ai3  —  ka23)  cft+1p  ft-‘ 


Here 

T=nbz(l-c2) 


2nhb 2  r  1  — c2 


]■ 


“33 


[' 


'  (fl13  +  a23)  — 


(43.2) 


(43.3) 


■  (1  -  cft+1)2  — ^°23  -  (1  -  ch~l)2c2  ai3k^is  ]•  (43.4) 


It  is  assumed,  in  all  formulas,  that  pu  =/=  p22,  and  hence 
k  =/=■  1. 

When  the  coefficients  a13  and  a23  are  distinct,  the  stress 
az  is  not  uniformly  distributed  over  a  cross  section  and  is 
accompanied  by  stresses  o>,  o0  in  longitudinal  sections 
characteristic  for  a  tube  under  pressure.  On  the  inner  and 
outer  surfaces  we  have:  when  r  =  a,  or  —  0, 

Ph  l  +  A:_2A:ch-1  +  (&  — l)c2h 
a0—  T  1  — ’ 

haM  i+k-2kc*-i+(k-i)c** 

1  T  L1  a33  1  -e*k 

when  r  =  b,  aT  =  0, 

Ph  1  —  k+2kc*+1— (fc+l)c2* 

0—  T  l  _c2ft  > 

„  _P_  [a  ha23  l_fc+2fee^-(fe  +  l)c^ 
z  T  L  a33  l-c2* 

If  the  anisotropy  of  the  cylinder  is  such  that  a22  =  flu, 
023  =  0isi  then  it  follows  that  pu  =  p22  and  k  =  1.  We 
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obtain  a  very  simple,  elementary  stress  distribution: 

_  P  1  'I 

z  Jrt*  1-e*  •  J.  (43.7) 

as  in  an  extended  isotropic  hollow  bar  of  radii  a  and  b. 

Consider,  now,  the  same  hollow  cylinder  but  deformed  by 
forces  distributed  over  its  ends  and  reducing  to  a  bending 
moment  M  at  each  end.  As 
in  the  case  of  a  force,  the  law 
of  distribution  of  the  forces 
is  not  specified;  only  M  is 
given  which  acts  in  a  plane 
passing  through  the  geomet¬ 
rical  axis  (Fig.  73).  The 
geometrical  axis  coincides  with 
the  axis  of  cylindrical  aniso¬ 
tropy,  and  we  consider,  not  the 
most  general  case  of  anisotro¬ 
py,  but  the  case  of  an  ortho¬ 
tropic  body  in  which  through 
each  point  there  pass  three 
planes  of  elastic  symmetry: 
the  first  is  normal  to  the  Fig.  73 

generators,  i.e.,  coincident 

with  the  plane  of  the  cross  section,  the  second  passes 
through  the  axis,  and  the  third  is  orthogonal  to  these  two. 

Suppose  that  body  forces  are  absent.  By  setting  U  = 
=  a36  =  0  and  also  A  =  0  in  Eq.  (39.9),  we  write  it  out 
as  [81] 

r  P*F  >  /ob  i  b  \  1  &F  ,  „  1  d*F  , 

P22  9r4  +  (^Pl2  +  F66)  r2  dr2  002  +  HU  r4  004  + 

_i_  or  1  PF  /OB  ,  B  X  1  d*F  a  1  d*F  , 

'  P22  r  dr*  l^Pi2  +  Pee)  r3  dr  qq 2  Pn  r2  0r2  + 

1  OF 


1  32F 
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The  solution  of  this  equation  is  sought  in  the  form 

F  =  /  (r)  sin  6.  (43.9) 

By  integrating  the  resulting  fourth-order  equation  for  f, 
we  obtain  an  expression  for  /  and  F: 

F-=  (A  ri+»  +  ix  ri-«*  +  C3r  In  r  +  Ctr  +  ^-  rA  sin  9. 

(43.10) 

Here  Cu  Ct,  C3,  C4,  B  are  arbitrary  constants, 


m  _  -%f  A  |  ftll  +  2ftl2  +  fteg  _ _  a23  a13 _ 

*  P22  ’  Pii-f-2pi2  +  P««  —  3p22 


The  stresses  are  determined  by  the  formulas 
1  dF  ,  1  d2F 


<Te  = 


r  dr  r  r2  002  > 
W  92 


9r2 


tre: 


dr  ae 


(A- 


xrz  —  Tez  —  0, 

A 

oz  =  Br  sin  0 - (a13o>  -f-  a23°e)  =  °z  ( r )  sin  0 . 


(43.11) 


(43.12) 


(43.13) 


The  constants  are  found  from  the  boundary  conditions 
Or  =  *r0  =  0  (43.14) 


when  r  —  a  and  r  =  b,  and  from  the  end  conditions 

2n  6  I 


2n  b 

n 

0  a 


ozr2  sin  ddrdd  —  Mt 
azr2  cos  0  dr  dd  =  0. 


(43.15) 
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The  final  formulas  for  the  stresses  are  of  the  form 


1  —  cm+2  _ 

1 — P 

1  —  ctm 


*m+2p-m—l 


j  sin  0 , 


[3p_L-^2(l  +  m)  pm-l_ 


Tr0  — - 


cm+2  _  ftij  p-m-1  J  sjn  0^ 


4i5^cm+Mi- 
(p-fes'p*-- 

l_cm-2 


}  (43.16) 


M  ■  0  Af6g 
az  =TrSm0--^- 


1  —  c*m  ^ 


|(ai3+  p  — 


1  j  cos  0; 


a _ rm+ 2 

-  1  _Zc2m-  [Ql3+  (1  +  ™)  a23\  Pm_1- 


4 _ „m-2  A 

- \ _ c2m~  cm+2 1«1»  +  (1  - »»)  a23]  P‘m  }  sin  6-  (43.17) 

Here  [the  symbols  c  and  p  have  the  same  meaning  as  in 
Sec.  41,  formula  (41.12)] 

K  =  ^(i-c‘)~ 


-[(l~c4) 


«\ «i3+  3°aa  (1  — c'"^)2  ai3  +  (l+ai)  ais 


4  1 — cim  m- 

(1  —  cm-8)2  gi3  +  (l—  m)a28 

1  —  c2m  ro  —  2 


(43.18) 


The  formulas  are  extremely  simplified  if  Poisson’s  ratios 
expressing  the  contractions  in  a  radial  and  a  tangential 
direction  When  tension  is  applied  in  the  axial  direction  are 
equal,  i.e.,  a13  ~  a23,  and  take  the  same  form  as  for  an 
isotropic  tube  deformed  in  pure  bending  by  moments: 

oz=,^~r  sin0,  ar  =cr9  =  tr0  =xrz  =x9z  =  0  (43.19) 

1 

[/  =  (1  —  c4)  is  the  moment  of  inertia  of  the  ring 

with  respect  to  a  diameter]. 


16-080U 
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44.  Stress  Distribution  in  a  Continuously 

Non-homogeneous  Hollow  Cylinder  under  Pressure 

Atmore  compiicated^robien^compared^witii.the  one  consid¬ 
ered  in  Sec.  42  is  that  of  the  elastic  equilibrium  of  a  continu¬ 
ously  non-homogeneous  hollow  cylinder  having  ^cylindrical 
anisotropy  and  loaded  on  the  inner  and  outer  cylindrical 
surfaces  by  uniformly  distributed  normal  pressures  p  and 
q  (per  unit  area).  We  shall  consider  the  plane  deformation 
of  a  hollow  cylinder  for  a  special  case  when  the  axis  of  an¬ 
isotropy  coincides  with  the  geometrical  axis  z.  The  cylinder 
is  orthotropic,  and  the  strain  coefficients  depend  only  on  r; 
body  forces  are  absent.  The  schematic  representation  of 
the  problem  is  as  in  Fig.  71.  The  length  of  the  cylinder  is 
assumed  to  be  infinite  or  finite,  but  the  ends  are  fixed. 

Let  the  plane  of  any  section  (for  a  bar  of  infinite  length) 
or  the  plane  of  an  end  section  (for  a  bar  of  finite  length)  be 
taken  as  the  co-ordinate  plane  r0,  with  the  z  axis  directed 
along  the  axis  of  anisotropy  (the  geometrical  axis)  and  the 
polar  x  axis  along  an  arbitrary  radius. 

Obviously,  in  the  present  case  the  stress  distribution 
has  rotational  symmetry,  i.e.,  the  stress  components  are 
independent  of  r,  and  it  is  obtained  assuming  that  the  stress 
function  depends  only  on  r.* 

Assuming  that  F  —  F  (r),  and  denoting  F'  (r)  by  <p  (r),  we 
obtain  formulas  for  the  stresses  and  equations  for  the  dis¬ 
placement  uT  ( uq  =D): 


°r  =  ~,  ^0  =  9',  Tr0  =  O, 

T0z  =  Yrz  —  Oj  Oz— - ~ - (a13^r  +  ^23°0) 

ur  =  Pll  ~  +  Pl2<P,» <•! 
ur  ~  Pl2<P  +  P22 r<P  -  * 


(44.1) 


(44.2) 


*  This  condition  is  sufficient  but  not  necessary  since  there  are 
functions  F  depending  on  0  the  corresponding  stresses  for  which  are 
independent  of  0  (for  example,  F  =  C0). 
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By  eliminating  the  function  ur  from  (44.2),  we  find  an 
equation  for  the  function  <p: 

•  KfW  +  P«<P)'  -  Piifrf  -  [W  =  0.  (44.3) 

The  general  integral  of  this  linear  equation  with  variable 
coefficients  is  of  the  form 

<P  =  A<Pr  (r)  +  C2q>2  (r).  (44.4) 

To  find  linearly  independent  solutions,  it  is  necessary 
to  assign  as  functions  of  r.  The  constants  C1,  C2  are 
determined  from  the  boundary  conditions,  which  are  written 
in  this  case  as 


when  r  =  a,  <Jr  =  —  p;  | 
when  r  =  b,  ar  —  —q.  ) 


(44.5) 


Problems  of  this  kind  involving  Eq.  (44.3)  and  a  more 
complicated  equation  for  a  non-orthotropic  cylinder  have 
been  considered  in  [52]  and  [123]  (see  also  [92]  and  Biblio¬ 
graphical  Index  [18]). 

The  problem  is  most  easily  solved  in  cases  where  ^the 
coefficients  atj  are  proportional  to  some  power  of  the  distance 
r;  several  solutions  have  been  obtained  in  [130]  and  [107], 
Let  the  strain  coefficients  be  given  as 


lij  —  aUr 


Pt,  =  ( 


a  ir 


ai3a/s 


yur~ 


(44.6) 


(a ij  are  given  constants  and  n  is  any  constant  real  number). 
Under  these  conditions  of  the  problem  Eq.  (44.3)  becomes 
elementary: 


(44.7) 

where 

..  Vll+nVl2 

722  ' 

(44.8) 

1  he  general 

integral  of  (44.7)  is  obtained  as 

<p  ='Cir>  +  C2rl. 

(44.9) 

16* 
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Here 


j  =  0.5  (»±y»2  +  4v„).  (44.10) 


Substituting  expression  (44.9)  in  formulas  (44.1),  and 
determining  the  constants  Ck  from  the  boundary  conditions 
(44.5),  we  find  final  expressions  for  the  stresses: 


<*r  =  —  Pc 

Oe  =  —  pc 


Cs  —  C * 
Sps-i  —  fpt-i 


c*  p1 


c'  —  cl 

sc*  p*-1  —  tcs  p*-1 


cs  —  c 


C8 —  c * 


(c  =  f>  P  =  T«  fl<6)- 


(44.11) 


In  [106]  and  [107]  are  given  tables  of  numerical  values 
of  the  stresses  along  a  diameter  of  a  ring  loaded  only  on  the 

inner  contour  \q  —  0)  for 
a  material  with 


Et  —  2-106pn, 

£e  =  0.95-10y\ 
vre  =  0; 


(44.12) 


n  may  be  arbitrary.  It  is 
stated  that  these  values 
have  l?een  obtained  for  oak 
wood.  Table  18  gives  nu¬ 
merical  values  of  stresses 
taken  from  the  papers  cited  above  (c  =  0.5).  Figure  74 
shows  the  distribution  of  ae  along  a  diameter  for  c  =  0, 
1,  3  (from  [107],  with  slight  modifications).  Also  given 
in  [107]  are  graphs  of  ar  for  n  =  0,  1,  3,  but  they  will 
not  be  presented  here. 
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Stress  Values  for  Material  {44.12)  at  Some  Points  of  Tube  Table  18 
Diameter 


n 

- 

l 

0 

0 

.5 

r 

f  =  T 

Vp 

Vp 

Or/p 

Vp 

ot!p 

Vp 

0.5 

—1.000 

2.100 

—1.000 

n 

—1.000 

1.225 

0.6 

—0.548 

1.410 

B 

US 

—0.637 

0.7 

—0.299 

1.013 

Em 

1.021 

—0.407 

1 

0.8 

-0.152 

0.763 

E8SI 

0.879 

—0.223 

0.9 

—0.060 

0.597 

-0.081 

0.771 

-0.097 

0.897 

1.0 

0 

0.487 

0 

0.694 

0 

0.848 

n 

1 

2 

3 

r 

P  =  T 

ot/p 

Vp 

Vp 

Vp 

«r/p 

°e/p 

-1.000 

1.190 

-1.000 

0.768 

-1.000 

0.523 

0.6 

B B 

1.122 

-0.698 

0.840 

0.681 

■n 

1.000 

—0.472 

0.845 

■SB 

—0.249 

1.074 

-0.286 

a  1 

1 .070 

—0.110 

1.070 

-0.141 

1 

-0.168 

1.344 

1.0 

0 

1 .068 

0 

1.280 

0 

1.650 

45.  Stress  Distribution  in  a  Circular 

Non-homogeneous  Cylinder  Having  Cylindrical 
Anisotropy  under  an  Axial  Force 
and  a  Bending  Moment 

The  solutions  of  problems  obtained  in  Sec.  43  for  a  homo¬ 
geneous  hollow  cylinder  having  cylindrical  anisotropy  can 
easily  be  generalized  to  the  case  of  a  continuously  non- 
homogeneous  cylinder  with  anisotropy  of  the  same  kind. 
These  solutions  have  been  obtained  in  [123]  and  [52]  (see 
also  [92]). 

To  avoid  lengthy  computations,  the  non-homogeneous 
cylinder  is  assumed  to  be  orthotropic,  with  the  axis  of 
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®nisotropy  coinciding  with  the  geometrical  axis;  however, 
the  problem  can  easily  be  solved  for  a  cylinder  with  any 
kind  of  cylindrical  anisotropy  and  the  axis  of  anisotropy 
coinciding  with  the  geometrical  axis,  but  the  formulas  for 
the  stresses  come  out  much  more  complicated  in  the  final 
analysis.  It  is  assumed  that  the  load  is  distributed  over  the 
ends,  but  the  law  of  distribution  is  not  given;  the  load  is 
specified  by  a  resultant  force  vector  |and  a  resultant  couple 
to  which  it  reduces  at  each  end.  We  shall  consider  two  basic 
cases 

(1)  The  forces  at  the  end  reduce  to  a  force  P  directed 
along  the  axis  g  (which  at  taken,  as  before,  as  the  z  axis; 
Fig.  72). 

Obviously,  the  stress  distribution  has  rotational  sym¬ 
metry  (if,  of  course,  atj  depend  only  on  r,  as  is  assumed 
to  be  the  case).  We  introduce  a  new  function  of  r: 


Referring  to  the  equations  of  Sec.  40,  and  setting  A  = 
=  5=0  =  U  =  0  in  them,  we  obtain  formulas  for  the 
stresses: 


Or  =  -7,  <*e  =  q>\  *r8  =  0, 

T0j  =  Xrz  —  0, 

0  _C _ 1/ 

1  °33  a33  ' 


li3 


-|^+023(p, ) ,  } 


(45.2) 

(45.3) 


and  equations  for  determining  the  displacement  component 
uT  (uq  may  be  set  equal  to  zero) 


?  (45.4) 

«r  =  Pi2<p  +  p22rq>'  +T2-Cr-  ) 

“33 


Here  are  expressed  in  terms  of  the  engineering  elastic 
characteristics  by  formulas  (40.2),  and  al3/a33  *=  — vzr, 
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a23/a33  =  — v*8-  By  eliminating  ur  from  (45.4),  we  obtain 
an  equation  for  tp: 


(P?2*V  +  P«q>)#  ~  Pi2<p'  —  Pii  = 

Q  a13 {  a23r  N'l 

I.  a33  '  a33  '  J 


(45.5) 


The  general  integral  of  this  second-order  non-homo- 
geneous  equations  is  written  as 

cp  =  Cttp!  (r)  +  C2cp2  (r)  +  Cy0  (r).  (45.6) 


The  particular  solution  q>0  of  the  non-homogeneous  equa¬ 
tion  depends  on  how  al3,  a23,  a3S  or  Poisson’s  ratios  v2r,  v2e 
are  prescribed.  The  three  unknown  constants,  Clt  C2,  C, 
entering  into  (45.6)  are  determined  from  the  conditions  on 
the  cylindrical  surfaces  and  at  the  ends:  when  r  =  a  and 

r  =  b, 

ar  =  0,  (45.7) 

when  2  =  0  and  2  =  1, 

b 

=  (45.8) 

•  a 

In  particular,  if  the  coefficients  atj,  and  hence  (J;;,  are 
proportional  to  some  power  of  r,  i.e., 

aif  =  a  ur~n,  =  ytjr~n,  (45.9) 


Eq.  (45.5)  becomes 


<P’  +  — (p'-l=-<p  =  Cgrn-, 


where 


Vll  +  »Vl2 


a13 —  a33 


Its  general  integral  is 

q>  =  C,r*  -f  C2r(  -f  Cmnrn+t. 


(45.10) 

(45.11) 


(45.12) 
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Here  we  have  used  the  notation: 

^  =  0.5(»±/n2-t-  4yn), 

mn^g/(i  +  n—yn). 


(45.13) 


Substituting  (45.12)  in  (45.2),  we  obtain  expressions  for 
the  stresses  aT  and  o&  containing  three  constants,  C2,  C, 
which  are  all  determined  from  conditions  (45.7)  and  (45.8). 

The  final  expressions  for  a  will  not  be  given  here.  We  only 
note  that  in  a  cylinder  for  which  ai3  —  a13  (in  particular, 
in  an  isotropic  cylinder)  aT  =  ae  —  0  and  only  a z  is  not 
zero;  depending  on  a33  ( r ),  this  stress  may  be  distributed 
non-uniformly  over  the  section. 

(2)  The  forces  at  the  ends  reduce  to  a  bending  moment  M 
(see  Fig.  73);  there  are  no  forces  on  the  cylindrical  surfaces, 
and  no  body  forces.  The  coefficients  depend,  as  before, 
only  on  one  variable,  r. 

In  this  case  we  must  proceed  from  Eq.  (40.8). 

By  fixing  the  x  axis  in  a  certain  manner  in  the  end  plane, 
we  measure  the  polar  angle  from  it  and,  setting  A .  =  C  =  0, 
seek  the  solution  of  Eq.  (40.8)  in  the  form 

F  —  f  (r)  sin  0.  (45.14) 

We  obtain  a  non-homogeneous  equation  for  the  function  /: 

( rfW"  +  M'  -  J ^ /  ) ' * ^ -  ( P«r  + 

-t  (taT  +  *?-r-*jhf)~(W  = 

(45.15) 

L  033  \  ^33  /  \  033  /  J 


The  stress  components  must  satisfy  the  conditions  on 
the  cylindrical  surfaces 


ar  =  Tre  =  0 


(45.16) 
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when  r  =  a  and  r  =  b,  and  the  conditions  at  the  ends, 
where  the  forces  must  reduce  to  a  moment, 

2ic  b 

[  j  <rzsin  Qr*drdQ  =  M  (45.17) 

0  a 

when  z  =  0  and  z  =  l. 

As  in  the  case  of  an  axial  force,  Eq.  (45.15)  reduces  to 
the  Euler-Laplace  equation,  which  is  easily  integrable,  if 
all  strain  coefficients  are  proportional  to  the  same  power 
of  r: 


at}  =  a  ijr~n.  (45.18) 

Substituting  in  (45.15),  we  obtain  the  following  equation: 
/1Y  +  2.(1 r  +  [n(n_1). 


V 

-«1 7T  + 


+  (n+l)a(%—Jr)=2B~a3*^  r"~'.  (45.19) 

where 


Yu  ~t~Vn  (rt+2)-)-'V ge 
YS2 


The  general  integral  of  this  equation  is  written  as 
/  =  Cji*  +  C2r»  -f  C3r1+n  +  Ctr  +  Bl„  (n  +  2)  rn+K 
Here 


(45.20) 

(45.21) 


/i +2 
2 


a, 


(45.22) 


_ a13  —  a23 

Y22«ss  (A  4- 3  —  a) 


(45.23) 


By  using  formulas  (40.4)  and  (40.5),  we  find  expressions 
for  the  stresses  and  then  satisfy  conditions  (45.16)  and  (45.17). 

The  constant  C4  does  not  enter  into  the  stresses.  To  the 
constant'  C3  correspond  multiple-valued  displacements 
(proportional  to  the  function  0  cos  0) ,  and  we  must  set 
C3  —  0.  The  remaining  three  constants,  Cu  C2,  B,  are 
determined  from  the  conditions  on  the  lateral  surfaces  and 
at  the  ends.  We  leave  detailed  discussion  at  this  point. 
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46.  Axially  Symmetric  Distribution  of  Stress 

in  a  Circular  Cylinder  with  Elastic  Characteristics 
Varying  Radially  and  Longitudinally 

So  far  we  have  considered  the  elastic  equilibrium  of 
a  hollow  circular  cylinder  assuming  that  the  elastic  character¬ 
istics  of  a  non-homogeneous  cylinder  (the  strain  coefficients) 
depend  only  on  one  variable,  r.  The  problems  become 
more  complicated  if  the  strain  coefficients  depend  not 
only  on  r,  but  also  on  z  measured  parallel  to  the  generators 
[931. 

Let  there  be  an  elastic  non-homogeneous  hollow  circular 
cylinder  of  finite  length  l  loaded  over  the  cylindrical  surfaces 


r  =  a  and  r  =  b  by  uniformly  distributed  forces  p  and  q 
per  unit  area,  and  at  the  ends  by  forces  reducing  to  forces  P 
directed  along  the  geometrical  axis.  In  the  general  case  it  is 
assumed  that  the  body  has  cylindrical  anisotropy  and  is 
orthotropic,  with  the  axis  of  anisotropy  directed  along 
the  geometrical  axis.  The  directions  of  the  co-ordinate  axes 
and  the  forces  are  shown  in  Fig.  75. 

We  shall  not  solve  the  problem  in  all  its  fullness  or  work 
out  the  general  theory  that  would  answer  the  question: 
given  the  elastic  characteristics  as  functions  of  the  coordinates 
r,  z  and  the  external  forces,  determine  stresses  in  each 


5  46]  ELASTIC  CHARACTERISTICS  VARYING  LONGITUDINALLY  251 


particular  case.  Instead,  we  shall  only  consider  the  inverse 
problem:  establish  how  the  elastic  characteristics  must  vary 
with  r  and  2  for  the  qualitative  picture  of  stress  distribution 
to  be  the  same  as  in  a  homogeneous  cylinder  (rB ,  =  %rz  = 
=  Tre  =  0,  or,  ae,  oz  are  functions  of  r  only)  and  find 
these  stresses.  We  restrict  our  attention  to  a  special  case, 
namely  we  assume  that  all  strain  coefficients  are  the  products 
of  functions  of  only  the  variable  r  and  a  function  of  only 
the  variable  2,  the  same  for  all  coefficients: 

au  =  bt]  (r)  Z  (2).  (46.1) 


The  generalized  Hooke’s  law  equations  are  of  the  form 
er  =  [&11  ( r )  Or  +  bt2  ( r )  <re  -f  bi3  (r)  oz]Z(z), 

80  =  [^>12tTr  +  &22°0  +  bZ3az\  %  (2)  i 

ez  —  [^13CTr  4"  &23°0  +  &33ffz]  %  (2) , 

Vr2  =  0. 

Since  the  stresses  depend  only  on  r  (as  in  Lame’s  problem 
and  in  the  problem  of  extension  by  a  force),  it  follows  from 
the  first  three  equations  that* 

uT  —  Ur(r)Z(z),  w—WT{r)  ^  Z  (z)  dz  +  w0  (r).  (46.3) 

On  cancelling  Z  (2),  Eqs.  (46.2)  become 


U r~  blior  4- &i2°e  4" bi3oz, 

UT  —  r  ( bt2or  -f-  b22Of)  -(-  b23oz), 

W r  =  blsor  -f-  b23o$  b3soz, 

Ur  (r)  Z'  (2)  +  W'r  ( r )  ^  Z  dz  +  w'a  (r)  =  0. 


(46.4) 


The  fourth  equation  of  (46.4)  can  only  be  satisfied  by 
setting 

Z'  —  a2  [  Z  dz;  (46.5) 

w0  =  const;  (46.6) 


Ur  = 


(46.7) 


*  The  subscript  r  on  Ur  and  Wr  indicates  that  these  quantities 
are  functions  of  the  variable  r  only. 
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a  is  an  arbitrary  real  or  pure  imaginary  number.  The  value 
a  =  0  corresponds  to  a  homogeneous  body.  The  number  a 
cannot  be  complex  since  otherwise  the  displacement  uT 
turns  out  complex;  also,  the  factor  Z  is  always  a  real  [quantity 
(if  b ij  are  real).  The  constant  w0  expressing  rigid-body  dis¬ 
placements  along  the  axis  may  be  arbitrary  if  the  ends  are 
not  fixed. 

By  differentiating  (46.5)  with  respect  to  z,  and  integrating 
the  resulting  elementary  second-order  equation,  we  obtain: 


(1)  for  a  real  a, 

Z  =  A  cosh  az  +  B  sinh  az,  (46.8) 

'flij  =  btj  (r)  {A  cosh  az  +  B  sinh  az).  (46.9) 

(2)  for  a  pure  imaginary  a  =  ia^, 

Z  =  A  cos  axz  +  B  sin  axz,  (46.10) 

ai}  —  bti  ( r )  (A  cos  axz  -f-  B  sin  aYz).  (46.11) 


Here  A,  B  are  real  constants,  which,  however,  cannot  be 
entirely  arbitrary  since  certain  restrictions  are  imposed 
on  aij. 

In  the  case  under  consideration  it  is  better  to  manipulate 
with  the  generalized  Hooke’s  law  equations  solved  for  the 
stress  components,  and  not  inversely;  all  stresses  are  then 
expressed  in  terms  of  the  single  function  Wr  for  which  the 
equilibrium  equation  for  a  continuous  medium  yields 
a  third-order  equation.  Indeed,  by  solving  (46.4)  for  a, 
and  expressing  [from  (46.7)]  Ur  in  terms  of  Wr,  we  obtain 


<*r- 

-Bit 

,r  r 

a 2 

—  ^12 

"  r 

a  *r 

+  BiSW, 

wr 

r 

de  = 

— '  ^12 

r 

a 2 

—  -®22 

r 

<X*r 

+  bmw} 

w ; 

w : 

nr  — 

_  O 

T 

—  R 

r 

4- 

uz  — 

•D  13 

<x» 

a23 

a*r 

i  ^33  W  7 

(46.12) 


[Bij  are  coefficients  reciprocal  to  bi},  which  are  obtained 
by  solving  Eqs.  (46.4)  for  <rl. 
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Substituting  (46.12)  in  the  equation 


ff;+  aL-O0_  =  Ot  (46.13) 

we  obtain  an  equation  that  must  be  satisfied  by  Wr: 

Bnwr+  w;+  (-?*—  it—  a2B«)  w'r+ 

+  (  — s;3)  a2Wr  =  0.  (46.14) 


The  three  arbitrary  constants  entering  into  the  general 
integral  of  this  equation  are  entirely  determined  from  the 
conditions  on  the  cylindrical  surfaces  and  at  the  ends,  and 
the  problem  is  thus  completely  solved.  Because  of  limited 
space,  however,  we  shall  not  investigate  an  orthotropic 
body  with  arbitrary  orthotropy,  but  restrict  ourselves  to 
an  example  where  a  non-homogeneous  body  is  isotropic, 
its  Young’s  modulus  E  (z)  depends  on  only  one  variable, 
z,  and  Poisson’s  ratio  v  is  a  constant. 

For  a  real  a, 

E  =  A  cosh  az  +  B  sinh  az  ’  (46.15) 


for  a  pure  imaginary  a  =  ialt 


E 


Ep _ 

A  cos  a.jZ-1-Bsin  atz  ' 


(46.16) 


In  this  case  the  relation  between  the  stress  components  and 
the  axial  displacements  (46.12),  and  the  displacement  equa¬ 
tion  (46.14)  become 


r  /  W'  x  Wl  i 

r  W'  2  i 

'•=(«.[  I 

<r,  =  Pi?.[!L--£(-^+Wr)]; 

w;  = o. 


(46.17) 


(46.18) 
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Here  we  have  introduced  the  notation:  j4,  p  =  constants 
related  to  Poisson’s  ratio  by  the  expressions 

(1-fv) (1  — 2v)  ’  T37*  (46.19) 

If  a  is  real,  the  general  integral  of  Eq.  (46.18)  is  expressed 
in  terms  of  modified  Bessel  and  Hankel  functions  of  the 
first  order:  * 

W'r  =\CJi  (apr)  +  C2K1  (apr).  (46.20) 

For  a  pure  imaginary  a  =  ia we  have,  instead  of  (46.20), 
W'r  =  C1J1  (axpr)  +  CiN1  (a^r),  (46.21) 

whereVi  is  the  Bessel  function,  N1  is  the  Neumann  function. 

By  using  the  function  W'r,  we  determine  W,  the  stresses, 
and  displacements.  The  three  constants,  which  enter  into  the 
expressions  for  the  displacements,  are  found  from  the  (exact) 
conditions  on  the  lateral  surface  and  the  (approximate)  condi¬ 
tions  at  the  ends.  We  leave  detailed  discussion  of  the  general 
case  at  this  point,  except  note  that  plane  strain  in  a  cylinder 
with  a  modulus  varying  along  its  length  under  forces  p  and  q 
is  not  possible. 

Indeed,  by  setting  w  =  WT  =  0,  we  obtain  Ur  —  u  =*  0 
from  (46.3)  to  (46.7),  and  hence  ar  —  ae  —  oz  =  0  from 
the  generalized  Hooke’s  law  equations.  Assuming  that  w  =  0 
(when  Z  is  not  a  constant),  we  obtain  a  contradictory  result. 

47.  Extension  by  an  Axial  Force  of  a  Solid  Cylinder 
with  a  Modulus  Varying  Only  along  Its  Length 

Consider  an  example  193].  Let  there  be  a  circular  isotropic 
non-homogeneous  cylinder,  solid  (without  a  cavity),  for 
which  Poisson’s  ratio  is  a  constant,  and  Young’s  modulus  E 
varies  along  the  length.  One  end  whose  plane  is  taken  as  the 
plane  xy  or  rd  (Fig.  76)  is  acted  on  by  distributed  forces 
the  law  of  distribution  is  not  given.  The  forces  reduce  to 
a  given  axial  force  P.  The  other  end,  z  =  l,  is  fixed  in 
a  certain  way.  The  lateral  surface  is  not  loaded  and  body 
forces  are  absent. 


*  See,  for  example,  [19]  (pp.  848  and  867). 
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In  the  present  case,  in  the  expressions  for  the  stresses 
(46.17)  all  terms  that  increase  indefinitely  as  the  geometrical 
axis  z  is  approached  must  be  rejected,  and  for  this  one  of  the 
three  constants  must  be  set  equal  to  zero.  The  remaining  two 
constants  are  determined  from 
the  conditions 

b  1 

p  p  * 

(®r)r=t>  =  J  dr  —  2n  . 

(47.1) 

Consider  the  case  when  Young’s 
modulus  varies  along  the  length 
according  to  an  exponential  law: 

nnz  Fig.  76 

E  =  E0e  i  .  (47.2) 

We  give  the  final  results.  The  expressions  for  the  stresses 
may  be  written  as 


°T~  tt ht  *»>  <T0—  tt ht  *2>  at—-zfS'k 3, 


(47.3) 


where 

L.  —  ■ 

V 

r  1  Iz  (nnpp)  ,  I 

— 

1  -|-V 

L  p  h  (nJtp)  J  ’ 

h  — 

V 

**'2  — 

1-j-V 

l  /t  (rcnp) 

-y/i  (ratpp)]-  l} 

.  = 

1 

1+v 

[nnV  /"U?  1  +  v]  (p-r/6)- 

In  a  homogeneous  bar  ( n  =  0),  aT  —  cr0  =  0,  az  =  P/nb 2. 

Calculations  show  that  when  0  <  n  ^  1  the  stresses  ar 
and  ae  at  points  of  a  radius  are  numerically  much  less 
than  az.  For  example,  for  v  =  1/3  and  n  =  0.9,  at  the 
centre  (p  =  0)  kt  =  k2  =  — 0.093,  k3  =  0.443,  and  near 
the  cylindrical  surface  (p  =  1)  kt  —  0,  k2  —  0.217,  k3  = 
1.649. 
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Figure  77  shows  the  variation  of  the  stress  factors  kt, 
ka,  ks  along  a  radius  of  a  bar  for  which  Poisson’s  ratio  is 
1/3  and  n  —  0.9.  A  dashed  straight  line  corresponds  to 
a  similar  homogeneous  bar  ( n  =  0,  ks  —  1).  As  seen  from 


Fig.  77,  for  the  given  v  and  n  the  stress  az  is  distributed 
over  the  section  in  a  highly  non-uniform  manner  and  is 
accompanied  by  compressive  stresses  ar  and  oq  over  the 
entire  section  and  over  its  major  part,  respectively. 


48.  Bending  of  a  Plane  Curved  Rod  by  Moments 
and  a  Force  Applied  at  Its  Ends 

Closely  related  to  the  problem  of  the  elastic  equilibrium 
of  a  non-homogeneous  cylinder  under  a  force  and  a  moment  is 
the  problem  of  the  bending  of  a  plane  curved  rod  by  moments 
and  a  force  acting  in  the  middle  plane. 

Let  there  be  a  plane  rod  of  uniform  thickness  h  having 
cylindrical  anisotropy,  non-homogeneous,  and  bounded  in 
plan  by  two  concentric  circles  of  radii  a  and  b  and  two  radial 
segments  forming  an  arbitrary  angle  a  n/2.  We  shall 
not  assume  in  the  general  case  that  the  rod  is  orthotropic; 
but  it  is  supposed  that  the  middle  plane  coincides  with 
a  plane  of  elastic  symmetry  and  the  axis  of  anisotropy 
passes  normally  to  this  plane  through  the  common  centre 
of  the  circles.  The  axis  of  anisotropy  is  taken  as  the  z  axis 
of  a  cylindrical  co-ordinate  system,  with  the  x  axis,  from 
which  the  polar  angles  0  are  measured,  directed  according 
to  convenience  with  regard  to  the  load,  which  is  assumed 
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to  act  in  planes  parallel  to  the  middle  plane  and  symmetrical 
with  respect  to  this  plane. 

We  consider  the  average  stresses,  strains,  and  displace¬ 
ments  across  the  thickness.  The  strain  coefficients  atj  from 
the  generalized  Hooke’s  law  equations  are  assumed  to  be 
arbitrary  functions  of  the  variable  r  and  even  functions  of  the 
co-ordinate  z,  but  independent  of  0.  The  generalized  Hooke’s 
law  equations  relating  the  stresses  and  displacements  averaged 
across  the  thickness  are  written  for  a  non-orthotropic  body 
as  (horizontal  bars  denoting  the  averaged  values  of  the 
stresses,  strains,  and  coefficients  are  omitted): 

er  =  d11Gr -f- a42CT0 aieTre,  "I 

E0  =  ai2CTr  a2lPe  f  (48.1) 

Tr0  =  al6ar  “H  a28CTe  +  a66Tr6-  -» 

The  three  average  components  of  stress  are  expressed  in 
terms  of  the  stress  function: 

1  dF  ,  1  d2F  _  d2F  ,  ,,  d2  (  F  \ 

r  dr  '  r*  ,902  ’  CTe~  8r 2  ’  r6~  dr  d6  (  r  I 

(48.2) 

(body  forces  are  assumed  to  be  absent).  On  eliminating  the 
displacements  uT  and  We  from  (48.1),  we  obtain  a  more 
general  equation  for  the  function  F  compared  with  (44.3) 
(with  fi;;  replaced  by  atj): 


r4r)  ( 

!  1  dF  ,  1 
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)  +  a12 

d2F 

i  r  dr  r2 

ee2 

dr2 

d2  1  F 

)]+'£[ 

a12  ( 

dF  : 

1  d2F  \ 
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r  de 2  ) 

4“  aZ2r ' 
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l  r  /J 
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1  n 

l dF  i  i 
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\  I  rt  r 

d2F 

dr  c/Q  L 

16  \  dr  1  r 

dQ2  , 

J  a26r 

dr2 

<48-3> 

and  the  corresponding  conditions  for  the  average  stresses 
across  the  thickness. 
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Consider  two  simple  cases  of  bending  separately  [91]. 

(1)  Pure  bending  by  moments.  A  plane  curved  rod  is  given, 
as  described  above.  The  curved  sides  r  =  a  and  r  —  b 

are  not  loaded  or  fixed;  [the 
end  surfaces  are  loaded  by 
forces  reducing  at  both  ends 
to  opposite  moments  M. 
For  definiteness,  one  end  is 
assumed  to  be  fixed,  the 
other  free. 

Let  the  x  axis  be  direct¬ 
ed  along  the  axis  of  sym¬ 
metry  of  the  figure  (Fig.  78). 
The  stress  components  ar, 
tre  are  zero  on  the  curved 
sides  ',and  reduce  to  mo¬ 
ments  M  on  the  straight 
sides.  As  in  the  case  of  a  homogeneous  rod  with  constant  a^, 
the  solution  is  obtained  with  the  help  of  a  stress  function 
depending  only  on  the  single  variable  r.  Assuming 

cp  =  dF  ( r)/dr ,  (48.4) 

we  have 

ar  =  cp/r,  ct0  =  cp',  rr0  =  0.  (48.5) 

The  equation  for  cp  may  be  written,  from  (48.3),  as 
(aa2rcp'  +  a14cp)'  —  (a14cp'  +  an<p/r)  =  C.  (48.6) 

The  constants  entering  into  the  general  integral  of  this 
second-order  equation  are  found  from  the  conditions  on 
the  curved  sides  and  from  the  integral  reducibility  condi¬ 
tions  on  the  straight  sides.  The  conditions  on  the  straight 
sides  are  identical,  so  that  there  are  alWays  three  conditions 
to  be  satisfied  and  just  as  many  arbitrary  constants,  C,  Cu  C2. 

If  the  coefficients  ay  depend  on  r  in  an  arbitrary  manner, 
the  solution  of  Eq.  (48.6)  presents  some  difficulty;  the  solu¬ 
tion  is  only  conceivable  for  particular  specifications  of 
including  those  considered  by  M.  M.  Plotnikov  who  studied 
the  state  of  stress  in  a  tube  with  various  types  of  non-homo- 
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geneity  (Sec.  44).  The  simplest  case  is  the  one  where  all 
atj  are  proportional  to  the  same  power  of  the  distance  r: 

ai}  =  atf-”.  (48.7) 

We  introduce  the  notation  of  Sec.  44  replacing  by  atj 
throughout  [see  formulas  (44.8)  and  (44.10)]: 

c  =  a/b>  1,  p  =  r/b,  yn  =  (au  +  rea12)/a22,  4 

Q  =  0.5(n±V^+4^).  |  (48’8) 

On  opening  the  brackets,  we  rewrite  (48.6)  as* 

9"  +  =  f  r"'1-  (48.9) 

The  general  integral  is 

9  =  C1r‘  +  C2rt  +  C0rn+1  [C0  =  C/a22  (1  +  n-v„)]  (48.10) 

By  satisfying  all  three  conditions,  we  obtain  expressions  for 
the  stresses: 


M  r  c*  cn+1  p,.,  } 


°r  b*hg  L  c5  — cf 


cn+1  —  c5 
c5 - c( 


pt_1+pn], 


CT0: 


M  r  et~cn «  _t  ■ 
b*hg  I  *  -♦  P  + 


c5 — cf 
cn+i  _ 


}  (48.11) 


c5 — c* 


*Pt_1 +  («  +  !)  pn]t 


tre  =  0. 


Here  the  denominator  g  is  given  by 

(c*  — Cn+1)  (1  — Cs+1)  5 

^  ~  cS  —  ct  .+  1  + 

(cn+1 — cs)  (1 — c*+1)  t  n-\- 1 

^  c«  — c*  *  +  1  +  n  +  2 


(1  —  Cn+2). 


(48.12) 


*  We  can  just  as  well  use  the  integral  o!  Eq.  (45.5)  in  the  form 
of  (45.12);  the  final  result  is  unaltered. 
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The  normal  stresses  ere  on  the  cross  section  at  the  inner 
and  outer  edges  are 

,  M  (n  +  l~s)cn+s  —  (n  +  1  —  rf)cn+f  +  (*— t)c*+t-i 

(OB)r=a~  cS_ct 

(48.13) 


(ae)r*=b  — 


M  (n-j-1 — t)  cs  —  (n  +  l  —  s) &t~(s  —  0  rTl+1 


b*hg 


cs  —  c* 


(48.14) 

In  a  homogeneous  rod,  all  coefficients  a  ij  are  constant  and 

(48.15) 


The  stress  components  are  [27] 

■  ph_1 - 


(Tr  = 

>t  -M 


CT0  = 


M  | 

i  „ 

1  —  c&+1 

, ,  b*hg  1 

1  - 

1-C*fc 

M 

ri 

1  —  ch+1 

b*hg 

L1 

1  —  c2* 

V  cfe+i,o-k-i 

1 


Tr0  =  0. 

In  this  case 

1  —  c2  I  k  (1—  cfe+i)*  ,  kc*  (1  -eft-1)2 


(48.16) 


g 


fc-j-1  l _ c2  h  '  k  —  1  jl  — 


(48.17) 


(2)  Bending  by  a  force.  Suppose  that  .a  plane  rod  is  fixed 
at  one  end,  and  forces  distributed  over  t-he  other  end  reduce 
to  a  force  P  acting  in  the  middle  plane  ai»d  forming  an  angle  a) 
with  the  radius  (Fig.  79).  To  avoid  lengthy  computations  and 
cumbersome  formulas  in  deriving  expressions  for  the  stresses, 
we  shall  consider  a  simplified  case,  namely  that  of  an  ortho¬ 
tropic  body  in  which  one  of  the  planes  of  elastic  symmetry 
coincides  with  the  middle  plane,  others  pass  through  radii, 
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and  still  others  are  orthogonal  to  each  pair  of  the  first  two 
sets  of  planes.  In  this  case,  too,  all  the  coefficients  are  assumed 
to  be  proportional  to  the  same  power  of  r,  i.e. ,  they  are 
given  by  formulas  (48.7). 


The  stress  function  must  be  sought  in  the  form 

F  —  fi  (r)  cos  0  +  /2  (r)  sin  0,  (48.18) 

as  in  the  case  of  a  homogeneous  rod. 

We  introduce  the  notation: 


a 


ai2  (re~l~^)d~ctnd~ctge  . 

a*2 


(48.19) 


further,  X  and  p  are  introduced,  defined  by  formula  (45.22); 
all  yt}  must  be  replaced  by  the  corresponding  ai;-; 

8i  ~  c*_cn  X— 1  + 


+ 


(cn+1~c^)  (1  —  c^-1) 

S-c*1 


1 

(I— 1 


1  —  cn 
n 


(48.20) 


The  equations  for  the  functions  fi  and  /2  are  obtained  as 
/iv  +  /r  +  [(n_  i)  n_  a]  ±  n  + 

+  «(»+!)  (£--§-)  =°-  (48.21) 

From  this 

fr-=A^  +  Bf*  +  Ciri+n  +  Dir  (1  =  1,  2).  (48.22) 
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All  constants  are  determined  from  the  conditions  on  the 
curved  sides  and  at  the  loaded  end;  Dx  —  D2  —  0  since 
to  these  constants  correspond  parts  of  the  function  F  pro¬ 
portional  to  x  and  y,  and  hence  zero  stresses. 

The  final  expressions  for  the  stresses  are 


<re  = 


hgir 


C6_cn+ 1 
cK  —  c'~ 

cn+1  —  cA 
Ck  —  C'A 
—  cn+l 


(  — —r — - - p^-!  + 

\  c^_e6  V  T 

!L=f_p(i-i  +  pn)  sin  (0  +  ©), 


r  cP_cn+i 

L^— rV-‘  + 


}  (48.23) 


„n+l_ 


— pp^-i  +  (n  + 1)  pn]  sin  (0  +  ©), 


x  ,, 

c  —  c 


Tr0  =  —  oT  cot  (0  +  ©). 


The  normal  stresses  attain  maximum  values  at  radial 
sections  perpendicular  to  the  line  of  action  of  the  force 
(where  the  sine  is  ±1)  or  at  the  built-in  section,  and  the 
shearing  stresses,  on  the  line  of  action  of  the  force.  The 
values  of  CTe  at  the  radial  section  0  =  0O  at  the  inner  and 
outer  edges  are  determined  by  formulas  (48.13)  and  (48.14) 

M 

in  which  s,  t  must  be  replaced  by  A,,  p,  and  the  factor— 

P  ,  P 

by  sin  (0O  +  ©)  and  sin  (0O  +  ©),  respectively. 


ahgi 
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This  chapter  presents  the  general  theory  and  special  cases 
of  elastic  equilibrium  described  as  generalized  torsion;  when 
the  elastic  symmetry  is  well  developed,  these  special  cases 
transform  into  the  ordinary  or  pure  torsion  of  bars  with 
a  straight  axis.  The  theory  of  generalized  torsion  was  first 
worked  out  by  Voigt  [38],  and  the  rigorous  theory  of  pure 
torsion  was  developed  by  Saint-Venant  [110].  There  are 
a  great  many  works  on  the  theory  of  simple  or  pure  torsion, 
and  among  these  we  may  mention  the  large  monograph 
by  N.  Kh.  Arutyunyan  and  B.  L.  Abramyan  [4].  This 
monograph  contains  an  extensive  bibliography  on  torsion 
compiled  into  annotated  lists.  There  is  also  the  author’s 
monograph  devoted  to  torsion  [28]. 


49.  Generalized  Torsion  of  Homogeneous  Bars 
with  Rectilinear  Anisotropy 

Consider  a  homogeneous  cylindrical  or  prismatic  bar  with 
rectilinear  anisotropy  of  the  most  general  kind  (21  or  18 
elastic  constants),  which  is  in  equilibrium  under  forces 
distributed  over  the  ends  and  reducing  to  twisting  moments. 
The  lateral  surface  is  free  from  external  forces;  body  forces 
are  absent.  The  region  of  the  section  is  assumed  to  be  finite 
(simply  connected  or  multiply  connected).  Let  the  origin 
of  co-ordinates  be  taken  at  the  centroid  of  the  end  section, 
with  the  z  axis  directed  parallel  to  the  generators  (along 
the  geometrical  axis  of  the  bar),  and  the  x  and  y  axes  along 
the  principal  axes  of  inertia  of  the  section  (Fig.  80).  The 
generalized[]Hooke’s  law  equations  for  such  a  body  are  of 
the  form  of  (3.8). 
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If  the  planes  of  the  cross  sections  are  planes  of  elastic 
symmetry,  the  bar  undergoes  twisting  deformation  whose 
main  feature  is  a  rotation  of  one  section  relative  to1  another 
about  the  z  axis  with  a  simultaneous  warping  of  the  sections 

(except  for  a  circular  and  a  ring 
section),  all  sections  becoming 
warped  in  the  same  manner. 
The  state  of  stress  is  character¬ 
ized  by  the  fact  that  only 
two  stress  components  out  of 
six  are  not  zero. 

x  The  problem  becomes  consi¬ 

derably  more  complicated  if 
the  plane  of  the  cross  section 
is  not  a  plane  of  elastic  sym- 
Fig.  80  metry.  The  deformation  pro¬ 
duced  by  twisting  moments  and 
the  state  of  stress  are  more  complex,  and  this  case  of  elastic 
equilibrium  is  termed  generalized  torsion  [77],  [28]. 

To  derive  the  general  equations  for  generalized  torsion, 
we  turn  to  the  equations  for  the  general  case  of  elastic  equi¬ 
librium  in  which  the  stress  components  do  not  vary  along 
lhe  length  (see  Secs.  18,  19)  and  set 


°>2? ,  — {-Ax  -f-  By  -f-  C)  — 

1  ' 

'  ia\3ax  +  a23°»  +  •  ■  •  +  «36Tacj /)■  (49.3) 

The  functions  F  and  satisfy  Eqs.  (19.2)  and  (19.3) 
and  the  boundary  conditions 


dF 

ftp 


dF 

~df=c»  t  =  c3. 


(49.4) 
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In  the  case  of  a  simply  connected  region  the  constants  c; 
may  be  set  equal  to  zero,  so  that  the  boundary  conditions 
become  very  simple,  namely  the  first  derivatives  of  F  and 
the  function  i])  itself  must  be  zero  on  the  contour.  In  addition 
the  stresses  at  the  ends  satisfy  conditions  (19.9),  which  in 
the  present  case  reduce  to 


j  (  xxz  dx  dy  =  0,  j  [  azy  dx  dy  =  0,  1 

lj  ^  xyzdxdy  =  0 ,  ^  ^  ozx  dxdy  =  0,  \  (49.5) 

H  $z  dx  dy  =  0,  (  j  \xyzx  —  xXIy)  dxdy  =  M,. 

In  the  case  of  a  simply  connected  region  the  third  condition 
of  (49.5)  becomes 

2  j  ^  ^  dx  dy  —  M t.  (49.6) 

From  conditions  (49.5),  the  constants  A,  B,  C,  fi  are  expressed 
in  terms  of  the  twisting  moment.  Since  the  lateral 
surface  of  the  body  is  not  loaded  and  body  forces  are  absent, 
we  obtain,  from  Eqs.  (49.5)  and  (49.6),  using  relations 
(19.18)  to  (19.20), 

4  =  0.5a34-^-,  B=-0.ba35-^,  (49.7) 

1  2  1  1 

(7j,  1 2  are  the  principal  moments  of  inertia  of  the  section). 
The  formula  for  the  component  <JZ  is 


(T, 


—  — —  {a\3°x  +  a2?Py  +  •  •  •  +  a?6Xxy)'  (49.8) 

a33 

The  stress  functions  satisfy  the  system  of  equations 


L^F  -\-  Ls\ —  0, 

z,>+M=- 


(49.9) 


Here  L4,  Ls,  L2  are  differential  operators  whose  expressions 
are  given  in  Sec.  19  [see  (19.3)1. 
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The  displacements  are  determined  by  the  formulas  [see 
(18.19)] 

u  =  ®3iZ2  —  byz+U  (x,  y)+u' , 

v  =  ¥+-a3bz*-\-§xz-\-V  (x,  y)  +  v',  (49.10) 

w=^r  x~ TTy)  z+ w(x'  y)+w'- 

Here  u' ,  v',  w  are  rigid-body  displacements  containing 
six  constants  and  determined  by  formulas  (18.8). 

The  stress  components  may  be  expressed  in  terms  of  three 
functions  0fe  (zk)  of  the  complex  variables  zk  =  x  +  aky 
(complex  potentials): 

o'*  =  2  Re  [pi0i  (zi)  +  pl02  (z2)  +  piX3(t>3  (Z3)], 
oy  —  2  Re  [0i  +  02  +  ^s03li 

rxy=  — 2  Re  [Pi0I  -f-  P202  +  P3^3®3]>  (49.11) 

Txz  =  2  Re  [pAi01  +  p2^202  -f  p303 1 1 
v  =  -  2  Rel^iOl  +  ^.02  +  03]. 

The  boundary  conditions  for  0fe  are  of  the  form 
2  Re  [0j  -f-  02  X303]  =  cit  1 

2  Re  [p101 -]- p2(t*2  "I"  P3^303] =  c2>  /  (49.12) 

2  Re  [A,i0(  -f-  A,202  +  03]  =  c3  —  ifo-  J 

Here  i|)„  is  a  particular  solution  of  the  non-homogeneous 
system  (49.9).  Since  this  part  is  constant,  it  follows  that  t|>0 
may  be  taken  in  a  very  simple  form,  for  example,  in  the 
form  of  a  second-degree  polynomial  in  x  and  y: 

r  *  ,  Mt  /«|4  ,  a§6  \1  p55*2  +  2p45T!/  +  p44!/2 
'PO-L-  2  +  8a33  \h  +  h  /J  -P«P».-P1. 

(49.13) 

The  functions  F,  \|),  and  0ft  are  determined  to  within  the 
factor 


a  _  FI t  (  g|4  .  aji  \ 
4a33  U?  +  J,  ) 


(49.14) 
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In  particular, 

*=[*-&(■£+£)]*<*'  »>• 


The  unknown  constant  fi  is  found  from  the  equation 

2  J  J  i| ■)dxdy=Mt.  (49.16) 

We  introduce  into  consideration  a  new  quantity  C,  which 
is  defined  as  the  torsional  rigidity  of  an  isotropic  bar: 


C  =  2  f  f  i])  dx  dy. 


(49.17) 


From  Eq.  (49.16)  we  then  obtain 


It  follows  that 


(49.18) 


Ct  = 


c 


!  «l>4  ,  \ 

\  1 1  ) 


C 


(  Hyziz  ,  1\zx  ix  \ 

\  h  +  h  > 

(49.19) 


In  the  last  formula  the  strain  coefficients  are  expressed 
in  terms  of  coefficients  rj.  The  quantity  Ct  will  be 
termed  the  generalized  torsional  rigidity.  It  is  obvious 
that  Cl  <;  C. 

The  expressions  for  the  components  of  displacement  (49.10) 
show  that  in  generalized  torsion  the  axis  of  a  bar  does  not 
remain  straight  but  becomes  curved  under  the  action  of 
twisting  moments.  If  the  original  length  of  the  bar  is  denoted 
by  l  and  the  end  z  =  Zis  taken  to  be  fixed,  the  projections  of 
the  deflected  axis  on  the  planes  xz  and  yz  are  given  by  the 
formulas 


x'= — z)2-  1 

y'  =-^-a3i(l~z)2-  J 


(49.20) 
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The  displacements  of  the  centre  of  the  free  section  are 
expressed  by  the  formulas 


f _ mp : _ Mtp  t)„z,z 

«34-  Ez  , 

x  M tl2  _  M 1 1 2  t)zx,  x 

h—  4/j  a35-  4/]  Ez  ■ 


(49.21) 


50.  Combined  Action  of  Twisting  and  Bending  Moments 

Consider  some  cases  of  the  equilibrium  of  a  bar  whose 
ends  are  acted  on  by  both  twisting  Mt  and  bending  moments 

and  Af2  (in  the  prin¬ 
cipal  planes).  Let  the  co¬ 
ordinate  axes  be  taken  as 
in  Fig.  81,  with  the  x  and 
y  axes  directed  along  the 
principal  axes  of  inertia  of 
one  of  the  ends  [26].  If  the 
material  of  the  body  is  iso¬ 
tropic  and  the  deformations 
are  small,  the  actions  of 
the  twisting  and  bending 
moments  may  be  considered 
independently:  the  twist¬ 
ing  moments  produce  tor¬ 
sion  and  the  bending  mo¬ 
ments,  bending  in  the  prin¬ 
cipal  planes. 

This  is  not  so  in  an  anisotropic  bar  having  general  anisot¬ 
ropy:  the  twisting  moments  produce  torsion  and  bending 
and  the  bending  moments,  bending  accompanied  by  twisting. 
In  the  case  when  the  lateral  surface  is  not  loaded  or  fixed 
we  have,  in  a  homogeneous  bar  with  rectilinear  anisotropy. 


Fig.  81 


=  yn  =  x  =  r=c/: 

I  _  <*34  M_t  i  Ms 


B  = 


2 a. 


h 


0, 


«3B  Mt  ,  Ml 


C  =  0; 


(50.1) 
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■=  ("■  St +M‘)  t: +  (-"■*  + "■)  7T- 

—  ~  (a13°a:  4~  aZ3°y  +  ®34T»z  +  a35xxz  +  a3erxy).  (50.2) 


The  other  five  components  of  stress  are  determined  by 
formulas  (49.2).  The  stress  functions  satisfy  Eqs.  (19.2), 
where  we  must  substitute  the  values  of  the  constants  A,  B,  C, 
and  L  =  0. 

After  determining  the  stress  components,  we  find  the 
displacements,  in  which  the  constants  tOj,  u0,  v0,  w0  are 
determined  from  the  fixing  conditions.  In  particular,  if  an 
element  of  the  axis  passing  through  the  centre  of  the  section 
z  —  l  is  rigidly  fixed,  we  obtain  the  following  expressions 
for  the  displacements: 


u  =  — 277  (Mza33  +  0.5 Mta3i)  (l  —  z)2  + 

+  »(!-*) i,+P-(C/)„+0.5 
—  ~(M,a33  —  0.5Mta35)  (l  —  z)2  — 
-*(i-.)x+V-(V),-0.5(i— f-)tx, 

5  K'  1 

w= - j—{Mia33  —0.5 Mta33)  ( l  —  z)y  — 

- —  (M3a3 3  +  0.5M ta34)  (l  —  z)  x  +  W  —  (W) 0. 

i2 


(50.3) 


The  functions  U,  V,  W  satisfy  the  system  of  equations 
(18.12),  (18.15);  the  quantities  marked  by  zeros  are  the 
values  of  functions  of  the  variables  x,  y  for  x  =  y  =  0. 
The  resulting  expression  for  the  function  i|)  is 


r  a  Mt  ( 4  , 

\ 

L®  4«33  l  7 2  -1 

h) 

'  2 h  ®35 

2 I2  34 J 

(50.4) 


where  i|)  is  the  same  function  as  in  the  case  of  generalized 
torsion,  a  function  depending  on  the  shape  and  dimensions  of 
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the  cross  section  and  the  elastic  constants.  The  angle  of  twist 
per  unit  length  is  determined  from  Eq.  (49.16)  as 


0 


Mt  Mi  _ 

Ct  2.1  i  ®35 


(50.5) 


The  projections  of  the  deflected  axis  on  the  planes  xz  and 
yz  are 


X'= - ^  (Af2®33  +  0.5Mtffl34)  (l  —  z)2, 

y'  =  —  2j- (Af ^3  —  0.5Mta35)(l  —  z)2. 


(50.6) 


These  formulas  show  that  if  M2,  Mt  are  arbitrary 
the  bar  is  bent  and  twisted.  The  moments  may,  however, 
be  chosen’so  that  there  will  be  no  bending  or  else  no  twisting. 

(1)  Torsion  without  bending.  We  choose  the  moments  as 
follows: 

= M* 3r ,  M2=-Mtg*-.  (50.7) 

^83 

Then  x'  =  0,  y'  =  0,  i.e.,  the  axis  of  the  bar  remains 
straight,  and  only  torsion  takes  place.  The  angle  of  twist 
per  unit  length  is 

0  =  4^  (50.8) 

0 


The  torsional  rigidity  C  is  obviously  greater  than  the 
generalized  torsional  rigidity. 

(2)  Bending  without  twisting.  If  the  moments  are  suitably 
chosen,  the  bar  is  bent  in  one  of  the  principal  planes  (for 
example,  in  the  yz  plane)  and  the  bending  is  not  accompanied 
by  twisting.  By  setting  x'  —  0  and  0  =  0,  and  solving  the 
resulting  equations  for  M2  and  Mt,  we  find 


M2=-Mt 


aS4a36  C 


4  a. 


h  alb  C  ’ 


_  M .  fl35  P 


Mt^Mi 


11  J  ,  «§B 


4a23  I i 


(50.9) 
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The  equation  of  the  deflected  axis  (in  the  yz  plane)  is 
of  the  form 


»/'  _  ^ laS3  (1  —  Z)2 

2/1  nilii'  (50.10) 

4a33  1 1 

For  the  bar  bent  only  by  a  moment  Mt,  the  equation 
of  the  deflected  axis  is  y'  =[f  (z),  or,  when  written  out  in 
full, 

(50.11) 


Comparison  of  these  two  equations  shows  that  if  the  bar 
is  acted  on  by  moments  M2  and  Mt  preventing  its  twisting, 
its  flexural  rigidity  is  increased,  namely  it  is  not  equal  to 
5  =  Ii/a3 s  =  EZIV  but  is  determined  by  the  formula 


5  =  5  +  0.25  2  C  =  5  +  0.25t)|JCi  zC.  (50.12) 

'  a3S  ' 


In  this  case  the  state  of  stress  is  complex:  the  stress 
components  are  determined  with  the  help  of  the  functions 
F,  i])  or  A)*  ( zjt )  and  are  in  general  all  different  from  zero. 


51.  Simple  or  Pure  Torsion  of  a  Homogeneous  Bar 

Suppose  that  a  homogeneous  bar  such  as  is  shown  in  Fig.  80 
has  rectilinear  anisotropy  of  a  special  kind:  at  each  point 
there  is  a  plane  of  elastic  symmetry  normal  to  the  generators 
(i.e.,  coincident  with  the  plane  of  the  cross  section),  the 
forces  being  distributed  over  the  ends  and  reducing  at  either 
of  them  to  a  twisting  moment  Mt.  In  this  case  the  whole 
theory  is  greatly  simplified.  Instead  of  system  (49.9)  we 
have  only  one  equation  for  the  function  i):  since  the  function 
F,  taking  into  account  Eqs.  (49.9)  and  the  boundary  and 
end  conditions,  may  be  set  equal  to  zero.  In  addition,  A  = 
=  5  =  C  =  0, 

t/  =  F  =  0,  asi  =  a35  =  0,  j  (gU) 

P44  —  a44,  P45  —  045)  ^55  =  ®55-  J 
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Four  stress  components  out  of  six  are  zero: 

°x  =  °y  —  txy  =  <*z  =  0,  (51.2) 


and  the  others  are  related  to  the  function  as  follows: 

(51.3) 


dy 


vy  z- 


dip 

dx 


The  function  \|)  satisfies  a  second-order  equation,  which 
is  written  out  in  full  (without  abbreviations)  as 


ft44  qx2  ^“45 


dx  dy 


(51.4) 


On  the  contour  of  the  cross  section 

i|>  =  (51.5) 

in  the  case  of  a  simply  connected  region  of  the  section  we 
may  set  cs  =  0. 

The  function  and  the  stresses  are  determined  to  within 
a  factor  §: 

i|)  =  fhf  (x,  y).  (51.6) 

The  unknown  angle  of  twist  per  unit  length  (twist)  is 
found  from  the  end  conditions,  or,  what  is  the  same  thing, 
from  the  conditions  of  equilibrium  in  the  plane  of  the  cross 
section,  i.e.,  from  the  equation 

2  j  j  ydxdy  =  M,  (51.7) 

from  which 

(51.8) 

Here  C  is  the  rigidity  in  simple  or  pure  torsion: 

C  =  2  j  j  tJ?  dx  dy.  (51.9) 

The  total  angle  of  twist  of  a  bar  of  length  l  is  §/  =  Ml/C. 
Instead  of  W  we  introduce  a  new  function  <p  (x,  y)  by 
setting 


W  =  dip. 


(51.10) 
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This  function,  which  characterizes  the  warping  of  the  plane 
of  the  cross  section,  is  called  the  torsion  function  or  the  dis¬ 
placement  function  in  distinction  to  \]\  which  is  called  the 
stress  function  in  torsion.* 

The  function  <p  satisfies  the  equations 

#  ( Ifr  ~  V  )  =  *45  V  +  «55***, 

^  Qy  4“^^  =  ®44 T'yz  4“  ^45 T’xz* 

Finally,  the  projections  of  displacement  are  of  the  form 
u  =  —  fh/z  +  u',  v  =  ftez  +  i/,  (51.12) 

w  —  §<p  (x,  y)  +  w, 

which  follows  directly  from  (49.10)  and  values  (51.1). 

We  may  mention  two  basic  methods  of  solving  torsion 
problems.  In  the  first  method  the  unknown  function  is  taken 
to  be  the  stress  function  in  torsion.  This  function_satisfies 
Eq.  (51.4)  and  assumes  a  constant  value  (zero  in  particular) 
on  the  contour  of  the  cross  section. 

In  the  second  method  the  unknown  function  is  taken  to  be 
the  torsion  function  <p.  On  expressing  the  stresses  in  terms 
of  this  function,  we  obtain 

(^r+x)+As5  ('Sr-*')]’ 

v=»[^44  (|r+4 +A*  (Ur-4]- 

Here 


A  —  a44«55 — «45. 


(51.14) 


By  requiring  that  the  stresses  should  satisfy  the  single 
equilibrium  equation  for  a  continuous  medium 


faxz  ,  dTgz 
dx  ^  dy 


(51.15) 


*  See,  for  example,  [29],  p.  312  and  [4],  pp.  36-38. 


18-0800 


274 

generalized  torsion  and  torsion 

OF  RaRS 

[GH.  6 

we 

obtain  an  equation  that  is  satisfied 

by  <p: 

a  3*<P  |  *a  0*<P  |  a  l«*q> 
dx2  +2At 5  dx&y  +A*  dya 

=0, 

(51.16) 

or 

a  aa<P  ofl  a2(P  |  a,,  0i(P  .- 

-  0 

C51  17^ 

aU  dx2  dx  dy  '  a°°  dy 2  ~ 

lu  J. •  X  f  1 

The  boundary  condition  is  obtained  from  the  equality 
xxz  cos  (n,  x)  +  xyz  cos  (re,  y)  =  0.  |(51.18) 

The  boundary  condition  for  the  function  <p  is  more  com¬ 
plicated  than  that  for  and  hence  the  second  method  is  not 
so  convenient  for  the  solution  of  specific  problems  as  the 
first  one.  In  all  cases  we  shall  prefer  the  first  method. 

52.  Relationship  Between  Stresses  or  Displacements 
and  a  Function  of  a  Complicated  Complex  Variable 

The  stress  function,  satisfying  Eq.  (51.4),  and  both  the 
stresses  and  displacements  may  be  expressed  in  terms  of  a 
single  function  of  the  complicated  complex  variable  z3, 
i.e.,  the  complex  potential.  Indeed,  by  seeking  the  solution 
of  the  homogeneous  equation  (51.4)  (with  ft  =  0)  in  the 
form 

^  =  /  ( x  +  py),  (52.1) 

we  conclude  that  the  factor  p  must  satisfy  the  equation 
a65  p2  —  2a46p  +  a44  =  0.  (52.2) 

Theorem  2  proved  in  Chap.  3,  Sec.  20  shows  that  the 
roots  of  Eq.  (52.2)  for  all  coefficients  p^  are  pure  imaginary 
or  complex  (unless  p44  or  p5B  is  zero).  In  exactly  the  same 
way,  by  replacing  p by  ai},  we  provd  the  absence  of  real 
roots  for  Eq.  (52.2)  (if,  of  course,  one  or  both  of  the  extreme 
coefficients,  re44  and  a56,  are  not  zero;  otherwise  the  roots 
of  the  equation  are  real). 

Thus,  in  all  cases  except  for  the  special  ones  mentioned 
above  we  have 

^  =  2  Re  [G>3  (z3)]  +  i|>0,  (52.3) 


COMPLEX  POTENTIAL 


2?5 


§  52] 


where 

z3  =  X  +  I i3y,  (52.4) 


p3  =  a3  +  ‘Ps«  Us  ~  as  —  iPs  (P,  >0)  are  the  torsional 
complex^parameter  and  its  conjugate  (cf.  Sec.  49)  and  i])0  is 
a  particular  solution  of  the  non-homogeneous  equation 
(51.4).  The  stress  components  and  displacement  are  expressed 
in  terms  of  the  function  <DS  (z3)  as  follows: 


T*2=2,ReJp3$;(z3)]  +  ^L 
T„~-2Re[<I>;]~fk; 


‘P  =  |ReS[(a45-^)03(Z8)]. 


(52.5) 

(52.6) 


The  boundary  condition  for  the  complex  potential  is  of 
the  form 

2  Re  [03]  =  c3  —  i|>0.  (52.7) 


The  problem  of  the  torsion  of  an  anisotropic  bar  with 
a  region  of  the  section  S  is  reduced  to  that  for  an  isotropic 
bar  in  which  the  region  of  the  cross  section  S3  is  obtained 
from  the  given  one  by  the  affine  transformation 


Z3  =  xs  +  iyv  X3  =  x  +  a  3y,  y3  =  psy.  (52.8) 

Figure  25  shows  how  S 3  can  be  obtained  from  S  for  the 
case  of  the  plane  problem,  where  one  has  to  deal  with  two 
transformed  regions,  Slt  S2  (and  in  the  case  of  generalized 
plane  strain  and  torsion  even  with  three,  St,  S2,  S3). 

By  solving  Eqs.  (52.8)  for  x,  y,  we  obtain 

x=x3—^ys,  a-  (52-9) 

If  the  contour  S  of  the  section  of  an  anisotropic  bar  is 
given  by  the  equation  f  (x,  y)  =  0,  the  problem  is  reduced  to 
that  of  the  torsion  of  an  isotropic  bar  the  contour  of  whose 
section  is  given  by  the  equation 


i(x 3  £  U3> 


18* 


(52.10) 
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We  shall  briefly  discuss  the  case  of  an  orthotropic  bar. 
By  taking  the  x  and  y  axes  normal  to  the  planes  of  elastic 
symmetry,  we  write  the  generalized  Hooke’s  law  equations 
as 

Y»z  ~  ~Gi  Ysm  =  ~q^  t'xz  (52.11) 

(Glt  G2  are  the  shear  moduli  for  the  yz  and  xz  planes;  Gx  = 
=  l/«44,  G%  =  i/a6&1  ai6  =  0).  Substituting  the  values  of 
the  coefficients  ai}  in  Eq.  (51.4),  and  introducing  the  nota¬ 
tion 


_  a44  Gt 

8  «55  G1  * 

(52.12) 

we  obtain,  instead  of  (51.4) 

8  dx*  dy*  2fi6r2. 

(52.13) 

The  problem  of  the  torsion  of  an  orthotropic  bar  can 
easily  be  reduced  to  that  for  an  isotropic  bar  in  several  ways 
by  a  change  of  the  variables  in  (52.13).  One  such  change  is 

x  =  x,yr  31,  »-» j/^.  (52.14) 

Other  changes  are  indicated  by  Saint-Venant  [110],  Leiben- 
zon  [23,  25],  Lokshin  [96],  and  Love  [29]. 


53.  Elastic  Equilibrium  of  a  Bar  of  Elliptical 

Section  under  Twisting  and  Bending  Moments 

Consider  the  elastic  equilibrium  of  a  cylinder  of  elliptical 
section  having  general  rectilinear  anisotropy  (21  or  18 
elastic  constants)  one  of  whose  ends  is  fixed  and  the  other  is 
acted  on  by  forces  reducing  to  a  twisting  moment  and  bending 
moments  in  planes  passing  through  the  geometrical  axis  and 
the  principal  axes  of  the  ellipse.  Let  the  origin  of  co-ordinates 
be  placed  at  the  centre  of  the  free  section,  with  the  z  axis 
directed  along  the  geometrical  axis  and  the  x  and  y  axes 
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along  the  principal  axes  of  the  ellipse  (Fig.  82).  We  introduce 
the  notation:  l  =  length  of  the  bar,  a,  b  =  lengths  of  the 
principal  semiaxes  of  the 

ellipse,  Mt—  twisting  mo-  \ 

ment,  Mu  M2  =  bending 


moments  in  the  principal 

planes  yz,  xz.  The  solution 

to  the  problem  of  the  tor-  Jy/// 

sion  of  an  orthotropic  bar  ////W^ 

was  found  by  Saint-Venant 

[HO].  A  more  general  pro-  (Mi  M  ajW  x 
blem  of  a  non-orthotropic  X 

homogeneous  bar  that  is  t - 

twisted  and,  in  addition,  ' 

bent  by  moments  was  solved  y ' 1 

by  Voigt  [38].  We  shall  Fig  82 

discuss  the  basic  cases  of 

equilibrium  considered  by  Voigt  for  several  combinations 
of  moments. 

(1)  Generalized  torsion.  Suppose  that  there  are  only  twisting 
moments  Mu  and  bending  moments  are  absent  (Mx  =  M%  — 
—  0).  Two  stress  functions  satisfy  three  very  simple  boundary 
conditions: 


Fig.  82 


dF  dF  ,  n 


(53.1) 


The  solution  is  also  very  simple: 


f  =  0, 


In  this  case 


M_t  l  aS4  I  a35  \ 

^33  w2  A  >  ( a  x 3  y*  \  (53.2) 

P44  ,  Ps5  '  «*  /  ’ 


^44  I  ^55 

a2  f  b2 


(53.3) 
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The  generalized  torsional  rigidity  is  found  by  the  formula 


aitba+at5a*  ’ 


(53.4) 


The  stress  function  and  the  stresses  expressed  in  terms 
of  the  moment  Mt  are  represented  as 


V  nab  \  a *  b*  /  ’ 

°x  —  °y  —  Txy  =  °z  —  Oi 

_  2Mt  _  _  2 Mt 
xz  nab3  y*  yz  naab  1 


(53.5) 


(53.6) 


Formulas  (53.6)  show  that  when  the  moment  is  given  the 
stress  distribution  is  independent  of  the  elastic  constants 
and  coincides  with  that  in  a  similar  isotropic  body.  The 
general  nature  of  the  state  of  stress  is  also  the  same  as  in  an 
isotropic  body  (four  stress  components  out  of  six  are  zero). 
The  rigidity  C  t  is  the  same  as  in  the  torsion  of  an  orthotropic 
body  in  which  the  principal  shear  moduli  are  1  /a44  and 

The  displacements  satisfying  the  required  conditions  at 
the  fixed  end  z  —  l  are  determined  by  the  formulas 

u  =  (J-z)2+(a44&2+«5502)  (/-*)  U+ 

+  aub2x2  —  2ai5a2xy  —  (a24^  4-  a56a2)  y2], 
v  =  t «35 -  z)2  -  (a44b2  +  a55a2)  (l  —  z)x+  ^ 

+  (a46&2  +  a15a2)  x 2  +  2 azib2xy  —  azsa2y2] ,  j 

w==l5k  -  au&x)  ( i-z)+  | 

+  aiS  (b2x2  —  a2y 2)  +  (a4462  —  a55a2)  xy\.  J 

The  axis  of  the  bar  is  bent  under  the  moment  Mt  and 
assumes  the  shape  of  a  curve: 
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If  there  are  planes  of  elastic  symmetry  normal  to  the 
axis,  the  axis  remains  straight;  displacements  (53.7)  are  also 
greatly  simplified. 

(2)  Torsion  not  accompanied  by  bending.  The  axis  of  a  bar 
remains  straight  even  in  the  case  when  the  anisotropy  is 
general  if  to  the  twisting  moment  are  added  bending  moments 
chosen  as  follows: 


Ml  =  Q.mt  =  0.5d/fr)z;c,  2, 

“S3 

M2=  -0.5 Mt  -0.5Mtr\yZiZ. 


(53.9) 


In  this  case  the  generalized  torsional  rigidity  is  equal 
to  C ,  i.e., 


Ct  =  C 


Kas  bs 

Pi4&a  d"  Psb**2 


(53.10) 


The  shearing  stresses  rxz,  xyz  are  determined  by  formulas 
(53.6),  gx,  Gy,  txv  are  zero,  and  there  are  normal  as  well 
as  shearing  stresses  acting  at  cross  sections: 


( — a^h2x + aZy)  - 

=-^5-(  —  1\yz,zVlx  +  nzx,zaZy)-  (53.11) 


(3)  Bending  in  a  principal  plane  not  accompanied  by  twist¬ 
ing.  If  the  twisting  and  bending  moments  applied  at  the 
ends  are  to  produce  only  bending  in  the  yz  plane  without 
twisting,  they  must  be  chosen  so  as  to  be  related  by  (50.9). 
Relations  (50.9)  for  a  bar  of  elliptical  section  take  the  form 


Mz=-Mt 


a34a35 


1 


“•33 


•+M1)  ! 


Mt  —  M  i2a3B- 


}  (53.12) 


The  equation  of  the  deflected  axis  (on  the  yz  plane)  is 


y'=-^{l-z)\  (53.13) 
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where  B  is  the  flexural  rigidity: 


(53.14) 


Obviously,  B  >  B,  where  B  =  nabs/4a33  is  the  rigidity  in 
bending  produced  only  by  bending  moments  Mx.  The  shearing 
stresses  in  this  case  are  determined  by  formulas  (53.6). 
There  are  normal  stresses  at  cross  sections  equal  to 


(53.15) 


All  formulas  of  this  section  also  hold  for  a  bar  of  circular 
section.  In  this  case  we  must  set  b  =  a  throughout. 


54.  Pure  Torsion  of  a  Homogeneous  Orthotropic  Bar 
of  Elliptical  or  Circular  Section 

Consider  an  orthotropic  bar  of  elliptical  section  in  which 
one  of  the  planes  of  elastic  symmetry  is  normal  to  the  z 
axis  or  the  generators,  and  the  other  two  are  parallel  to 

the  axis.  These  two  planes  do 
not  necessarily  intersect  the 
plane  of  the  section  at  a  giv¬ 
en  point  along  lines  parallel 
to  the  principal  axes  of  the 
ellipse;  the  line  of  intersection 
of  one  of  these  two  planes  of 
elastic  symmetry  forms  an 
angle  a  other  than  0°  or  90° 
with  the  principal  axis  2 a  of 
the  ellipse  (Fig.  83). 

Fig.  83  Let  the  strain  coefficients  for 
the  directions  of  the  principal 
axes  of  the  ellipse  x,  y  be  denoted  by  a44,  ai5,  ahi ,  and 
the  lengths  of  the  principal  semiaxes  of  the  ellipse  by  a,  b. 
In  considering  simple  or  pure  torsion,  we  shall  denote  the 
twisting  moment  and  the  torsional  rigidity  by  M  and  C, 
respectively  (without  the  subscript  t ).  In  the  present  case 
the  formulas  for  the  stress  functions,  torsional  rigidity, 
stresses,  and  displacements  are  developed  in  an  elementary 
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way  based  on  Secs.  51,  53,  and  the  resulting  expressions  are 
the  same  as  in  the  case  of  combined  bending  and  twisting 
moments  (for  Mx  =  M2  =  0): 


31  flS  6s 


a4462  +  a55a2  ’ 
ax  =  ay=az  —  rxy  =  0, 


^  - 


2  M 

3xafcs 


2  M 
nasb 


4 


(54.1) 

(54.2) 


The  stress  components  are  independent  of  the  elastic  con¬ 
stants.  The  rigidity  is  a  function  of  atl  and  the  angle  a, 
which  the  principal  direction  of  elasticity  makes  with  the 
direction  of  the  principal  axis  2 a  of  the  ellipse  (Fig.  83). 

Let  the  shear  moduli  for  the  principal  directions  of  elastici¬ 
ty  t]  be  denoted  by  Gu  G2,  respectively,  and  the  ratios 
of  the  principal  moduli  and  of  the  axes  of  the  ellipse  by 
g  and  c,  respectively  (g  =  G2/Gt,  c  =  alb^  1).  The  expres¬ 
sions  for  atj  and  the  rigidity  are  written  as 

cos®  a  ,  sin®  a 

«44-  Gi  +  Ga  , 

sin®  a  ,  cos®  a 

p  _  2nasb 

(l  +  g)(l  +  c*)-l-(g-l)(l-c! 


!)  cos  2a  ' 


(54.3) 

(54.4) 


The  rigidity  is  maximum  if  the  plane  of  elastic  symmetry 
with  the  maximum  shear  modulus  passes  through  the  major 
axis  2 a  of  the  section  (a  =  ±90°),  and  it  is  minimum  if  this 
plane  passes  through  the  minor  axis  of  the  ellipse  (a  =  0° 
and  a  =  180°).  These  maximum  and  minimum  rigidities 
are  (see  [35],  pp.  57-59) 


=  G , 


na3b 
1  +  gc®  ’ 


^mln  —  ^2 


nasb 

g  +  c2  ‘ 


(54.5) 


Table  19  gives  numerical  values  of  the  ratio  C  (a)/Cmjn 
for  several  a,  two  values  of  the  ratio  of  the  principal  shear 
moduli,  g  =  0.5  and  g  =  0.1,  and  five  values  of  the  ratio 
of  the  principal  axes  of  the  ellipse,  c  =  1.5,  2,  3,  4,  5. 

It  is  seen  from  the  table  that  for  g  =  0.5  the  ratio  of 
the  rigidities  is  not  great  (not  greater  than  two),  but  if  the 
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The  Ratio  C  (a)/Cmin  for  an  Elliptical  Section  Table  19 


■ 

g-=  0. 

5 

g=r=0.1 

a° 

c 

C 

M 

i  •  5 

2 

3 

4 

5 

1.5 

2 

3 

4 

0 

1 

1 

1 

1 

■ 

1 

1 

1 

1 

1 

15 

1.015 

mtm 

1.029 

1.031 

1.033 

1.033 

iWtlrfi 

1.059 

1.060 

1.060 

1.118 

1.128 

1.133 

1.136 

1.197 

1.246 

1.265 

1.274 

1.128 

HEWI 

1.267 

1.294 

1.308 

1.315 

1.491 

1.655 

1.722 

1.755 

fal 

1.205 

1.333 

1.462 

1.517 

1.545 

1.560 

1.976 

2.460 

2.695 

2.823 

m 

1.269 

1.451 

1.647 

1.737 

1.783 

1.807 

3.821 

4.594 

5.087 

1.294 

1.727 

-<■  & 

1.833 

1.889 

1.918 

2.929 

4.791 

6.192 

7.200 

difference  between  the  shear  moduli  is  large,  i.e.,  if  g  is 
small,  the  difference  between  the  maximum  and  minimum 
rigidities  becomes  significant,  particularly  for  prolate 
ellipses. 


Figure  84  shows  the  variation  of  the  ratio  C  (a )/CmiB 
with  the  angle  a  for  two  values  of  g  and  two  values  of  c. 
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Below  is  given  the  value  of  the  torsion  function  for  a  bar 
of  elliptical  section  characterizing  the  warping  of  the  plane 
of  the  section  in  torsion  (the  bar  is  orthotropic,  the  planes 
of  elastic  symmetry  are  parallel  to  planes  passing  through 
the  z  axis  and  the  principal  axes  of  the  ellipse  U«J). 


■  a55c2)  xy. 


(54.6) 


55.  Torsion  of  a  Homogeneous  Orthotropic  Bar 
of  Rectangular  Section 

Consider  a  bar  of  rectangular  section  of  sides  a,  b  and 
length  L  homogeneous,  rectilinearly  orthotropic  (equivalent 
directions  are  parallel  to  the  directions  of  the  axes),  with 
the  principal  shear  moduli  Gt  and  G2.  At  each  point  there  are 
three  orthogonal  planes  of 
elastic  symmetry  parallel 

to  the  faces  of  the  rparal-  /  ''  B<  / 

lelepiped.  One  end  is  fixed,  i  "  •  "  \ 

the  other  is  acted  on  by  ^  M _ ^ 

forces  reducing  to  a  twist-  d/  vU?  ~~A  /  x 

ing  moment  M',  no  other  - - - ' 

forces  are  applied  exter-  > 

nally,  and7body  forces 'are  gV 

absent.  (  t  85 

In  the  present  case  it  is 

more  convenient  to  take  the  , 

origin  of  co-ordinates  at  the  middle  of  the  shorter  side  of  the  free 
end  cross  section  if  the  sides  are  not  of  the  same  length  (if 
the  section  is  square,  at  the  middle  of  one  of  the  four  sides), 
with  the  y  axis  directed  along  the  shorter  side,  and  the  x 
axis  parallel  to  the  longer  one;  hence,  the  z  axis  is  parallel 
to  the  edges  from  the  free  to  the  fixed  end  (Mg.  »»)• 

The  stress  function  ij)  must  vanish  on  all  four  sides  of  the 
cross  section,  x  =  0,  x  =  a,  y  =  ±5/2.  We  seek  the  solu¬ 
tion,  i.e.,  the  function  ^  in  the  form  of  a  single  series  by 
requiring  that  this  function  should  vanish  beforehand  on 
two  opposite  sides  of  the  section;  the  unknown  constants 
are  determined  from  the  conditions  on  the  other  two  sides, 


Fig.  85 
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just  as  the  torsion  problem  is  solved  for  an  isotropic  bar  of 
rectangular  section  ([26]  or  [28]). 

On  expanding  the  right-hand  side  of  Eq.  (52.13)  in  a 
Fourier  sine  series,  we  rewrite  it  as  follows: 


a2^  SNf 
8  dx*  ■  dyi 

Here 


8dGs  1  .  mKx 

- -  >  —  sin - 

n  <— I  m  a 

m=l,  3,  5,  ... 


g  —  GJGV 


(55.1) 

(55.2) 


The  solution  of  this  equation  is  sought  in  the  form  of 
a  series  satisfying  beforehand  the  conditions  on  the  sides 
x  =  0  and  x  =  a: 


*  =  2  Y m  (y)  sin  ——— .  (55.3) 

m=l,  3,5,... 

Substituting  on  the  left-hand  side  of  (55.1),  and  com¬ 
paring  the  coefficients  of  the  sines  of  like  arguments  on 
the  left-hand  and  right-hand  sides,  we  obtain  an  ordinary 
equation  for  Ym : 

0— VD-  (M.4) 

The  general  integral  of  this  equation  is 
Ym  =  Am  cosh  +  Bm  sinh  22L  y  -f  ijjgf- .  (55.5) 


On  determining  the  constants  Am  and  Bm  from  the  condi¬ 
tions  on  the  sides  y  —  ±5/2,  the  final  expression  for  the 
stress  function  is  obtained  as 


8ftG!ffla 


ii3 


s 


m=  1,  3,  5, 


cosh 


,  m jxu. 
cosh  -  —  - 
Zc 


x 


X  Sin- 


(c  =  a/b).  (55.6) 
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The  stress  components  are  found  by  formulas  (51.3)  in 
the  form  of  series: 


8  dGi^uz 


.  ,  mnu 
.  sinh - ii 

2_1 _ a  y 

m 2  ,  mnu 


m=  1,  3,  5,  .  .  . 


,  mnu 
cosh  -7r-r 
Ac 


m*=  1 , 3,5,. 


cosh  - —  y 

_ fl 

cosh^Hi 

Ac 


}  (55.7) 


Next,  we  introduce  a  new  parameter  depending  on  the  ratio 
of  the  elastic  moduli  and  the  ratio  of  the  sides: 


^  _  C  _  C 

~  VI"' V 


(55.8) 


and  factors  p,  kt,  k2,  functions  of  this  parameter,  defined 
by  the  series 

p  =  V  —•  ( 1 - — —  tanh  )  ;  (55.9) 

r  ji4  ^  m4  \  mn  2d  /  7  v  7 

m*=  1,  3,  5,  ... 


k  — -^L  V  iz 

Ki—  jia6  2j 


m=l,  3,  5,  . . . 


m=l,  3,  5,  . .  . 


ma  cosh 


i — V 

j 


(55.10) 


(55.11) 


By  using  these  factors,  we  can  write  very  simple  formulas 
for  the  torsional  rigidity  C,  the  twist,  and  the  maximum 
shearing  stress.  We  have 

C  =  G2ab*p;  (55.12) 

<65-13) 
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The  shearing  stress  in  an  isotropic  bar  is  maximum  at 
the  middles  of  the  longer  sides  (see,  for  example,  [371, 
p.  311).  In  an  orthotropic  bar,  the  points  of  maximum  shearing 
stress  may  be  at  the  middles  either  of  the  longer  or  of  the 
shorter  sides,  depending  on  d.  Thus,  the  maximum  stress  is 
determined  from  either  of  the  two  formulas: 

Tmax  =  '^p'^l  (55.14) 

(at  the  points  B  and  Bx ;  see  Fig.  83), 

Tmax  =  rtaT  *2  (55.15) 


(at  the  points  0  and  A). 

Table  20  gives  numerical  values  of  the  factors  p,  fcj,  k2 
calculated  by  formulas  (55.9)  to  (55.11)  for  several  values  of 
the  parameter  d.  The  calculations  were  performed  to  three 
decimal  places.* 


The  Factor!  p,  ku  fc2  from  Formulas  (55.9J  to  (SS.11)  Table  20 


d 

P 

*1 

*2 

d 

p 

*1 

*2 

i 

0.141 

4.803 

4.803 

3 

0.263 

3.742 

2.820 

1.25 

0.172 

4.545 

4.141 

4 

0.281 

3.550 

2.644 

1.5 

0.196 

4.329 

3.718 

5 

0.291 

3.430 

2.548 

1.75 

0.214 

4.184 

3.431 

10 

0.312 

3.202 

2.379 

2 

0.229 

4.065 

3.232 

20 

0.323 

3.098 

2.274 

2.5 

0.249 

3.882 

2.970 

CO 

0.333 

3.000 

— 

Table  20  was  obtained  by  revising  more  detailed  tables  of 
Saint-Venant  [110].  It  gives  values  of  the  factors  for  d 
greater  than  or  equal  to  unity,  i.e.,  foF  ratios  of  the  sides 
Y  g.  But  it  can  also  be  used  in  cases  where  c  <  Y~g\ 
it  is  only  necessary  to  choose  the  notation  for  the  sides  so  as 
to  fulfil  the  condition  c  Y Si  and  this  can  always  be  done. 

Let,  for  example,  the  lengths  of  the  sides  be  4  and  3  cm, 


*  In  Table  3  of  [261  there  are  misprints. 
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and  let  the  shear  moduli  for  planes  of  elastic  symmetry 
parallel  to  the  sides  be  1-106  kgf/cma  and  9-106  kgf/cm2, 
respectively.  In  this  case  we  must  put  a  =  4,  b  =  3,  Gx  — 
—  9 -10s,  G2  =  1-105,  and  so  g  =  1/9,  p  -  1/3,  d  =  4; 
from  the  table  we  find 

P  =  0.281,  k2  =  3.550,  k,  =  2.644. 

The  maximum  stress  occurs  at  the  middles  of  the  shorter 
sides  b ;  by  (55.15), 

Tmai  =  0.220  M. 

At  the  middles  of  the  longer  sides  a  we  have 

t  =  0.099  M. 

The  solution  of  the  torsion  problem  for  an  orthotropic 
homogeneous  bar  of  rectangular  section  can  be  obtained 
in  an  alternate  form,  namely  in  the  form  of  a  double  trigono¬ 
metric  series.  In  this  case,  let  the  origin  of  co-ordinates  be 
taken  at  one  of  the  corners  of  the  section,  with  the  x  and  y 
axes  directed  along  the  sides.  By  expanding  the  right-hand 
side  of  Eq.  (52.13)  in  a  double  Fourier  sine  series,  and  seeking 
the  expression  for  also  in  the  form  of  a  double  sine  series, 
we  obtain 


*■ 


32ftGaa! 


2 


S  2 

m= 1 ,  3.  5,  ...  m— 1 ,  3,  5, 


1 

mn 


.  mnx  . 

sin - sin 

a 


gm?  -(-  rca 


nny 

b 


(55.16) 


It  is  obvious  that  this  function  vanishes  on  all  four  sides 
of  the  section.  For  all  its  extreme  simplicity,  this  form  of 
solution  is  not  so  convenient  as  (55.6)  for  the  simple  reason 
that  the  terms  of  series  (55.16)  decrease  much  more  slowly 
than  those  of  series  (55.6).  Formula  (55.16)  is  therefore 
of  theoretical  interest,  but  the  function  if*  in  the  form  of 
a  single  series  is  far  more  suitable  for  the  use  in  practice. 

Note  that  even  though  the  solution  for  a  non-orthotropic 
bar  has  been  obtained  (it  is  equivalent  to  the  solution  for 
a  bar  with  a  section  in  the  form  of  a  parallelogram  found  in 
[99]),  it  is  considerably  more  difficult  to  realize  it  in  practice 
than  the  solution  for  an  orthotropic  bar. 
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56.  Approximate  Methods  for  Solving  Torsion  Problems 

There  are  quite  a  number  of  approximate  methods  avail¬ 
able  for  the  solution  of  torsion  problems,  which  can  be 
applied  in  cases  where  the  finding  of  an  exact  solution 
involves  great  mathematical  difficulties.  Such  difficulties 
may  be  encountered,  for  example,  in  the  case  when  the  region 
of  the  section  is  bounded  by  some  complex  curve,  segments 
of  curves  and  line  segments,  or  the  region  of  the  section  is 
multiply  connected,  or  the  moduli  vary  over  the  area  of 
the  section  (non-homogeneous  bar).  These  methods  are 
based  on  various  principles,  both  purely  theoretical  and 
experimental.  We  shall  briefly  discuss  only  the  most  com¬ 
monly  used  method,  viz.  the  energy  method,  which  has 
several  variants,  and  we  shall  show  how  comparatively 
simple  problems  can  be  solved  by  this  method. 

The  general  idea  of  the  method  is  as  follows.  Instead  of 
solving  the  boundary  value  problem  for  the  second-order 
differential  equation  to  which  the  torsion  problem  is  re¬ 
duced,  a  (mathematically)  equivalent  variational  problem  of 
finding  the  minimum  of  an  integral  is  solved,  and  this  is 
done  in  an  approximate  manner.  An  expression  for  the 
stress  function  in  torsion  is  assigned,  satisfying  the  required 
conditions  on  the  contour  of  andjinside  the  section  and  contain¬ 
ing  unknown  constants  (coefficients)  and  functions.  The 
least  work  principle,  discussed  in  Sec.  11  of  Chap.  1,  is 
then  used,  the  minimum  of  an  integral  is  sought,  and 
equations  are  obtained  for  the  unknown  constants  or  differ¬ 
ential  equations  for  the  unknown  functions.  For  a  homo¬ 
geneous  non-orthotropic  bar  under  pure  torsion,  Castigliano’s 
formula  must  be  used,  and  the  problem  reduces  to  that  of 
finding  a  function  giving  a  minimum  value  to  the  integral 

U=N  h4  ( -§-) 2  ~ ^ w + 1 a»  ( ■ !r) : 2 - 40*] dxdy- 

(56.1) 

The  simplest  procedure  for  solution  is  as  follows.  Assign 
a  family  of  functions  (a;,  y)  of  two  variables,  x,  y, 
depending  on  two  integral  parameters,  k,  l,  which  vanish  on 
the  contour  of  a  simply  connected  region  (i|)fcj  =  0).  The 
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function  i|>  is  sought  in  the  form  of  a  sum: 

K  L 

*=S  S  4in|>ju(*.  y)-  (56.2) 

A=1  1=1 

On  substituting  in  expression  (56.1),  and  integrating  over 
the  region  of  the  section,  this  expression  becomes  a  function 
of  A j.  Further,  variables  A^i 
are  sought,  giving  a  minimum 
value  to  the  function  U  ( Akt ). 

If  ifi  is  assigned  in  the  form 
of  (56.2),  a  non-homogeneous 
system  of  first-degree  equa¬ 
tions  is  obtained  which  must 
be  solved. 

In  other  cases  it  is  more 
convenient  to  take,  not  if>,  but 
the  torsion  function  cp  as  the 
unknown  function;  of  course, 
it  is  then  necessary  to  seek  a  minimum  of  an  integral  other 
than  (56.1),  following  from  the  virtual  work  principle. 

Consider  an  example.  The  region  of  the  section  has  one 
axis  of  symmetry;  its  contour  is  formed  by  two  curves, 

?.=  <*/ (t).  if  — «/  ( t)>  <56-3) 

which  intersect  on  the  axis  of  symmetry,  where  a  is  a  con¬ 
stant  factor  and 

/(vHfrt1 -(£)7  <“-4> 

( m ,  p,  q  are  positive  numbers,  integral  or  fractional,  or 
zeros). 

For  different  values  of  m,  p,  q  the  contour  has,  of  course, 
a  different  shape;  for  example,  for  m  =  q  =  0.5,  p  =  1 
it  is  an  ellipse;  for  other  values  the  regions  bear  a  general 
resemblance,  they  are  drop-shaped  (Fig.  86).  For  such  regions, 
a  great  many  elasticity  problems  have  been  solved,  par¬ 
ticularly  by  L.S.  Leibenzon  in  [23]  and  [24],  and  othe» 
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authors.*  The  approximate  solutions  using  the  function  i|) 
are  constructed  by  assigning  a  family  of  functions 

(56'5) 

(*  =  1,  2,  3,  ..‘.,Z  =  1,  2,  3, 

and  seeking  -^3  in  the  form  of  sum  (56.2),  where  the  coefficients 
Ahi  must  give  a  minimum  value  to  integral  (56.1). 

Wishing  to  construct  a  solution  only  to  a  first  approxima¬ 
tion,  we  take  just  the  first  term  in  sum  (56.2)  rejecting  the 
others,  i.e.,  we  assume 

'J>='|3u=Ai  {^2-fl2Wir)_D*  (56-6) 


Substituting  in  (56.1),  and  integrating,  we  obtain  U 
as  a  second-degree  polynomial  in  An  and  then  seek  its 
minimum.  Leaving  out  rather  elementary  computations, 
we  give  an  expression  for  the  rigidity  found  as  a  first 
approximation  for  arbitrary  parameters. 

For  arbitrary  m,  p,  q, 


C  =  ~G2ba3 

O 


B{ 

3m-f-l 

P  ' 

p 

[l  +  3e*| 

(tH 

Here  g  —  G%IGX\ 


B( a,  p) 


r  («)  r  (p) 
r(«+P)  ’ 


T  (a)  =  j  e~xxa~l  dx 


(56.7) 


(56.8) 

(56.9) 


*  In  his  works  L.S.  Leibenzon  referred  to  a  (symmetrical  or  non- 
symmetrical)  figure  bounded  by  two  curves  of  the  type  of  (56.3)  as 
an  airloil  section. 
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are  the  beta  and  gamma  functions,*  e  is  a  factor  depending 
on  the  values  of  the  beta  function: 


m2  /5m— -1 

P  \  P 


,  5g-l)-2m(m±^B  53  — l) 


1  B  /  3m-f-l 
P  \  P 

(m  +  pg)2  D  j  5m— l  +  2p 


,  32  +  l) 


.  5«  —  l) 


,  (56.10) 


In  particular,  for  the  values  of  the  parameters  m  ==  0.5, 
p  =  q  —  1,  when  the  section  is  bounded  by  arcs  of  two  semi- 
cubical  parabolas 


y=±aj/  -£-(l-f)t  (56-H) 


we  obtain  [25]  3e=  11/13, 

r-r  256 
C~(’Z34V5 


ba 3 


(56.12) 


If  the  virtual  work  principle  is  used,  we  can  take,  as 
a  first  approximation,  a  very  simple  function  cp  characterizing 
the  warping  of  the  plane  of  the  cross  section  of  a  bar  in  the 
form  of  an  elliptical  cylinder: 


cp  =  Anxy  +  A01y.  (56.13) 


For-  a  bar  with  a  section  bounded  by  two  arcs  of 
semicubical  parabolas  (56.11),  the  torsional  rigidity  is  ex¬ 
pressed  as 


256 


C-<?2  3465,  ,  7 
1  + 


ba3 


11 


(t)‘ 


(56.14) 


Formula  (56.12)  gives  a  too  low  value  of  the  rigidity,  its 
lower  bound,  and  (56.14)  a  too  high  value,  its  upper  bound. 
In  other  words,  the  true  value  of  the  rigidity  of  the  bar  under 
consideration  (with  a  section  bounded  by  two  arcs  of 


*  See,  for  example,  [19],  pp.  821-823. 
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semicubical  parabolas)  lies  between  the  values  determined 
by  formulas  (56.12)  and  (56.141.  This  value  of  C  can  be 
refined  by  taking  a  larger  number  of  terms  in  sum  (56.2) 
and  in  the  corresponding  sum  for  <p,  and  determining  the 
constants  from  the  conditions  for  a  minimum  of  the  cor¬ 
responding  integrals.  We  shall  not  elaborate  upon  this 
topic,  but  refer  the  reader  to  Leibenzon’s  works  [231  and 
[25]  and  the  numerous  authorities  cited  above. 

We  only  mention  the  works  of  N.Kh.  Arutyunyan  [43], 
[44]  devoted  to  the  torsion  problem  for  a  bar  with  a  section 
bounded  by  two  similar  (non-confocal)  ellipses  and  two 
rays  (in  particular,  a  cut  elliptical  ring,  a  semiring,  and 
an  elliptical  sector).  Besides  a  detailed  presentation  using 
one  variant  of  the  energy  method  in  Arutyunyan’s  papers, 
there  is  a  brief  account  in  the  author’s  books  [26]  and  [28]. 

A  different  kind  of  approximate  method  for  solving  torsion 
problems  is  based  on  introducing  a  small  parameter  into 
torsion  equations  and  neglecting  the  powers  of  this  para¬ 
meter,  beginningjwith  a  certain  one,  in  the  process  of  solution. 
Such  a  method,  or  procedure,  was  suggested  by  V.S.  Sarki¬ 
syan  for  solving  the  torsion  problem  for  a  bar  with  a  section 
representing  a  figure  elongated  in  one  direction  (“elongated 
section”,  [35],  [114],  [116]). 

To  obtain  approximate  solutions  of  torsion  problems, "one 
can  also  use  various  analogies  in  the  theory  of  torsion.  The 
idea  of  these  analogies  is  that  the  basic  equation  of  the  theory 
of  torsion  (the  equation  for  the  stress  function  or  the 
equation  for  the  torsion  function  cp)  is  identical,  apart 
from  constant  factors,  with  equations  for  other  problems  of 
mechanics  and  physics,  which  are  easier  to  solve  partially 
or  completely  using  experiment.  The  most  important  analogy 
is  that  of  Prandtl  (membrane  analogy).  We  shall  not  pursue 
the  matter,  but  refer  the  reader  to  the  book  on  torsion  by 
N.Kh.  Arutyunyan  and  B.L.  Abramyan  [4],  where  the 
question  of  analogies  is  treated  in  sufficient  detail  and  the 
relevant  literature  is  given. 

Because  of  limited  space  we  shall  not  consider  other 
approximate  methods  such  as  the  grid  method,  the  finite 
element  method,  and  we  leave  the  discussion  at  this  point. 


§  57]  TORSION  OP  NON-HOMOGENEOUS  BAR  293 

57.  Torsion  of  a  Continuously  Non-homogeneous  Bar 
with  Rectilinear  Anisotropy 

From  the  general  equations  presented  in  Chap.  3  it  is  easy 
to  obtain,  as  a  special  case,  the  equations  of  torsion  for 
continuously  non-homogeneous  bars. 

Let  there  be  a  continuously  non-homogeneous  bar  of 
uniform  section  having,  at  each  point,  a  plane  of  elastic 
symmetry  normal  to  the  generators,  but  non-orthotropic 
in  general.  One  end  is  assumed  to  be  fixed,  and  the  other  end 
is  acted  on  by  forces  reducing  to  a  twisting  moment  M. 
The  lateral  surface  is  free  from  external  forces  and  is  not 
fixed;  the  forces  at  the  fixed  end  reduce  therefore  to  an 
equal  but  opposite  moment  M  (Fig.  80).  Assume  no  body 
forces. 

Let  the  origin  of  co-ordinates  be  placed  at  a  point  of  either 
of  the  ends,  with  the  z  axis  directed  parallel  to  the  generators, 
and  the  x  and  y  axes  according  to  convenience  with  regard 
to  the  shape  of  the  section.  The  generalized  Hooke’s  law 
equations  in'  the  given ’co-ordinate  system  x,'y,  z  are  written 
as’ 

8*  =  4*  ®13°z  +  ai6vxi n 

Ey  —  dizOx  -f-  «22°!/  +  a23az  +  a23^ xy  i 

e2  —  a13°3C  4~  a23 4~  033^2  4*  °36 ^Xyi 

V yz  —  ®44 T'yz  4"  ®45^4zt 

Vacz  =  ®45^j/2  4-  ®55^*zi 

yxy  —  Gl6°a:4"  a26°y  4"  a36°z  4~  f 

where  ai}  are  assumed  to  be  continuous  differentiable  func¬ 
tions  of  two  co-ordinates,  x,  y. 

In  a  homogeneous  bar  having  one  plane  of  elastic  sym¬ 
metry  normal  to  the  .generators  and  twisted  by  moments, 
only  two  stress  components  out  of  six  are  not  zero;  the  others 
vanish: 

o  x  —  o  y  —  t  Xy  —  o  z  =  0.  (57.2) 

Suppose  that  in  a  bar  with  the  non-homogeneity  in  question 
the  qualitative  picture  of  the  stress  distribution  is  no  different 
from  that  in  the  case  of  a  homogeneous  body  (57.2),  i.e.,  of 
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the  six  stresses  at  any  point  only  two,  xxz  and  xyz,  are 
not  zero  and  satisfy  the  equation 


dxxz  .  dTgz  _  n 
dx  "r"  dy 


(57.3) 


For  a  change,  we  shall  derive  the  equations  of  torsion 
for  such  a  bar,  not  from  the  general  equations  of  Chap.  3, 
but  independently. 

The  fundamental  system  of  equilibrium  equations  for  an 
elastic  body  in  this  case  consists  of  Eq.  (57.3)  and  Eqs.  (57.1), 
which  take  the  form 


*L  =  0 

dx  ’ 


Ov  .  dw  .  | 

lF+-gJ-==fl**Tw  +  fl«T«t  l 

dw  .  du  .  { 

aF  + 15’ = 


£.+£  =  0.  i 

dy  '  dx  ) 


(57.4) 


On  integrating  these  equations  in  the  order  repeatedly 
used  above,  we  obtain  expressions  for  the  displacements: 


u  =  —Qyz  +  u',  v  =  ftxz  -f  i>',  w  =  {hp  (a:,  y)  +  w' , 

(57.5) 

where  0  is  the  angle  of  twist  per  unit  length,  q>  is  the  so-called 
torsion  function  characterizing  the  warping  of  the  section, 
and  u',  v',  w’  are  rigid-body  displacements  [see  (18.8)]. 
The  unknown  functions  are  two  stress  components,  xxz  ( x ,  y), 
tyz  {x,  y),  and  the  torsion  function  <p  (a:,  y).  These  functions 
satisfy  Eq.  (57.3)  and  the  equations 

ai&yz  +  0-Vixxz  =  ^  » 

aL5xyz  +  a55rxz  —  ^  f)  • 

The  only  difference  between  these  two  equations  and  the 
equations  for  a  homogeneous  body  with  the  same  elastic 
symmetry  is  that  atJ  in  (57.6)  are  functions  of  x,  y,  whereas 
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for  a  homogeneous  body  they  are  constant.  By  choosing 
for  the  basic  unknown  the  stress  function  related  to  the 
stress  components  by  the  obvious  equalities 


T'tt  —  “ 


(57.7) 


W  _  _ _ 

dy  ’  yz  dx  ’ 

we  obtain,  by  eliminating  q?  from  Eqs.  (57.6),  an  equation 
for  if: 


d_ 

dx 


9\|)  . 

°45  a?  +  fl55 


—  2ft. 


(57.8) 


The  boundary  condition  is  written  very  simply:  on  the 
contour  of  the  cross  section  if  =  constant  (or  if  =  0  if  the 
region  of  the  section  is  singly  connected). 

We  may  take  the  function  q?  as  the  basic  unknown  and, 
expressing  the  stresses  in  terms  of  its  derivatives,  use 
Eq.  (57.3).  We  then  obtain  a  second-order  equation  with 
variable  coefficients  for  q>.  The  boundary  condition  is  written 
in  a  more  complicated  way,  and  hence  we  shall  not  use  this 
method  for  solving  torsion  problems,  nor  will  the  equation 
and  condition  be  given  here. 


58.  Torsion  of  an  Orthotropic  Bar 
of  Rectanaular  Section 
with  Variable  Shear  Moduli 

Of  the  various  cases  of  continuously  non-homogeneous 
bars  with  variable  moduli  one  of  the  simplest  is  the  case  of 
an  orthotropic  bar  of  rectangular  section  in  which  the  shear 
moduli  depend  only  on  one  co-ordinate,  x  or  y. 

Let  a  bar  of  rectangular  section  such  as  is  shown  in  Fig.  85 
be  continuously  non-homogeneous,  its  shear  moduli  being 
functions  of  the  co-ordinate  y  (G,  and  G2  do  not  vary  along 
the  side  of  length  a).  The  functions  are  assumed  to  be  contin¬ 
uous,  single  valued,  and  differentiable  with  respect  to 
their  argument  y.  Introducing  the  shear  moduli,  we  must 
put,  in  Eq.  (57.8), 
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to  obtain 

The  stresses  are  determined  by  (57.7). 

The  method  for  the  solution  of  the  problem  is  the  same  as 
for  the  corresponding  torsion  problem  in  the  case  of  a  homo¬ 
geneous  bar.  We  expand  the  right-hand  side  of  (58.1)  in 
a  Fourier  sine  series  and  seek  an  expression  for  if  satisfying 
beforehand  the  conditions  on  two  sides,  x  =  0  and  x  =  a. 
Equation  (58.1)  is  rewritten  as 


0*$  ,  n  /  ,  d  T  1  0if"|_ 

dx 2  gy  L  G2  (y)  dy 


Assuming 


_  8  Gt  (y)  ^  1  zinmnx. 

n  YA  m  a 

m=i.  3.  5,  ... 


<f  =  S  I'm  (yjsin-^, 

m=l  ,3,5,... 


(58.2) 


(58.3) 


substituting  in  Eq.  (58.2),  and  comparing  the  coefficients  of 
the  sines  of  like  arguments  on  the  left-hand  and  right-hand 
sides,  we  obtain  equations  for  the  unknown  functions  Ym  (y): 
f  ym  (y)  1'  (  mil  \  2  v  _  8G,  (y) 

1  L  G2  {y)  J  V  a  )  m  Tim  •  (58,4) 

(m—  l,r  3,  5,  ...) 

These  are  linear  equations  with  varible  coefficients. 

Denoting  by  Yml,  Ym2  linearly  independent  solutions  of 
the  homogeneous  equation  corresponding  to  a  given  m,  and 
by  Ym0  a  particular  solution  of  the  non-homogeneous  equation 
with  the  same  m,  we  write  the  general  integral  of  (58.4), 
for  any  given  Gx  and  G2, 

Ym  =  AmYmi  +  BmYma  +  Vm0.  (58.5) 

The  stress  function  is  written  as 


if=  2  (AmYmi  +  BmYm2  +  Ym0)sin^.  (58.6) 

8*  5|\#  t 
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The  boundary  conditions  on  the  sides  x  =  0,  x  —  a  are 
satisfied.  By  requiring  that  the  boundary  conditions  should 
be  satisfied  on  the  other  two  sides,  y  —  ±6/2,  we  obtain,  for 
each  pair  of  coefficients  Am,  Bm,  a  system  of  equations  from 
which  the  unknown  coefficients  are  determined  once  Fml, 
7m2,  Ym0  have  been  found.  These  particular  solutions  can 
be  found,  not  for  all  values  of  the  functions  G2,  G2,  but  only 
for  certain  special  values,  which  are  apparently  not  very 
few  in  number.  Some  cases  will  be  considered  below.  The 
simplest  case  appears  to  be  the  one  where  the  shear  moduli 
are  exponential  functions  of  y,  i.e., 

nny  nny 

Gi  =  gie  6  >  G2  =  g2eb.  (58.7) 

Here  gx,  g2  are  constants  having  the  dimensions  of  shear 
modulus  (or,  what  is  equivalent,  of  stress),  n  is  any  real 
non-dimensional  constant  other  than  zero  (positive,  negative, 
integral,  fractional,  irrational,  etc.). 

We  introduce  the  notation: 

g  —  yr-  =  —  =  constant,  c  =  ~  d  =  -^=.  (58.8) 

Gi  gi  _J _ bj  Yg  v  ’ 

Ym=]/  »2+(-5-)2,  (58.9) 

sm  =  0.5(n  +  ym),  tm  =  0.5  (n  —  ym).  (58.10) 
For  simplicity,  the  subscript  m  on  ym,  sm,  tm  will  be 
omitted  henceforth. 

The  general  expression  for  the  stress  function  ^  with 
undetermined  coefficients  Am,  Bm  is  written  as 


1.=^ 


S 

T71=l ,  3,5,  • .  . 


sny  tny  nny 

(Ame  b  +Bmeb  +e  b  J-^-sin^- 


(58.11) 

On  determining  the  coefficients  from  the  conditions  on 
the  sides  y  =  ±6/2,  we  finally  obtain 


sny 


lay 


8  gja2& 


sinh  -5—  e  b  —  sinh-5-e  6 
6  2  2 
e - 


sinhJT 

1  .  mnx 

X  — 3-  Sin - 

m 8  a 


X 


(58.12) 
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To  begin  with,  we  must  find  the  rigidity  C,  express  the 
twisting  moment  M,  and  the  angle  of  twist  per  unit  length  ft 
(the  twist)  in  terms  of  C,  and  then  determine  the  stresses  at 
any  point  and  at  the  nodal  points,  viz.  at  the  middles  of  the 
sides.  The  rigidity  is  determined  by  formula  (51.9): 

C  —  J  j  i| )dx  dy.  (51 .9) 


By  performing  the  integration  over  the  area  of  the  rec¬ 
tangle,  a  by  b,  transforming  to  g2,  and  summing  a  part  of  the 
series  by  using  the  formula  ([12],  p.  21) 


s 


m—  1 ,  3,  5,  .  .  . 


i  _  n* 
m*  ~  96  ’ 


(58.13) 


we  obtain  a  formula  for  the  rigidity: 


C  =  g2ab*  (3. 


(58.14) 


Here 


2d1  .  0  ran 

p  =  5 —  sm-=— 
r  3nre  2 


32d* 


■y  —  s  cosh  t n  + 1  cosh  sn 


m=  1/3,  5, 


sinh  ~~ 


(58.15) 


[see  (58.10)]. 

No  further  transformations  of  this  formula  will  be  made, 
taking  it  as  final.  The  angle  of  twist  per  unit  length  is 


ft 


(58.16) 


The  total  angle  of  twist  ci)max  for  the  whole  bar  of  length 
l  is 


wmas  — 


i:  Ml 
gtab3$ ' 


(58.17) 
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By  differentiating  the  stress  function  (58.12),  we  find, 
from  formulas  (57.7),  the  stresses  themselves  at  any  point 
x,  y : 


M  Sd2 


ab2  n2P 


nny 

ne  b  — 


m=l ,  3,  5, 
8  ny 


lyz ' 


_  iny 

.  ,  b  ,  .  ,  b 

s  sinh  ~2~e  — tsinh-^—e 

sinh-H 


1  .  mnx 

— 5-  sin - , 

m3  a  ’ 


M  8  d 


s 


nny 

e  b  — 


ab 2  y  g  n2fi  ^-J 

r  8  m=l ,  3,  5,  . .  . 

tny  tny 

.  ,  SJI  6  .  ,  tn  b 

smh_e  sinh  -g—  *  j  mnx 

■  cos- 


sinh 


yn 


!•  (58.18) 


As  investigations  and  calculations  show,  the  maximum 
stress  in  the  whole  bar  occurs  at  the  middle  of  one  of  the 
sides  (the  longer  or  shorter  side)  and  is  determined  from 
either  of  the  formulas 

Tmax  =  y=  h-  (58.19) 

The  structure  of  the  factors  kx  and  k2  is  clear  from  formulas 
(58.18). 

Table  21  gives  numerical  values  of  the  rigidity  factor  p 
and  the  maximum  stress  factors  kx  and  kz  for  a  bar  of  rec¬ 
tangular  section  with  moduli  (58.7)  for  several  values  of 
n  and  d.  The  calculations  were  performed  to  4  or  5  significant 
figures. 

For  given  values  of  n  and  d,  the  maximum  stress  must 
obviously  be  determined  from  the  first  formula  of  (58.19), 
and  not  from  the  second  (except  for  n  =  0.1,  d  =  0.5).  For 
other  values  of  the  parameters,  not  indicated  in  Table  21,  the 
maximum  stress  is  determined  from  the  second  formula 
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The  Rigidity  Factor  ft  and  the  Maximum  Stress  Table  21 

Factors  and  k2 


d 

P 

*1 

D 

d 

P 

fti 

hs 

0.1 

0.5 

0.05728 

7.359 

8.117 

1 

0.5 

0.06932 

19.786 

6.606 

1 

0.1407 

5.385 

4.797 

1 

0.1532 

13.653 

4.165 

2 

0.2287 

2 

0.2304 

2.956 

3 

0.2632 

4.154 

2.817 

3 

0.2592 

10.079 

2.632 

■ 

5 

2.547 

5 

0.2824 

9.309 

2.416 

0.5 

0.5 

0.06005 

11.855 

7.714 

2 

0.5 

0.1174 

43.796 

3.744 

1 

0.1434 

8.311 

4.638 

1 

0.2101 

31.671 

2.669 

2 

0.2282 

6.796 

3.167 

2 

0.2762 

267149 

2.090 

3 

0.2611 

6.219 

2.778 

3 

0.2991 

24.321 

1.931 

■ 

5 

0.2875 

2.523 

5 

0.3174 

1.819 

of  (58.19)  (k2iy  g>  kx).  Of  course,  Table  21  can  only  serve 
to  illustrate  the  theory,  and  not  for  the  analysis  of  all  the 
various  bars  of  this  type  since  it  contains  factors  for  a  too 
small  number  of  values  of  the  parameters  n,  d. 


59.  Some  Other  Cases  of  a  Non-homogeneous 
Orthotropic  Bar  of  Rectangular  Section 

Besides  an  exponential  relation  between  the  shear  moduli 
and  y,  a  number  of  relations  between  Gx,  Ga  and  y  may  be 
indicated  for  which  the  particular  solutions  YmX,  Ymst,  Ym0 
of  the  equation  for  the  stress  function  (58.4)  can  be  obtained 
in  explicit  form,  and  hence  the  conditions  on  the  sides 
x  =  0,  x  =  a,  y  =  ±b/2  can  be  satisfied,  thereby  giving 
the  solution  of  the  torsion  problem  in  explicit  form.  To 
begin  with,  we  must  mention  the  case  when  Gx  and  G2  are 
power-law  functions  of  the  distance  y  (see  [90]  and  [28]). 

Let  Fig.  87  represent  a  cross  section  of  a  bar,  the  dimen¬ 
sions,  and  the  arrangement  of  the  axes;  y0  is  the  distance 
of  a  given  straight  line  parallel  to  the  side  a  from  the  x  axis. 
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Let  further  the  moduli  be  given  as  the  functions 

ft-#.  (***)’.  1 


(59.1) 


where  gx,  g2  are  factors  having  the  dimensions  of  shear 
modulus  (or,  what  is  equivalent,  of  stress),  n  is  an  arbitrary 
real  number.  For  a  positive  and  a  negative  n,  the  nature  of 


Fig.  87 


variation  of  the  moduli  along  the  side  b  is  shown  on  the 
right  in  Fig.  87.  For  a  positive  n,  the  prolongation  of  the 
Gt  curve  passes  through  the  point  y  =  — y0;  for  a  negative  n, 
the  straight  line  y  =  — y0  is  an  asymptote  of  the  Gt  curve. 
We  introduce  the  notation: 

Vi  =  V  +  y»,  Ti  =  -f-.  11o  =  i 

•ni  =  "Ho — °-5.  7)2  =  110  +  0.5, 

c  =  f77  t  g~^=  —  =  constant, 

1°  &i  Si 

a=-ip-,  N= 

By  seeking  the  expression  for  the  function  if  in  the  form 
of  series  (58.3),  we  obtain  an  ordinary  equation  for  Ym : 

Ym-^Y’m-tYm=-8-^£y?.  (59.3) 

where  primes  denote  derivatives  with  respect  to  yx.  The 
particular  solutions  of  the  homogeneous  equation  depend 
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on  n  and  are  expressed  in  terms  of  Bessel  functions  of  order 
N  (see  [12],  p.  670).  If  n  is  not  an  integer, 

Ymi  =  yTaJN  (iyui)  Ym2^y^aJ.N{iyyi)  (i  =  ]/^i), 

(59.4) 

where  Jn,  J-n  are  the  Bessel  functions  of  the  first  kind. 

If  N  is  an  integer,  the  function  ./_#  must  be  replaced 
by  the  Bessel  function  of  the  second  kind  of  the  same  argu¬ 
ment.  In  the  present  case  the  argument  of  the  Bessel  functions 
is  pure  imaginary  and  they  must  therefore  be  replaced  by 
modified  functions.  We  have 

Ymi  =  y^N  (yyi),  Ym 2  =  yifl-n  (yyi)  (59.5) 

(N  is  not  an  integer)  or 

Ymi  =  yiaIN(yyi),  Ym2^y^aKN  (yyt)  (59.6) 

(N  is  an  integer;  KN  is  the  Macdonald  function). 

The  particular  solution  Ym0  of  the  non-homogeneous 
equation  (59.3)  is  found  by  quadrature,  knowing  Yml ,  as 

Ym  =  (Y-m\y?l  Ymldyi\)  dVi  '59.7) 


Below  are  given  particular  solutions  of  the  homogeneous 
equation  for  several  specifications  of  the  moduli. 

(1)  Linear  relation : 


G*  =  g*(Ti  +  T]o),  n=  1,  «=  —  1, 
(^4%)],  -1 

^^^[^(Tl  +  rio)] ,  J 


N  =  1, 


(59.8) 

(59.9) 


(2)  Inverse  proportionality  to  the  distance: 


Gt  =  gt(  'H  +  'Ho)"1,  n=—  1,  a  =  0,  JV  =  0,  [(59.10) 
Fml  =  /0[^(r,  +  qo)],  ^m2  =  ^o[Ir(Tl  +  T]o)]-  (59.11) 
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(3)  Inverse  proportionality  to  the  square  of  the  distance: 
Gt  =  gt(  ti4t]o)-2,  n—  — 2,  a  =  ±,  N  =  (59.12) 


•  mi : 


sinh^(ti-(-T]o) 


In  the  third  case  the  particular  solutions  are  expressed 
in  terms  of  ebmentary  functions.  This  is  also  true  for  the 
fourth  case,  the  simplest  as  regards  derivations  and  com¬ 
putations. 

(4)  Quadrate  relation: 

Gt  =  gi(  n-t-%)2,  n  —  2,  a=— N  =  ~.  (59.14) 


In  this  case  we  obtain 


iT  1  WIT 

mi  =  COsh 


-j- >1+  "Ho) —  ™  ('H+'Ho)  sinh  ~  (il+Tio), 
rm2=  sinh  ^  (T]+ rio) —  ^i(r}  +  %)  cosh  ™  (t]+  ij0)  , 

i’»-^[('+U,-TTOr]- 


(59.15) 


The  expression  for  the  stress  function  satisfying  the  condi¬ 
tions  on  the  contour  of  the  section  will  not  be  given  since 
it  is  not  usee  in  what  follows;  the  rigidity  and  stresses 
for  the  present  case  are  not  calculated.* 

The  torsion  problem  is  easily  solved  in  cases  where  the 
shear  moduli  are  proportional  to  different,  and  not  the 
same,  powers  of  the  sum  t]  tj0,  i.e.,** 

Gi  —  gx  (t]  -+  G2  =  g2  (t)  -f  t]o)n  (m  ¥=  n).  (59.16) 


The  situation  is  particularly  simple  if  m  =  n  +  2  (n  is 
any  real  numler);  the  stress  function  is  expressed  in  terms 
of  power-law  "unctions  of  the  sum  r\  -f  r]0. 

The  torsion  problem  is  easily  solved  in  the  case  when 
one  side  of  a  section  is  much  longer  than  the  other  (a  bar 


*  The  function  ip  is  given  in  128]  (Chap.  3,  Sec.  19). 

**  See  the  author’s  book  [28]  (Chap.  3);  the  solution  of  the  follow¬ 
ing  problem  ibii. 
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with  a  section  in  the  form  of  a  narrow  rectangle).  By  placing 
the  origin  of  co-ordinates  on  one  of  the  axes  of  the  bar 
far  from  the  shorter  part  of  the  contour  (Fig.  88),  and  consider¬ 
ing  only  cases  where  the  principal  shear  modulus  G2  for 
planes  parallel  to  the  longer  sides  depends  on  y  alone, 


x 


Fig.  88 


and  the  other  is  an  arbitrary  continuous  function  of  x  and 
y,  the  function  ip  may  be  assumed  to  depend  only  on  y. 
It  is  obvious  that  this  function  satisfies  the  equation 

(-£•)'= -2«.  <59-17> 

from  which  we  obtain  the  function  itself  with  two  arbi¬ 
trary  constants; 

if  =  -  2d/x  (y)  +  Af0  (y)  +  B.  (59.18) 

Here  we  have  used  the  notation: 

fi  ( y )  =  j &21/  dy,  f0  (y)  =  j  G2  dy.  (59.19) 

The  constants  A  and  B  are  determined  by  requiring 
that  the  stress  function  should  be  zero  on  the  surfaces  y  = 
=  ±6/2. 


60.  Torsion  of  a  Cylindrical  or  Prismatic  Bar 
Having  Cylindrical  Anisotropy 

Let  there  be  a  cylindrical  or  prismatic  bar  of  arbitrary 
section  having  cylindrical  anisotropy  with  an  axis  of  aniso¬ 
tropy  parallel  to  the  generators.  The  lateral  surface  is 
free  from  external  forces  and  from  all  restraint,  body  forces 
are  absent,  and  the  ends  are  acted  on  by  distributed  forces 
reducing  to  twisting  moments  M  of  opposite  sense. 


CYLINDRICALLY  ANISOTROPIC  BAR 
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We  consider  the  pure  torsion  of  a  continuously  non- 
homogeneous  bar  at  each  point  of  which  there  is  a  plane 
of  elastic  symmetry  normal  to  the  generators,  and  the  coef¬ 
ficients  atJ  do  not  vary  along  the  length.  The  equations  of 
the  theory  of  torsion  will  be  derived  directly  without  using 
the  material  of  Chap.  3.  Suppose  that  only  two  stress  compo¬ 
nents  are  different  from  zero  and  are  independent  of  the 
longitudinal  coordinate  z,  and  the  remaining  four  vanish. 
By  taking  some  point  at  the  end  as  the  origin  of  co-ordinates, 
and  choosing  the  z  axis  parallel  to  the  generators  of  the 
cylinder,  we  write  the  fundamental  system  of  equations 
in  cylindrical  co-ordinates  as 

<rr  =  tfe  =  °z  =  Tr«  =  0,  ~  =  0;  (60.1) 


dur  _ 

dr 


=.0,  Ss  +  u,  =  0,  £-0, 


dz 


1  dw  .  duQ 


Ji-  +  ^  =  a«T02  +  a45Tr2 


r  30  '  dz 


dur  .  dw 


dz  1 

1  dur 


8r 


—  a45T8z  +  a55xrz, 


due 


30 


dr 


Ufl 

r 


=  0. 


(60.2) 


Next,  we  determine  displacements  from  Eqs.  (60.2) 
using  them  in  the  usual  order,  3,  4,  5  and  1,  2,  6.  As  a  result, 
the  following  formulas  are  obtained  for  displacements: 


ur  —  u'r,  ue  —  $rz  +  uq,  w  —  thp  (r,  0)  +  w'.  (60.3) 


Here  u'r,  u'g,  w’  are  rigid-body  displacements  depending 
on  six  constants,  viz.  three  rotations  to*  and  three  translations 
[see  (23.13)];  ■&  is  the  angle  of  twist  per  unit  length  (twist) 
and  cp  ( r ,  0)  is  the  so-called  torsion  function.  The  unknown 
functions  of  the  variables  r,  0,  viz.  xrz,  t@2,  <p  (two  stresses 
and  the  torsion  function),  satisfy  the  equations 


«uTe2 + 0451^2  ~  ^  ( 7"  w+r)  ’ 

®45X8z  “I"  ®55 xrz  ~  ^  a~~ 


(60.4) 
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and  the  equilibrium  equation  for  a  continuous  medium 
(60.1). 

Note  that  Eqs.  (60.4)  involve  only  three  strain  coeffi¬ 
cients,  a44,  a45,  a55,  and  the  other  coefficients  may  be  any 
(continuous,  at  least)  functions  of  all  three  variables, 
r,  0,  z.  The  stresses  on  the  lateral  surface  must  satisfy  the 
condition 


xrz  cos  ( n ,  r)  +  t02  cos  (n,  0)  =  0,  (60.5) 

and  one  condition  at  each  end: 


n 


■t02r2  dr  d0  =  M 


(60.6) 


(the  moments  at  the  two  ends  have  opposite  senses  of  rotation). 
From  Eq.  (60.6)  we  determine  the  twist  ft  or  the  rigidity 
since  ftC  =  M. 

As  in  the  case  of  a  rectilinearly  anisotropic  bar,  two 
procedures  may  be  suggested  for  the  solution  of  the  torsion 
problem,  depending  on  the  particular  function  used  as 
the  basic  unknown. 

Procedure  1.  The  unknown  function  is  taken  to  be  the 
stress  function  in  torsion  i|j: 


1  3U>  3tb 

Xrz~  r  30  ’  Xez~  IT' 


(60.7) 


By  eliminating  <p  from  (60.4),  we  obtain  the  equation 
3  /  3<b  3i|>  \  . 

_(a44r_X_a45_)  + 

+w(-a45lr+a55T‘W')==  ~2®r-  (60-8) 

On  the  contour  of  the  cross  section 

i|j  =  c  =  constant.  (60.9) 

In  the  case  of  a  simply  connected  region,  when  we  may 
set  c  —  0,  the  rigidity  is  determined  by  the  formula 

j'Mrd0- 


(60.10) 
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In  particular,  for  an  orthotropic  bar  with  planes  of  elastic 
symmetry  normal  to  the  co-ordinate  directions  r,  0,  z, 
instead  of  (60.8)  we  have 


d  (  _r_  j9£\  . _ d_  /  1 

dr  \  G1  dr  I  dQ  \  rG2 


dip 


ae 


)  =  -2flr, 


(60.11) 


where  G2  (r,  0),  G1  ( r ,  0)  are  the  shear  moduli  for  planes 
passing  through  the  z  axis  parallel  to  the  axis  of  anisotropy 
and  planes  parallel  to  z.  For  a  homogeneous  orthotropic 


bar,  Eq.  (60.11)  becomes 

,  329  1  39  V 

1  3*9 

=  -2*G2, 

(60.12) 

*  V  dr*^ 

r  dr  )  ' 

r2  30a  “ 
_  Grz 

Procedure  2.  The 

g~  G ! 
unknown 

GBz  ' 

function 

is  taken 

^uu. 10 J 

to  be  the 

torsion  function  9  (r,  0)  in  terms  of  which  it  is  necessary 
to  express  the  stresses;  the  torsion  function  must  then  be 
found  from  the  condition  on  the  contour  of  the  section 
(60.5). 

We  have 


(7|g-  +  r)  +^45  1 7],  | 

*rz  =ft[^45  ("7  'f|r  +  r)  +4*  IT]*  I 


where  At)  are  the  coefficients  obtained  by  solving  Eqs. 
(60.4)  for  the  stress  components.  Substituting  (60.14)  in 
(60.1),  we  obtain  an  equation  for  cp.  In  particular,  for  a 
homogeneous  body  it  is  of  the  form 


dr  dQ 


A  _L  _ 2A 

^44  ,2  QQi  ~~ 


45- 


(60.15) 


The  second  procedure  is  less  convenient  since  the  boundary 
condition  is  found  to  be  more  complicated  than  condition 
(60.9).  This  was  also  observed  in  the  case  of  a  rectilinearly 
anisotropic  body  (Sec.  51). 

20* 
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61.  Torsion  of  a  Non-homogeneous  Hollow  Circular 
Cylinder  Having  Cylindrical  Anisotropy 

Consider  a  body  in  the  form  of  a  hollow  circular  cylinder 
having  cylindrical  anisotropy  and  twisted  by  moments 
applied  to  the  ends  (see  [28],  Chap.  3,  Sec.  24).  It  is  assumed 
that  the  body  is  bounded  by  the  surfaces  of  coaxial  circular 
cylinders  of  radii  a,  b  (b  >■  a)  and  length  l.  One  end  may 
be  taken  to  be  rigidly  fixed,  and  the  other  subjected  to 

forces  reducing'to  a  twist¬ 
ing  moment  M.  The  an¬ 
isotropy  of  the  cylinder  is 
supposed  to  be  cylindri¬ 
cal,  with  the  axis  of  an¬ 
isotropy  coinciding  with  the 
geometrical  axis  and  chosen 
as  the  z  axis;  the  origin 
0  is  placed  at  the  free  end. 
The  anisotropy  is  not  as¬ 
sumed  to  be  of  the  most  gen¬ 
eral  kind,  but  the  following 
restrictions  are  imposed 
on  it:  (1)  the  elastic  pro¬ 
perties  are  such  that  the 
extensions  sr,  s0,  sz  are 
independent  of  the  stress 
t 02,  and  hence  the  coef¬ 
ficients  a14,  a24,  a34  in  the  generalized  Hooke’s  law  equations 
(10.2)  are  zero;  (2)  the  coefficients  a44,  a45,  a55  depend 
only  on  the  distance  r  from  the  centre  of  the  cross  section 
and  are  independent  of  z  and  the  angle  0,  which  is  measured 
from  the  x  axis  directed  along  an  arbitrary  fixed  radius 
of  the  section  (Fig.  89);  (3)  the  remaining  coefficients  may 
be  arbitrary  functions  of  three  co-ordinates,  r,  0,  z,  and 
they  have  no  influence  on  the  stress  distribution. 

If  the  cylinder  satisfies  all  these  conditions,  there  is 
no  need  to  use  the  general  equations  of  the  type  considered 
in  Chap.  3,  and  it  is  simpler  to  derive  the  general  equations 
for  stresses  and  displacements  independently  taking  as 
a  basis  only  the  most  general  equilibrium  equations  for 
an  arbitrary  elastic  body.  All  these  equations  can  be  satis- 


Fig.  89 


NON-HOMOGENEOTJS  HOLLOW  CYLINDER 


309 


§  61] 


fied  assuming  that  only  one  stress  component,  x02,  out  of 
six  and  only  two  projections  of  displacement  out  of  three 
are  not  zero: 

or  =  de  =  Tr0  =  crz  =  xrz  =  0,  uT  =  0.  (61.1) 


The  stress  x02  depends  only  on  r  (if  the  distribution 
of  forces  over  the  end  is  not  specified  and  only  the  twisting 
moment  M  is  given),*  and  the  generalized  Hooke’s  law 
equations  become 


due  _  rv  dw_  _  ^ 
30  ’  dz 


dw 

Qy  *  ^45X02, 


due 

dr 


1  dw 
r  36 


due 

dz 


7  =  o-^z- 


) 


(61.2) 


By  integrating  these  elementary  equations, 
x02  =  #r/a44, 


we  obtain 
(61.3) 


=  (z  +  dr)-fco3r, 
w—  ■&  f  dr  -f  w0,  ur  —  0. 

J  a44 


(61.4) 


Here  ■&  is,  as  before,  the  angle  of  twist  per  unit  length. 
Of  the  constants  characterizing  rigid-body  displacements, 
only  two  are  retained:  the  translation  in  the  axial  direction 
w0  and  the  rotation  in  the  plane  of  the  cross  section  co3; 
these  constants  are  determined  from  the  equations  at  the 
fixed  end  assuming  a  circumference  of  given  radius  R  to 
be  stationary  there. 

The  rigidity  is  determined  by  the  formula 

6 

C  =  ^Jx9zr2dr,  (61.5) 

a 

and  hence,  by  (61.3), 

C  =  2jt  f  — — dr.  (61.6) 

J  aa 

a 

*  If  the  distribution  of  tangential  forces  over  the  end  is  given  and 
depends  on  0,  the  stresses,  of  course,  also  depend  on  0, 
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Consequently, 

(61'7) 

_  M  r 

T02  ~  C  a44  (r)  * 

The  total  angle  of  twist  is 

_  Ml 

©max - ~  • 

The  displacement  formulas  (61.4)  show  that  (1)  the  cross 
sections  become  warped  if  a45  is  not  zero,  and  remain  plane 
if  a45  =  0;  (2)  the  projections  of  radii  on  the  plane  of  the 
cross  section  become  curved  if  a46  0;  they  remain  straight 

if  a46  =  0.  If  the  bar  is  orthotropic,  the  cross  sections 
remain  plane  and  the  radii  remain  straight  (do  not  become 
curved)  during  torsion. 

Since  the  stress  is  affected  only  by  the  strain  coefficient 
a44  or  the  shear  modulus  (r)  =  Gez,  it  follows  that  the 
stresses  in  a  non-homogeneous  isotropic  bar  with  a  shear 
modulus  (r)  are  exactly  the  same  as  in  a  non-homogeneous 
curvilinearly  anisotropic  bar  for  which  a44  =  1  /G1.  A  spe¬ 
cial  case  of  the  problem  under  study  was  considered 
long  ago  by  Voigt  in  [128],  and  a  more  general  case  in  the 
author’s  book  [26]  (Chap.  4,  Sec.  44). 

Consider  a  special  case  when  the  shear  modulus  Gqz 
or  Gx  varies  along  a  radius  according  to  a  power  law,  i.e., 
it  is  proportional  to  some  power  of  the  distance  r  from  the 
centre,  namely 

e,=«r,(y)n,  (61.10) 

where  n  is  any  real  number.  In  all  such  cases  we  obtain 
C  =  |5£l_(l-c4+n)&*>  (61.11) 

where  c  —  a/b. 

If  the  shear  modulus  varies  along  a  radius  as  the  nth 
power  of  the  distance  r  from  the  centre,  the  stress  also 
varies  as  a  power  of  r  but  one  unit  greater.  If  n  is  a  positive 
number  or  a  negative  number  larger  than  —1,  the  maximum 


(61.8) 

(61.9) 
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stress  occurs  near  the  outer  surface: 

AM  A-\-n 

T»ax  —  i_c4+n  • 


(61.13) 


For  negative  n  less  than  minus  unity,  the  maximum  stress 
occurs  on  the  inner  surface,  i.e.,  on  the  surface  of  a  cavity, 


and  if  there  is  no  cavity  the  stresses  increase  indefinitely 
as  the  axis  is  approached  (there  appears  to  be  a  concentration 
of  stress  near  the  axis).  In  a  cylinder  of  homogeneous  material 
n  =  0  and 


C  = 


Gi  nd*(l—c*) 
32 


(61.14) 


2  Mr  M 

T02  nb *  l—c *  “  I0  r’ 


(61.15) 


where  1 0  =  nb4  (1  —  c4)/ 2  is  the  polar  moment  of  inertia 
with  respect  to  the  centre  of  the  section  of  the  cylinder. 

It  is  essential  to  mention  a  special  case:  n  —  —4.  For 
this  n,  the  rigidity  and  stress  become  indeterminate,  0  :  0. 
By  evaluating  the  indeterminacies  by  l’Hospital’s  rule, 
instead  of  (61.11)  and  (61.12)  we  obtain* 

C=  —2ngi  lnc-64,  (61.16) 


Figures  90  and  91  give  an  idea  of  the  nature  of  variation 
of  the  stress  along  a  diameter  for  positive  and  negative  n\ 


*  c  <  1;  In  c  <  0, 
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dashed  lines  show  the  variation  of  the  stress  along  a  dia¬ 
meter  in  a  homogeneous  bar  of  the  same  dimensions. 

The  problem  becomes  more  complicated  if  the  coefficient 
a44  (or  the  shear  modulus  G02)  is  given  as  a  function  of  two 
co-ordinates,  r  and  z,  i.e.,  if  it  varies  not  only  along  a 
radius,  but  also  along  the  length.  We  may  note  special 
cases  when  this  problem  is  also  solved  in  an  elementary 
way.  One  of  these  is  described  below  (see  [28]). 

Suppose  that  the  cylinder  is  orthotropic  and  the  strain 
coefficient  is  the  product  of  a  function  of  only  r  and  a  func¬ 
tion  of  only  z: 

«44  =  ft44  (r)  Z  (z),  (61.18) 

the  other  eight  coefficients  are  arbitrary  functions  of  posi¬ 
tion.  In  this  case  the  displacements  are 


4- 

ur  —  w  —  0,  UQ  —  ’dr^Zdz, 


(61.19) 


the  rigidity  and  stress  are  determined  by  formulas  (61.6) 
and  (61.8),  where  a44  must  be  replaced  by  b44. 

Of  interestjis  the  problem  of  the  torsion  of  a  non-homogeneous 
cylindrical  bar  made  up  of  a  certain  number  N  of  hollow 

cylinders  (tubes)  rigidly 
joined  over  the  contact  sur¬ 
faces  by  bonding  or  soldering 
(Fig.  92).  We  shall  consider 
the  case  when  each  layer  is 
cylindrically  anisotropic  and 
homogeneous,  and  at  each 
point  there  is  a  plane  of  elas¬ 
tic  symmetry  normal  to  the 
geometrical  axis  (this  plane 
is  a  plane  of  elastic  sym¬ 
metry  for  all  layers  as  well 
as  for  the  whole  bar);  the 
layers  are  joined  together 
without  pre  tensioning,  i.e., 
initial  stresses  are  absent.  Let  at  denote  the  distance 
from  the  centre  to  the  surface  of  contact  between  the  layers 
numbered  i  and  i  +  1,  with  a0  =  a,  aN  =  b  (the  inner 
and  outer  radii). 
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Introducing  the  notation  a'},  and 


at 


“45 


*44 


(61.20) 


and  satisfying  the  obvious  conditions  on  the  inner  and  outer 
surfaces  and  on  the  contact  surfaces,  we  obtain,  after  elemen¬ 
tary  manipulation,  the  following  final  formulas  (the  super¬ 
scripts  are  the  layer  numbers  throughout): 


I4‘  =  _#(Z_,)rl  *4  =  0,  (i  =  1, 2, . . . ,  N)w,  (61.21) 

wl  —  0.5^a1r2-}-  w0, 

W2  =  0.5d  [a  jflJ  +  a2  (r*  —  «?)]  +  u>0,| 


w*  =  0.5d  -f  a2  {a\  —  aj)  -f  . . . 

. . .  -\-at  (r2  —  «!_i)]  -f-u>0, 


(61.22) 


(t  =  l,2, 

dr  M_ 
C 


ri  =  - 
02  t 

a44 


alt 


N 


4  4 

“i  — “i-1 


*44 


N 

2^ 


i=i 


(61 .23) 

(61.24) 


(Cj  is  the  rigidity  of  the  ith  layer). 

In  these  cases,  too,  the  anisotropy  does  not  affect  the 
rigidity  or  stresses;  they  are  the  same  as  in  an  isotropic 
multilayered  bar  with  shear  moduli  Gi  =  1  ta\^.  The  stress 
along  a  radius  varies  discontinuously  across  the  interfaces, 
as  is  shown  in  Fig.  92  for  a  three-layered  bar  with  G®  < 
<  G1  <  G3. 
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EQUILIBRIUM  OF  AN  ANISOTROPIC 
CANTILEVER  UNDER 
A  BENDING  LOAD 
OF  THE  SIMPLEST  TYPE 


The  present  chapter  is  concerned  with  the  elastic  equilib¬ 
rium  of  a  cantilever  fixed  at  one  end  and  deformed  by 
a  force  applied  at  the  other  end.  If  there  is  some  kind  of 
elastic  symmetry,  in  particular  for  an  orthotropic  body, 
the  elastic  equilibrium  is  of  the  same  type  as  for  an  iso¬ 
tropic  body,  and  the  deformations  qualitatively  differ 
very  little  from  those  in  an  isotropic  body.  If,  however, 
the  elastic  symmetry  is  not  well  developed  or  there  is  no 
elastic  symmetry  at  all,  the  deformation  and  the  correspond¬ 
ing  state  of  stress  become  considerably  more  complicated. 
We  begin  with  the  study  of  this  state  of  stress. 

62.  Generalized  Bending  of  a  Homogeneous  Cantilever 
under  a  Transverse  Force 

We  formulate  the  problem  as  follows.  There  is  a  cylindrical 
or  prismatic  body,  homogeneous  and  rectilinearly  anisotropic, 
in  which  the  planes  of  elastic  symmetry  at  different  points, 
if  any,  are  not  coincident  with  the  planes  of  the  cross  sec¬ 
tions.  One  end  of  the  body  is  rigidly  fixed,  and  the  other 
is  acted  on  by  forces  reducing  to  a  force  P  applied  in  the 
end  plane.  It  is  assumed  that  the  regions  of  the  ends  are 
finite  and  that  the  direction  of  the  force  coincides  with 
the  direction  of  one  of  the  principal  axes  of  inertia  of  the 
section.  The  lateral  surface  is  not  loaded  or  fixed;  body 
forces  are  absent. 

Let  the  centroid  of  the  free  end  be  taken  as  the  origin 
of  co-ordinates,  with  the  z  axis  directed  parallel  to  the 
generators,  and  the  x  and  y  axes  in  the  end  plane  along  the 
principal  axes  of  inertia  of  the  section  (Fig.  93).  The  state 
of  stress  in  an  isotropic  body  loaded  and  fixed  as  indicated 
is  characterized  by  the  fact  that  at  the  cross  sections  z  =  z0 
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(0  <  z0  ^  l ,  where  l  is  the  length  of  the  body)  there  are 
normal  stresses 

—  j -zy,  (62.1) 

proportional  to  the  bending  moment,  —  Pz  (in  the  convention¬ 
al  understanding  of  strength  of  materials),  and  inversely 
proportional  to  the  moment  of  inertia  /  =  Ix,  which  vary 
across  the  depth  according  to  a  linear  law,  and  shearing 
stresses  xxz,  xyz;  at  longitudinal  sections  x  =  x0  and  y  =  y0 
there  are  only  shearing  stresses.  The  same  type  of  state 


Fig.  93 

of  stress  occurs  in  a  body  with  well  developed  elastic  sym¬ 
metry  when  there  are  planes  of  elastic  symmetry  coinciding 
with  the  planes  of  the  cross  sections;  the  elastic  equilibrium 
in  these  cases  is  described  as  bending  by  a  transverse  force. 

If,  however,  the  planes  of  elastic  symmetry,  if  any,  are 
not  coincident  with  the  planes  of  the  cross  sections,  the 
distribution  of  stress  and  strain  becomes  much  more 
complicated  and  resembles  that  in  generalized  plane  strain. 
In  this  case  the  state  of  stress  and  strain  in  a  body  will 
be  described,  not  as  bending,  but  as  generalized  bending 
by  a  transverse  force.  The  body  itself  will  further  be  referred 
to  as  a  cantilever.  The  problem  of  generalized  bending  was 
first  formulated  by  Voigt  [38];  it  is  studied  in  greater  detail 
in  the  author’s  paper  [80]  (see  also  the  author’s  book  [26]). 

Let  us  derive  the  general  equations  for  the  generalized 
bending  of  a  homogeneous  cantilever.  Since  in  bending 
by  a  transverse  force  the  normal  stress  on  the  cross  sections 
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is  determined  by  formula  (62.1),  we  assume  that  in  general¬ 
ized  bending 


«*=—■ 7-z! /  +  o2(a;,J/),  (62.2) 


and  all  other  stress  components  are  not  zero  and  are  inde- 
dendent  of  z.  The  fundamental  system  of  equations  becomes 


dax  1  s%xv  _ n  Sx*v  ,  d(sv  _n 

dx  +  dy  ~  ’  dx  dy 

|  dx»*  —pn. 
dx  +  dy  ~  I  y' 


(62.3) 


p 

e*  =  aUcfa:~(_a12ff!/+  •••  +®16 txy - J~  a13 ZV i 

p 

8j/ =  012°^  4"  a22°y  4~  •  •  •  4"  a2Crxy - J~  a23zllt 

p 

y xy  —  flien*  +  ®26 ®y  +•••+■  Q'WT'xy - j"  a38 27/.  1 


(62.4) 


We  introduce  the  new  notation: 


D  4"  a23®y  4"  ®33°z  4"  a2.4Xyz  4"  ®35’l’a:z  4“  a39Xxym 

(62.5) 

It  follows  that 

= — "^7  ^13<T* + a^y  +  a^xvz  + 

4'®35'ra:z4-  a36xxy)-  (62.6) 
The  generalized  Hooke’s  law  equations  are  rewritten  as 

8*  =  PlI^x  4-  Pl2ay  4"  Pl4Tyz  4-  Pl5^xz  4" 

4-Pi6T;Cj,4--^-  D~-j-ai3zy, 

ey  —  Pl2a*  4-  P22ajz  f  •  •  • 

•  ■  •  4*  $2exxy  4-  D  — y-  a23zy, 

Ixy  —  Pieax  4"  P26ay  4"  •  •  • 

•  •  •  4-  Pee^xj,  4-  -  D  —  ~  a36zy. 

“S3  1  J 
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From  the  third,  fourth,  fifth  equations  of  (62.7)  we  de¬ 
termine  the  displacements  w,  v,  u  (to  within  the  functions 
W,  V,  U ),  and  then  satisfy  the  remaining  equations.  As 
a  result,  we  obtain  equations  and  formulas  resembling  those 
for  the  case  when  the  stresses  in  a  body  are  independent 
of  z,  with  added  polynomials  proportional  to  the  force  P. 
The  final  expressions  for  D,  a*,  and  displacements  are  of 
the  form 


D  =  Ax  +  By  +  C  —  (a35xy  +  auy2) ;  (62.8) 

\ 

az=  —■j~zy  +  ~(Ax  +  By  +  C)  —  ^^  (a3ixy  +  a^y2)  — 

~~<ha  “t"  fl23a{/  +  aMxyz  +  a35Txz  +  a&Fxy),  (62.9) 


«  =  ~  W  (2fl13^Z  +  ffl36!/2Z+-^L  yZ2  ^  — 

—  Y^  —  '&yz  +  U  +  u', 

v  =  -^f-  z3  +  -  J-  [(«i3*2  —  a23 y2)  z  +  ^f- #z2J  — 

—  y-  Z2  &XZ  V  +  V' , 
w=—4f  («33  yz2  +  a3ixyz  +  a3iy2z)  + 

+  (Ax  +  By  -\-C)z  i-W  +  w' . 


(62.10) 


Here  u',  i/,  w1  are  rigid-body  displacements  (18.8)  con¬ 
taining  six  constants,  %,  co2,  co3,  u0,  v0,  w„  (they  are  found 
from  the  conditions  at  the  fixed  end),  A,  B,  C,  ft  are  constants 
to  be  determined  from  the  equilibrium  conditions  for  a  part 
of  the  cantilever,  U,  V,  W  are  functions  satisfying  five 
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equations: 

—  =  PhOj.  -j-  Pi2ori/  +  Pl4 xyz  +  PlS^**  +  Pl6T*y + 

+  (Ax  +  By  +  C)  —  21  a  3  (aMXy  "I”  fl34 y2)  > 

“33  *ia33 

=s  P12Ox  -J-  P22^y  +  .  .  •  +  $2Sxxy  + 

+  ~'(A x  +  By  +  O  —  (a3f,xy  +  a3iy2) , 

“33  ^ia33 

'^+"^  =  Pl6(T*  +  P28Crs,+  •  ••  +P66Ta:y  + 

+  ^L(Ax  +  By  +  Q-  (a36xy  -f  a3iy2) ; 

“33  ^“33 

=  PlB^*  +  p25aj,  +  p45TyZ  +  ^55^*3  +  p58T*!/  + 

+  (Ax  +  By  +  C)  -  ^  (fl3B*y  +  «34i/2)  + 

+  (^ai3xy  +  «36.v2)  + 

=  Pl4a*  +  P24ap  +  •  •  ■  +  $kKXxV  + 

+  •—  (Ax  -\-By  -\-C)  —  '2Tal3  ^a^xy  tt34 y2)  + 

+  Jj  («23 yz  —  aisX2)  —  frr. 


(62.11) 


(62.12) 


Here 


Pil  =  <*«  -  ^  (i,  7  =  1,  2,  4,  5,  6).  (18.16) 

a33 


The  equilibrium  equations  for  a  continuous  medium 
(62.3)  are  satisfied  by  means  of  two  stress  functions,  F 
and  i|),  assuming 


®!L  a 

d2F 

r  — _ 

d*F 

dy*  ’  v 

—  ax8  ’ 

lxy 

dx  dy  ’ 

jfe  1  , 

1 7  +  Tl’ 

xyt  = 

_it.T 

dx  +T2’ 

(62.13) 


where  rlt  t2  is  a  particular  solution  of  the  third  equation 
of  (62.3).  By  eliminating  U  and  V  from  (62.11)  by  double 
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differentiation  and  W  from  (62.12)  by  differentiation  with 
respect  to  x  and  y,  we  come  to  the  conclusion  that  F  and 
satisfy  the  non-homogeneous  system  of  equations 


p 

LJ?  -f-  L3ty  =  2Iass  (2fl13a34  —  a3&a3e)  — 

dip  (Pl4T2+  015*i)  fat  (024*2  +  025*l)  + 

+  ll97  (046*2 +  056*l). 
L3F  +  L2\ |)  =  2 Ia33  [  (asa  —  ^al3fl33)  X  + 

+  («34«35  -  2«33«36)  y)  ~  2$  +  8-°-  + 

“83 

+  (044*2  +  045* (045*2  +  055*l) • 


(62.14) 


Here  £4,  L3,  L2  are  operators  (19.3). 

The  conditions  on  the  lateral  surface,  which  is  not  loaded, 
or,  what  is  the  same  thing,  on  the  contour  of  the  cross 
section,  are  simplified  to 


-fp  =  c„  lf  =  c2>  ♦=  J  (r2dx- x1dy)  +  c3.  (62.15) 

o 


If  the  region  of  the  section  is  simply  connected,  we  may 
set  cx  =  0,  c2  =  0  on  the  contour.  The  third  condition  of 
(62.15)  is  simplified  if  the  particular  solutions  Tj,  t2  can 
be  chosen  so  as  to  make  the  expression  x2dx  —  xxdy  zero 
on  the  contour.  The  third  condition  of  (62.15)  is  then  written 
as  t|)  =  c3  or,  in  the  case  of  a  simply  connected  region  of 
the  section,  t|)  =  0. 

The  stresses  on  the  cross  sections  must  satisfy  the  equi¬ 
librium  conditions 


5) 

Xxz  dx  dy  =  0, 

azy  dx  dy  =  —  Pz, 

i) 

xyz  dx  dy  =  P> 

ozx  dx  dy  =  0, 

I. 

az  dxdy  —  0, 

(XyZx  xxl ,y)  dxdy  —  0. 

(62.16) 
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The  first  two  equalities jof  (62.16)  are  (identities,  which 
can  easily  be  verified  by  transforming  the  area  integral 
into  a  contour  integral  and  using  the  equilibrium  equations 
for  a  continuous  medium.  Indeed, 

J  y)]dxdy= 

=  j  x  cos  (n,  x)-\-xyz  cos  (n,  y)]ds— 
y 

— (62.17) 

(since  the  integral  of  the  product  xy  is  equal  to  the  product 
of  inertia  with  respect  to  the  principal  axes); 


9(VXxz)  .  9  (y%yz)  P 


dx 


dy 


2  J  dx  dy  = 


=  -T]]y2dxdy=~p-  (62-18) 


The  remaining  conditions  serve  to  determine  the  constants 
A,  B ,  C,  ft.  In  the  present  case  Xn  =  Yn  —  X  =  Y  =  0; 
hence,  the  integral  formulas  of  Sec.  19  are  considerably 
simplified. 

From  Eqs.  (62.16)  we  find 

A  =  B  =  0,  (62.19) 


iS  is  the  cross-sectional  area).  The  constant  ft  is  determined 
(rom  the  sixth  equation  of  (62.16). 

Under  a  transverse  force  P,  a  cantilever  having  general 
anisotropy  undergoes  a  more  complicated  deformation  than 
an  isotropic  cantilever  of  the  same  dimensions,  namely: 
(1)  to  the  stresses  txz,  ryi,  az  characteristic  of  bending 
by  a  force  are  added  the  stresses  ax,  oy ,  xxy  characteristic 
of  plane  strain;  (2)  the  cross  sections  do  not  remain  plane, 
but,  as  is  seen  from  the  third  formula  of  (62.10),  become 
warped;  the  warping  depends  on  the  function  W  (x,  y); 
(3)  bending  is  accompanied  by  twisting.  But  even  in  the 
general  case  of  anisotropy  the  deflected  axis  is  a  plane  curve: 


Pa, 


(2/3  — 3Z2z  +  z3). 


(62.20) 
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This  equation  is  identical  with  the  equation  of  the  de¬ 
flected  axis  of  an  isotropic  cantilever  whose  rigidity  is 
I/as3  —  EaI,  where  E3  is  Young’s  modulus  for  tension 
or  compression  along  the  z  axis.  The  formula  of  the  elemen¬ 
tary  theory  of  bending  relating  the  curvature  of  the  deflected 
axis  1/p  and  the  bending  moment  appears  to  be  true  also 
in  this  case: 


1  Pz  M 

P  ~  E,I  ~  E,I  ■ 


(62.21) 


63.  General  Expressions  for  Stress  Functions, 

Stress  Components,  and  Projections 
of  Displacement.  Boundary  Conditions 

The  system  of  equations  for  the  functions  F  and  ip  (62.14) 
differs  from  system  (19.2)  in  Chap.  3  only  in  the  right- 
hand  sides.  It  is  clear  that  this  makes  it  possible  to  write 
the  general  expressions  for  the  derivatives  of  F  and  for 
ip,  for  the  components  of  stress  and  the  projections  of  dis¬ 
placement  in  terms  of  three  functions  of  the  complex  vari¬ 
ables  zh  =  x  +  nhy  (k  —  1,  2,  3),  where  —  aft  + 
are  the  roots  of  the  algebraic  equation  (see  Sec.  20) 

h  (p)  h  (P)~«  =  0-  (63.1) 

By  using,  further,  the  notation  of  Sec.  20,  we  have,  in  the 
case  of  distinct  roots  p1,  p2,  p3,  p2,  p3  of  Eq.  (63.1), 

-g-  =  2  Re  [<D,  (*,)  +  <D2  (z2)  +  X30>3  (z3)}  +  , 

=  2  Re  [pijOj  +  p2®2  +  p.3^3^3]  -T  ~g~  , 

^  =  2  Re  [XjCpj  A.2Q2  -f-  O3]  -f-  ip0; 

0^=2  Re  [pjo;  (2l)+^(p;  (z2)+ , 
a„=2  Re  [<d;  +  (p;  +  x3(p;]  4--^- , 

Xxy—  ~2  Re  +  p2<Pj  -(-  p3A.3<D3]  gxgy  ,  (63.3) 

txz—2  Re  4-  p2A,2<I>2  -j-  P.3O3]  -f-  +  Ti, 

—2  Re  [*.&[  +  X2(P;  +  — ^  +  *2i 


21-0800 
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8 

U  —  2  Re  2  Pk^k  (zft)  + 

h= 1 

Y  =  2Re  2  Qk^k  +  Vo,  (63-4) 

*= l 
3 

PF  =  2Re  2  rft<Rfe+PF0. 

h=i 

Here  F 0,  \p0  is  a  particular  solution  of  the  system  of 
equations  (62.14),  where  we  must  set  A  =  B  =  0  [see 
(62.10)],  U,  V,  W  are  parts  of  the  displacements  u,  v ,  w 
depending  only  on  x  and  y;  U0,  V0,  W0  are  particular 
solutions  of  Eqs.  (62.11)  and  (62.12).  All  these  functions 
(particular  solutions)  will  contain  terms  proportional  to 
the  twist  d  and  terms  proportional  to  the  force  P. 

The  complex  potentials  <Dfe  satisfy  boundary  conditions 
of  the  same  form  as  in  the  case  of  generalized  plane  strain 
or  generalized  torsion;  the  only  difference  is  in  the  right- 
hand  sides: 

2  Re  [04  <D2  +  ^3®3l  —  ci - i 

2  Re  [pjtDj  +  p2®2  +  p3^3®3]  =  c2  —  , 

2  Re  -j-  A»2024~  ®3l  = 

8 

=  c3  —  \|>0-r  j  (T2dx  —  Tidy). 

o  J 

Thus,  in  the  general  case  of  anisotropy  the  problem  of 
the  generalized  bending  of  a  cantilever  by  a  transverse 
force  is  as  difficult  as  those  of  generalized  plane  strain  and 
generalized  torsion.  Hence,  the  three  problems  of  the  equi¬ 
librium  of  a  body  bounded  by  a  cylindrical  surface,  so  dif¬ 
ferent  for  an  isotropic  body,  reduce,  for  a  body  with  general 
anisotropy,  to  the  same  mathematical  problem,  namely 
to  the  boundary  value  problem  for  three  functions  <Dft  (zk) 
of  three  different  complex  variables  (complex  potentials), 
which  must  be  holomorphic  and  single  valued  in  their 
regions  Sh  (see  [80]). 
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The  particular  solutions  t15  t2  may  be  chosen  in  different 
ways. 

Thus,  for  a  symmetrical  section  bounded  by  the  curves 

y=±Vf(x),  (63.6) 

or  by  these  curves  and  one  or  two  straight  lines  parallel 
to  the  y  axis,  we  may  assume 

Tl  =  0,  xz  =  -^jr[y2  —  f(x)].  (63.7) 


On  the  contour  of  the  section  we  then  have  t zdx  —  T-ydy  =  Q. 
Equations  (62.14)  become 


LkF  +  L3\ |)  —  -j-  [gi  4-  0.5f524/"  (a:)], 

L3F-\-L2^  =  -j-  [g2x  +■  g3y  —  0.5 p44/'  (x)]  —  2# 


(63.8) 


where 

gi 

ga 


2a13a34 

a33 


3a34a35 

2a33 


a35a36 

2a33 


a14. 


a36  —  a45- 


gz 


2«i3) 


(63.9) 


The  function  i)j  must  vanish  on  the  contour. 

On  determining  the  functions  F  and  1J5  satisfying 
Eqs.  (62.14)  and  the  boundary  conditions,  we  obtain  the 
following  expressions  for  them: 


F  =  -j-fi(x,  y)  +  VF0  (x,  y),  ^  =  j-\|3i(x,  J/)  +  Oi|30(x,  y). 

(63.10) 

The  last  stage  in  the  solution  of  the  problem  of  generalized 
bending  by  a  transverse  force  is  the  determination  of  the 
constant  d,  which  is  found  from  the  sixth  equilibrium 
condition  of  (62.16). 


64.  Bending  of  a  Homogeneous  Rectilinearly 
Anisotropic  Cantilever  by  a  Transverse  Force 

If  the  plane  of  the  cross  section  of  a  cantilever  is  a  plane 
of  elastic  symmetry,  the  problem  of  bending  by  a  transverse 
force  is  considerably  simplified.  The  picture  of  the  state 
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of  stress  and  strain  is  also  greatly  simplified  and  is  virtually 
very  little  different  from  that  in  an  isotropic  cantilever; 
all  general  equations  and  the  methods  of  solution  are  also 
simplified.  In  contrast  to  a  cantilever  with  general  anisotropy, 
the  state  of  stress  and  strain  in  this  special  case  may  be 
described  as  bending  of  a  cantilever  by  a  transverse  force 
or  simple  bending  by  a  transverse  force.  The  problem  of 
the  bending  of  an  isotropic  cantilever  and  of  a  cantilever 
having  anisotropy  of  a  special  kind  was  studied  by  Saint- 
Venant  [111].  Further  investigations  of  this  subject  may 
be  found  in  [23]  and  [25]  and  in  other  works. 

In  the  present  case  a  number  of  constants  (strain  coeffi¬ 
cients  atj)  are  zero: 

#14  =  #24  =  #34  =  #46  =  #16  =  #26  =  #35  ==  #56  ==  O' 

(64.1) 

Equations  (62.10),  (62.11),  and  (62.14)  are  all  satisfied 


by 

setting 

U  =  V  =  0,  C  =  0, 

=  °y  =  txy  =  <  =  0. 

(64.2) 

We 

obtain 

Q 

N 

II 

1 

*—|  13 

(6.4.3) 

T  -i*4.T  x  __iS.-Lx 

Txz—  gy  "T  Tli  XVZ—  dx  i-T2> 

(64.4) 

where,  as  before,  x1(  t2  is  a  particular  solution  of  the  equi¬ 
librium  equation  for  a  continuous  medium 


°%X  Z  Olyz  p 

Ty  Ty-°' 


(64.5) 


which  may  be  taken  in  the  form  of  (63.7)  or  in  an  alternate 
form,  depending  on  the  shape  of  the  section.  The  function  if> 
will  be  termed  the  stress  function  in  beiyding  (by  a  transverse 
force). 

The  remaining  condition  to  be  fulfilled  on  the  contour 
of  the  cross  section  is  the  third  of  (62.15): 


i|>=  j  (x2dx—xldy)  +  c3 


(64.6) 
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(in  the  case  of  a  simply  connected  region  of  the  section  we 
may  set  c3  =  0).  In  addition,  the  conditions  to  be  fulfilled 
at  the  ends  reduce  to  a  single  one: 

j  j  {tyzX  —  txzV)  dxdy  =  0;  (64. 7) 


which  will  serve  to  determine  the  constant  d  (twist). 

The  displacements  satisfy  the  conditions  at  the  fixed 
end,  where  we  agree  to  consider  a  line  element  passing 
through  the  centroid  as  stationary.  These  conditions  are 
of  the  form:  when  x  =  y  =  0  and  z  —  l, 


u  =  v—  «;  =  0, 


du 

dz 


dv dv  du 

dz  dx  dy 


(64.8) 


On  satisfying  these  conditions,  we  obtain 
u  =  —  -7-  (ai3xy  +  0.5 a3ey2)  z+ft(l  —  z)y, 

Vz=T  [nf"  (2I3— 3Pz+z3)+y  (ai3x2—az3y2)  z]— 

—  d(Z--z)  x, 

w  ^W0,33  (lz~z2)y+  W—{W)0. 


(64.9) 


The  function  W  ( x ,  y)  is  determined  from  the  equations 
dW  P 

—  =  ai5Tyz  +  a55Ta2  -f  —  (al3xy  +  0.5a36y2)  +  d^, 

-gjj-  —  aikTyz  +  ®45 +  27*  (a23 y2 —  0,i3xZ)  ~ 

From  this  and  (64.4)  we  obtain  an  equation  for  iji: 

®44  ~ 2a«  + a55  ~W  ~  — r  (2ai3X + a36i/)  ~ 

—  2^  ~dx  (a44T2  a4sTl) - gf  {ak&2  +  aMxi)-  (64.11) 

In  this  case  iji,  %xz ,  xyz,  and  W  are  expressed  in  terms 
of  the  single  function  <J>3  (z3)  of  the  complex  variable  z3  — 

—  x  -j-  p3 y,  where  p3  =  a3  +  and  its  complex  conjugate 
p3  =  a3  —  i'P3  are  the  roots  of  the  equation 

l2  (p)  ==  a65p2  —  2 a45p  +  a44  =  0, 


(64.10) 


(64.12) 
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which  are  always  complex  or  pure  imaginary  (see  Sec. 
20).  From  the  third  formula  of  (63.2)  in  which  ^  =  0 

in  this  case  it  follows  that 

*  =  2Re  [d>3  (*,)]  +  (64.13) 

where  i|)0  is  a  particular  solution  of  Eq.  (64.11).  The  ex¬ 
pressions  for  the  stresses  are  of  the  form  [see  (64. 4)  ] 


T«  =  2Re[|i30;(*3)H--^-t-T1,  1 

T^=-2Re[0;i-^  +  T2.  J 


(64.14) 


The  problem  is  reduced  to  that  of  determining  the  complex 
potential  <t>3  (z3)  in  a  region  S3  obtained  from  the  region 
S  of  the  cross  section  by  the  affine  transformation 

x3  =  x  +  a  3y,  y3  =  $3y  (z3  =  x3  +  iy3).  (64.15) 

The  condition  for  d>s  on  the  contour  of  the  region  Ss  is 
written  as 

S 

2 Re  [<X>3]  =  c3  —  j  (%2dx  —  Tidy).  (64.16) 

o 

Here  the  basic  unknown  function  is  taken  to  be  the  stress 
function  in  bending  i|).  As  in  the  theory  of  torsion,  we  could 
have  taken  cp  as  the  basic  function;  we  would  have  obtained 
a  second-order  equation  for  it  [not  coinciding  with  (64.11)] 
and  a  boundary  condition.  But  this  procedure  of  solution 
is  less  convenient,  and  hence  we  shall  prefer  the  first  one 
in  the  following  discussion,  i.e.,  we  shall  deal  with  the 
stress  function  iji. 

The  problem  is  further  simplified  in  the  case  when  the 
cantilever  material  is  orthotropic  or  isotropic.  In  the  case 
of  an  orthotropic  cantilever  in  which  one  of  the  three  planes 
of  elastic  symmetry  coincides  with  the  plane  of  the  cross 
section  and  the  force  acts  in  the  second  plane  of  elastic 
symmetry  ( yz )  it  is  more  convenient  to  introduce  the  engineer¬ 
ing  elastic  constants  setting  a36  =  a45  =  0,  a44  =  1/Gl5 
«55  =  1/&2,  «13  =  — ^ V31/E3,  a23  =  —v32!E3,  and  denoting 
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We  then  obtain  the  following  equation  for  if  instead  of 
(64.11): 

g  -3- +  =  t  f 1 27x' +  Sf  (*) J  - - : 20.  (64. 18) 

The  boundary  condition  is  if  =  0.  The  particular  solution 
t1(  t2  is  taken  in  the  form  of  (63.7).  The  displacements  are 
determined  by  the  formulas 

u  =  ~H^-xyz  +  $(l—z)y, 
v~-£r  [j  (2^-31^  + z*>)  + 

+  yM2-  v31a:2)  z]  —  $(l  —  z)x, 

w  =  (l2—  z*)  y  +  IV  —  (W)0. 

In  some  cases  of  the  bending  of  an  orthotropic  cantilever 
(particularly  in  investigations  by  approximate  methods) 
it  is  convenient  to  break  the  function  W  into  three  terms: 

(x,  y)  +  o>(x,  y)+-j^r(-Y- x2y—^f-y3) , 

(64.20) 

where  cp  is  a  function  corresponding  to  torsion  (proportional 
to  W  in  the  theory  of  torsion)  and  satisfying  the  equation 

*$  +  1^  =  0,  (64.21) 


(64.19) 


and  d?  is  the  so-called  flexure  function*,  satisfying  the 
non-homogeneous  equation 


a2® 

g  dx 2 


p  .. 

~dyr~la[  (1  — 2e)  y- 


(64.22) 


By  introducing  the  new  functions,  the  general  formulas 
for  the  stresses  may  be  written  as 


T„  =  G,«(-ft+*)+G,-f . 


(64.23) 


*  See  the  book  by  L.  S.  Leibenzon  [23],  p.  283  or  [761,  where 
<t>  is  called  a  “new  flexure  function”,  while  Saint-Venant  uses  another 
flexure  function  %  [111]. 
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For  an  isotropic  body 

Jv31  =  v32  =  v,  Ea  =  E,  Gi  =  G2  = 

and  Eqs.  (64.18),  (64.21),  and  (64.22)  become 

V2i|>  =  4-  [j^  z-ip-]-2$G  (64.24) 

V2cp  =  0,  (64.25) 

V2<D=^-y.  (64.26) 

A  bending  force  passing  through  the  centroid  of  the  end 
and  acting  in  a  principal  plane  not  coinciding  with  a  plane 
of  elastic  symmetry  produces  not  only  bending  in  the  prin¬ 
cipal  plane,  but  also  twisting  about  the  z  axis,  which  is 
characterized  by  the  constant  6'.  The  twisting  can  be  avoided 
if  the  force  is  directed  eccentrically  in  relation  to  the  centroid. 
For  a  section  of  arbitrary  shape  there  is  always  a  point  C 
possessing  the  following  property:  every  transverse  force 
whose  line  of  action  passes  through  C  produces  bending 
in  principal  'planes  not  accompanied  by  twisting.  This 

point  is  known  as  the  centre 
of  flexure  ([23],  p.  196).* 

If  the  transverse  force  is  di¬ 
rected  along  an  axis  of  geomet¬ 
rical  symmetry  coinciding  with 
an  axis  of  elastic  symmetry, 
we  may  set  ft  =0  beforehand. 

65.  Stress  Distribution  in  a 
Homogeneous  Cantilever 
of  Elliptical  or  Circular 
Section 

As  our  first  example  of  the 
bending  ,of  a  homogeneous 
cantilever  consider  a  cantilever  of  elliptical  section.  Let 
a  cantilever  with  a  section  in  the  form  of  an  ellipse  with 
semiaxes  a,  b  be  bent  by  a  force  P  directed  along  one  of 
the  principal  axes  (Fig.  94).  The  solution  for  an  isotropic 

*  In  [42],  [97],  [75],  [65],  [71],  [72],  [126]  the  writers  investigated 
the  bending  of  a  cantilever  by  a  distributed  load. 
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and  an  orthotropic  cantilever  was  found  by  Saint-Venant 
[111];  we  shall  consider  the  most  general  case  of  homo¬ 
geneous  material  when  the  number  of  strain  coefficients 
at]  is  21  (18).  One  end,  z  =  l,  is  fixed;  the  other,  z  =  0, 
is  acted  on  by  a  force  P  directed  along  the  y  axis.  The  equa¬ 
tion  of  the  contour  of  the  section  is  of  the  form 


x*  ,  y * 

ir-r-sr 


=  1. 


(65.1) 


To  construct  the  solution,  we  use  the  particular  solution 
of  Eq.  (64.5)  in  the  form  of  (63.7),  where 

/(*)  =  &»-■ £**.  (65.2) 


The  expressions  for  the  stress  components  in  terms  of  the 
stress  functions  F  and  ip  in  the  general  case  of  anisotropy 
are 


_ 

~  dy 


cPF 
dy 2  ’ 


d*F 


d*F 


dx* 


'x y  ■ 


dx  dy  ’ 


(65.3) 


°z=  — j  zy- 


P 


2S  Oq 


2 77-  («35-m/  +  a3llyZ)  - 


2 

—  ~<h3  ^ai3<Jx  a^a'J  “f~  a®Fyz  4"  a35Txz  +  d'36xxy)-  (65.4) 

The  system  of  equations  for  F  and  \p  (62.14)  is  written 


as 


LJF  4-  Ls\ jj  — y  (gi  —  $uc2)f 
LSF  -|-  L2ty  =  —  [  (S' 2  4“  ?44c2)  x  +  gsy\ 


~2‘d,  } 


(65.5) 


where  gx,  g2 ,  g3  are  coefficients  (63.9),  and  c  —  alb  is  the 
ratio  of  the  principal  semiaxes  of  the  ellipse.  Here  we  may 
set  #  =  0  beforehand  since  Eq.  (64.7)  is  identically  satisfied 
for  $  =  0. 

The  boundary  conditions  for  F  and  ip  are 


dF 

dx 


dF 

dy 


=  \p=0. 


(65.6) 
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These  conditions  are  satisfied  by  taking  elementary 
functions  in  the  form  of  polynomials: 


Jill 

i  xy2 

_r\ . 

iJiij 

y3 

a2 

h  62 

x) 

+  rl  a*  H 

62 

(65.7) 


y 


The  constants  p,  q ,  r  are  found  from  the  equations 

■p"  (“7^*  +■  2Pi2  +  Pe6  +  3p22c2)  — 

<7  (3P24c2  +  Pl4  +  Pse)  ~h  r  [3^15  -f  (p25  +  ^46)  c2]  = 

IP 


nab 


ip 


- rr"  (6P24c2  +  Pu  +  Pse)  +  Q  (3P44c2  +  p55)  — 


S'  (P»  +  P46  +  -%!L) 


3Pi 


—  2rp45c2  =  (g2-\-  P44c2), 

-  2qP45  +  r  (P44C2  -j-  3p55)  — 

_  2P 
jiafe 


g3‘ 


(65.8) 


The  solution  of  this  elementary  system  will  not  be  given 
here;  we  only  note  that  in  the  general  case  of  rectilinear 
anisotropy  all  six  stress  components  are  different  from  zero 
and  are  distributed  over  the  cross-sectional  area  according 
to  a  quadratic  law. 

For  an  orthotropic  cantilever  with  planes  of  elastic  sym¬ 
metry  normal  to  its  axis  and  parallel  to  the  planes  of  sym¬ 
metry  of  the  elliptical  cylinder,  the  formulas  are  simplified 

id  r  =  0.  We  obtain 


since 

a45 

—  ®36  —  0 

o44c2 — 2ai3 

^X2  = 

na63 

3a44c2+a66 

T  — 

2P 

1 

lyz 

naft 

3044c2-f-a66  1 

*y. 


[(a55  +  6a13)-^ — 


—  (2 a44c2  -f-  O55  +  2 a13)  ^  1  — p-)  J . 


(65.9) 
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The  shearing  stress  attains  its  maximum  value  at  the 
centre  of  the  section,  where  it  is  equal  to 


'•■max 


2 P  2a44c2  -T  a55  ~4~  2^1.3  _  2 P 
nab  3a44c2  +  a,;6  "  na* 


2^31^2 


e3  1 

1  +  3  c*g 


+  2c2g 


(65.10) 


In  particular,  for  an  isotropic  cantilever 

2  P  1+2  (l  +  v)c2 
Tmal~  nab  (l  +  v)  (l  +  3c2)  • 


(65.11) 


The  formulas  for  the  stresses  in  a  cantilever  of  circular 
section  will  not  be  given  since  they  are  all  obtained  from 
the  foregoing  by  setting  c  =  1.  As  regards  the  normal 
stresses  oz,  they  reach  their  numerically  greatest  values, 
in  cases  when  the  planes  of  the  cross  sections  are  planes 
of  elastic  symmetry,  at  the  fixed  end  (where  z  is  maximum) 
at  points  where  y  has  the  numerically  greatest  value  (at 
the  ends  of  the  axis  of  length  2b  of  the  fixed  end  section). 


66.  Bending  of  a  Homogeneous  Orthotropic  Cantilever 
of  Rectangular  Section 

Closely  related  to  the  solution  of  the  torsion  problem 
for  a  homogeneous  and  orthotropic  bar  of  rectangular  section 
is  the  solution  for  the  same 
cantilever  bent  by  a  transverse 
force  (Fig.  95).  Let  axes  be 
arranged  as  shown  in  Fig.  95, 
where  the  planes  of  elastic 
symmetry  are  normal  to  the 
axes  x,  y,  z  or  parallel  to  the  -o 
faces  ot  a  rectangular  paral-  ' 
lelepiped.  The  solution  of  this 
problem  was  also  obtained 
by  Saint-Venant  in  [111];  we 
shall  derive  it  by  the  method 
previously  applied  to  solve  FiS-  95 

the  corresponding  torsion  prob¬ 
lem  (Sec.  56).  By  expressing  the  stresses  in  terms 
of  the  stress  function  [formulas  (64.4)1,  a  particular  solution 
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of  Eq.  (64.5)  is  taken  in  the  form 

*i=o,  t2==  ~w('T~yZ)-  (66’1) 

These  stresses  vanish  on  the  sides  y  ~  ±6/2;  on  the 
other  two  sides,  x  =  ±a/2,  we  have  dx  =  0.  The  stress 
formulas  become 


T  -iS.  T  - _ fi_.iL/il_y2 

T*z~  dy  '  Tv*-  dx  2/  l  4  y 
where  /  =  a63/ 12,  and  the  equation  for  tJj  is 

_  ,  Py  2  p  - 

^  ftr*  +  dy3  ~  I  eX' 


(66.2) 

(66.3) 


since  the  constant  #  can  at  once  be  taken  equal  to  zero. 
The  problem  is  reduced  to  that  of  determining  the  stress 
function  i|5,  which  vanishes  on  all  four  sides  of  the  rectangle, 
x  =  ±o/2,  y  —  ±6/2. 

We  expand  the  right-hand  side  of  Eq.  (66.3)  in  a  Fourier 
series  in  the  interval  ( —  fl/2,  a/2);  the  series  will  contain 
only  the  sines,  and  Eq.  (66.3)  is  rewritten  as 


g£t 

s  dx a 


3*1)5 


dy1 


2Pa  ~e  2 

m=  1 


nl 


( — l)m  .  2  mnx 

- - —  Sin - r 


(66.4) 


=  e  =  G2v3i/E3). 

The  solution  is  sought  in  the  form  of  a  series  satisfying 
the  conditions  on  the  two  sides  x  —  ±fl/2: 


2  Y™(y)  sin-— (66.5) 

m=  1 


Substituting  fori);  in  (66.4),  we  obtain  an  ordinary  equation 
for  Ym 


-t 

whose  general  integral  is 


Ym  =  Am  cosh  y  +  Bm  sinh 


y  + 


Pa 3  e  (— l)m 
2ji3/  g  m3  ’ 


(66.7) 


§  66)  BENDING  OF  CANTILEVER  OF  RECTANGULAR  SECTION  333 


where 

H=1 /fWi-  (66.8) 

The  arbitrary  constants  are  determined  from  the  conditions 
on  the  sides  y  —  ±b/‘. 2  by  requiring  that  the  stress  function 
should  be  zero  there.  The  result  is 


Pa?  7  v  (—  l)m  a 

2n3 1  e  2j 


,  2m.ng 

cosh - —  y 

a 


2a3/  g  m“ 

m=l 


cosh 


mu 


(66.9) 


a2/  g  2 


Pa 2  g  v  (~ jT  v 

m2  X 

m=l 


.  ,  2mag 

smh - ^  y 

a  .  2  mit 

X - sin - x , 

,  mu  a 

cosh  — r- 


P  /  b2  ,\ 

t^=-2/  hr- H 


Pa*  «  'S’  (-1)”1  I  1 

n*I  g  /J  m*  I 
m=l  \ 


,  2mag 

cosh - —  y 

a 


X 


cosh  ■ 


.  .  2ma 

X  COS - X, 

a 


V  /g  b  / 


(66.10) 


The  shearing  stresses  at  the  centre  of  the  section  x  =  0, 
y  —  0  and  at  the  middle  points  A  and  Ax  of  the  sides  parallel 
to  the  force  (x  =  ±a/2,  y  —  0)  are  determined  by  the 
formulas:  at  the  centre 


t3cz  —  0,  TyZ  2  ~ab  (*  ~  ~T"  P°)  >  (66.11) 

at  the  points  A  and  At 

T*z  =0,  V=-T^-(l  +  if-pA).  (66.12) 
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Ye  ’ 


(66.13) 


defined  by  the  series 


Po  =  ^2 


oo 

|w+s 

771=1 


m 2  cosh  ■ 


oo 

pA==d2|\£_  v - 1 - 1. 

1 A  6  0  ,  mn 

m=i  m2  cosh  — p- 
*-  a 


1  (66.14) 


The  values  of  the  factors  po  and  PA  for  four  ratios  d  obtained 
by  making  use  of  Saint-Venant’s  calculations  are  given 
in  Table  22. 


The  Factors  fio  and  (4.4 


Table  22 


Era 


Pa 

1.98 

4.94 


The  maximum  shearing  stress  occurs  at  the  points 
and  Av 

By  the  elementary  bending  theory,  the  shearing  stress 
does  not  vary  across  the  width  of  the  section  and  is- maximum 
on  the  axis  of  symmetry  normal  to  the  line  of  action  of 
the  force: 

<6W5> 

Formula  (66.12),  together  with  (66.14),  gives  a  correction 
factor  by  which  Tmax  must  be  multiplied  to  obtain  the 
maximum  shearing  stress  Tmax  in  an  orthotropic  cantilever. 
For  large  d,  the  factors  po  and  pA  are  small  and  xmax  is 
numerically  close  to  the  stress  obtained  by  the  elementary 
theory  (as  in  a  cantilever  with  a  section  in  the  form  of  a 
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narrow  rectangle).  The  correction  factors  increase  with 
decreasing  d,  and  when  d  is  small  Tmax  differs  appreciably 
from  Tmaxi  but  in  these  cases  the  shearing  stresses  play 
a  secondary  part  since  their  magnitude  is  small  compared 
with  the  maximum  normal  stress  crmax.  Small  ratios  d 
correspond  to  the  cases  of  an  isotropic  cantilever  bent 
by  forces  normal  to  the  longer  sides  of  the  rectangle. 


67.  Approximate  Methods  for  Solving  the  Problem 
of  the  Bending  of  a  Cantilever 
by  a  Transverse  Force 

The  equations  of  the  theory  of  bending  by  a  transverse 
force  are  similar  to  those  of  the  theory  of  torsion,  and  so 
methods  similar  to  those  described  in  Sec.  56  may  be  applied 
to  find  approximate  solutions  of  bending  problems.  We 
shall  briefly  discuss  the  variational  methods  by  considering 
only  the  special  case  when  a  cylinder  bent  by  a  force  P 
is  homogeneous,  rectilinearly  anisotropic  and  orthotropic, 
and  is  bent  without  twisting  (we  may  set  #  =  0  beforehand). 

Depending  on  the  particular  function  (i|5  or  ®)  taken 
as  the  basic  one,  we  may  use  methods  following  from  Castigli- 
ano’s  variational  formula  or  Lagrange’s  variational  equation 
(see  Chap.  1,  Sec.  11).  We  state,  without  derivation,  the 
basic  general  results.  * 

Let  a  section  be  bounded  by  the  curves 

v  =  ±  Vm,  (67.1) 

or  by  these  curves  and  by  one  or  two  straight  lines  parallel 
to  the  y  axis.  By  taking  the  stress  function  if)  as  the  basic 
unknown,  we  have  (see  Sec.  64) 

r”: -  -S- +  W  !»*- 1  Wl-  <67-2> 

The  function  ij;  satisfies  Eq.  (64.18)  and  must  be  zero  on 
the  contour.  The  problem  is  equivalent  to  that  of  finding 


*  The  derivation  may  be  found  in  [23],  [25]  Chap.  XII,  and  [26]. 
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a  function  giving  a  minimum  value  to  the  integral 

-wly2~f{x)]^~A(^~'^j')x ^dxdy  (67-3) 

(with  =  0  on  the  contour).  In  solving  the  problem  approxi¬ 
mately,  we  assign  a  family  of  functions  ipmn  ( x ,  y)  depending 
on  two  integral  parameters,  m  and  n,  and  vanishing  on 
the  contour.  The  approximate  solution  is  sought  in  the 
form  of  a  sum: 

M  N 

lp=  2  2  ^mn'lw  (67.4) 

m=l  n=l 

Substituting  (67.4)  in  (67.3),  we  obtain  C/x  as  a  quadratic 
function  of  the  coefficients  Amn.  Next,  we  seek  a  minimum 
of  Ux  and  obtain  a  system  of  first-order  non-homogeneous 
equations  for  Amn : 

#-  =  0  (m  =  l,2,  n  =  i,2,  (67.5) 

OAmn 

If  the  flexure  function  O  is  taken  as  the  basic  one,  we 
obtain 


T 


d<D 

dx 


;  2Pv31 
r  Esl 


yz 


d(b 

dy  • 


(67.6) 


The  problem  reduces  to  that  of  determining  a  function 
O  ( x ,  y)  giving  a  minimum  value  to  the  integral 


The  approximate  solution  is  obtained  by  assigning  a 
family  of  functions  cpmn  ( x ,  y),  and  seeking  d)  in  the  form 
of  a  sum: 

M  N 

0-2  2  Bm nOmn 

m=l  n— 1 


(67.8) 
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The  coefficients  Bmn  are  determined  from  the  equations 
#^  =  0;  ; (m  =  1,  2,  ...,M;n  =  1,2,  ...,  W).  (67.9) 

ar>mn 

Besides  these  two,  there  are  other  approximate  methods 
available  for  the  solution  of  bending  and  torsion  problems 
for  bars.  On  the  one  hand,  there  are  modifications  of  varia¬ 
tional  methods,  and  on  the  other  hand,  a  number  of  methods 
have  been  developed  which  cannot  be  termed  variational. 
Among  the  latter  are  so-called  small  parameter  methods 
the  basic  idea  of  which  is  the  following.  If,  for  example, 
one  dimension  of  a  section  considerably  exceeds  the  other, 
or  the  elastic  moduli  (or  the  strain  coefficients  atj)  differ 
greatly  from  one  another,  a  small  parameter  is  introduced, 
characterizing  this  difference.  The  unknown  function  (i);  or 
cp)  is  sought  in  the  form  of  a  power  series  of  the  small  para¬ 
meter;  in  the  process  of  solving  the  problem  higher  powers 
of  the  parameter,  beginning,  for  example,  with  the  second, 
are  rejected  as  small  quantities  of  higher  order. 

We  shall  not  discuss  here  the  solutions  of  special  problems; 
some  of  them  relating  to  the  allied  torsion  problem  have 
been  given  in  Sec.  56.  We  only  note  that  many  special 
cases  have  been  considered  by  L.S.  Leibenzon  in  [23]  and 
[76],  and  also  by  V.S.  Sarkisyan  in  [35].  A  special  case 
has  been  considered  in  the  author’s  book  [26],  namely  that 
of  an  “elongated  section”  when  the  width  of  the  section 
is  considerably  greater  than  its  depth  (or  thickness). 

68.  Bending  of  a  Non-homogeneous  Orthotropic  Cantilever 

If  a  cantilever  is  continuously  non-homogeneous  but 
non-orthotropic,  the  stress  distribution  in  it  is  more  compli¬ 
cated  than  for  a  homogeneous  one:  all  six  stress  components 
are  different  from  zero,  and  the  equations  defining  them 
are  much  more  complex.  We  shall  consider  a  cantilever 
with  anisotropy  and  non-homogeneity  of  a  special  kind, 
namely  the  cantilever  is  orthotropic;  of  the  three  planes 
of  elastic  symmetry  passing  through  each  point,  one  is 
parallel  to  the  plane  of  the  cross  section,  and  the  other  two 
are  parallel  to  the  axis  of  the  cantilever,  or,  what  is  the 
same  thing,  to  its  generators;  the  like  planes  of  elastic 
22-0800 
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symmetry  are  parallel  to  one  another,  i.e.,  the  body  is 
rectilinearly  anisotropic  (see  [95]). 

Let  the  centroid  0  of  the  free  end  section  be  taken  as 
the  origin  of  co-ordinates,  the  z  axis  being  parallel  to  the 
generators,  and  the  x  and  y  axes  normal  to  the  planes  of 
elastic  symmetry  (Fig.  94).  The  region  of  the  cross  section 
is  assumed  to  be  finite,  simply  or  multiply  connected,  but 
the  x  and  y  axes  are  not,  in  general,  coincident  with  the 
principal  axes  of  inertia,  and  the  force  P  is  applied  at  the 
point  0  and  is  directed  arbitrarily  in  the  xy  plane;  its 
components  in  the  directions  of  the  x  and  y  axes  are  denoted 
by  Px  and  Pt,  respectively.  Body  forces  are  absent.  In 
the  present  case  it  is  more  convenient  to  use  the  engineering 
elastic  characteristics  (Young’s  and  shear  moduli  and 
Poisson’s  ratios),  Et,  Gj/,  v* j,  as  well  as  the  reduced  elastic 
characteristics.  All  these  quantities  are  considered  to  be 
continuous,  single-valued,  and  differentiable  functions  of 
two  variables,  x,  y. 

It  is  obvious  that 
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(68.1) 


All  equations  of  the  theory  of  elasticity,  the  boundary 
conditions,  and  the  equilibrium  conditions  can' be  satisfied 
by  assuming  that  tkz,'  iyz  are  functions  only  of  x,  y,  and 
the  other  components  are  proportional  to  z: 


20i,  Oy  ZCT  2,  Oj.  2Cj,  21.  (68.2) 

We  introduce  the  notation 


Di  —  (<*3  —  Nsi0 1  —  V32G2)  •  (68. 3) 

From  this 

oz  —  z  {E3Di  +  vaj<Ti  -|-  v 3 gd 2) •  (68.4) 
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The  fundamental  system  of  equilibrium  equations  for  the 
body  under  consideration  is  written  as 


dax 

4». 

dx 

—  0 

dx  ,  dat 

-  0 

dx 

dy 

—  u, 

dx  dy 

-  'A 

faxz 

dx 

+■ 

—gjj - f~  ^3^1  “t-  V3iai  ■ 

f“  V32H2  = 

=  0; 

8  *  =  Z 

(Pii^i 

+  Pl2cr2 

—  v3i^i)i 

Yyz  = 

Ti,z 

Gx  ’ 

8  v  =  z 

(Mi 

+  P22<T2 

~  v32T>i), 

Y*Z  ~ 

.  T*z 

Gs  ’ 

8z  — •  zF)x, 

V*i,  = 

x*» 

^3 

(68.5) 


(68.6) 


The  further  procedure  is  the  same  as  in  the  case  of  a 
homogeneous  cantilever.  Leaving  out  the  intermediate  com¬ 
putations,  we  give  the  final  formulas  and  equations. 

(1)  Dt  =  Axx  +  Bxy  +  Cx.  (68.7) 

(2)  The  stresses  are  expressed  in  terms  of  two  stress 
functions,  Fx  and  i|i: 

d*F1  dtF1  d*F, 

°X~Z  dyi  '  °y~Z  dxi  *  T*»  ~  Z  dx  dy  ’ 

T  -- *Lj_t  t  Lr 

dy  +Tl’  - aF  +  T2’ 


where  t1?  t2  is  a  particular  solution  of  the  third  equation 
of  (68.5). 

(3)  The  first  stress  function,  Fx,  satisfies  a  linear  non- 
homogeneous  equation  of  the  fourth  order  with  variable 
coefficients 


dxi  (P22  dxi  +Pi2-^a-j  + 

4.JL/R  r  4 _ !i_  (r  \  - 

^  dyi  lPl2  dxi  +Pii  dyi  )  +  dxdy  lP®6  dx  dy  ) 

—  [^32  {Axx  i-Bxy  -f-  Cj)]  +  -^5-  [v31  {Axx  Bxy -\-Cx)\, 


(68.9) 
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and  the  boundary  conditions  on  the  contour  of  the  cross 
section 


dF, 


dF, 


dx  *’  dy  ~~ Cz'  (68.10) 

In  the  case  of  a  finite  simply  connected  region  c±  =  c 2  =  0. 
(4)  The  second  stress  function,  iji,  satisfies  the  equation 


_L( 

1 

+i< 

1  1 

dx  V 

dx  ) 

1  g2 

dy  ) 

d 

( 

\  3 

(  JEl 

)  + 

±_  r 

dx 

\  Gi 

I  dy 

\  Gt 

dx  J 

vS2  {Atx  +  B(y  +  Ci)  dy  — 


—  -jfjj'  [  v3i  {AiX B ty C i)  dx —  j  (PnOj  +  $i2o2)  dx  — 


J  (^i  +  ^2)dy  +  ‘i\(y)  +  Ux)  —  2#.  (68.11) 


Here  rj  (y)  and  i  ( x )  are  terms  of  the  expression 
j  vsi  {AiX  -4-  Biy  -| -Ci)  dx  — 

—  Hx  (  vsz{-^ixJr^iyJrCi)dy,  (68.12) 


depending  only  on  y  and  only  on  x. 

The  boundary  condition  for  \|3  is  of  the  form 


=  [  (t2  dy  —  Ti  dx)  +  c  (68.13) 

0 


(s  is  the  arc  length  of  the  contour,  and  c  is  a  constant,  which 
can  be  fixed  arbitrarily  on  one  of  the  contours  bounding 
the  section). 

(5)  In  addition  to  the  conditions  on  the  lateral  surface, 
there  are  equilibrium  conditions  to  be  fulfilled  at  each 


cross  section: 

L 

t  Xzdxdy  —  —Pi, 

j  |  ozydxdy=  —P2z, 

1. 

xyz  dx  dy  =  —Pz, 

j  azxdxdy=  —PiZ, 

S. 

az  dx  dy  =  0, 

[j  (W“T  xtV)  dx  dy  —  0. 

(68.14) 
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It  may  be  shown  that  these  equations  just  suffice  to 
determine  the  four  unknown  constants,  At,  Bu  Cx,  #. 

In  the  special  case  when  vsl  depends  only  on  x,  and  v32 
only  on  y,  the  problem  is  greatly  simplified  since 


Ox  -  Gy  ' -  Tjjj,  —  0,  F J  —  0,  1 

°z =  E3  (-^l^  +  ^iy  +  Ci)  z.  J 


(68.15) 


The  remaining  stresses  are  still  determined  by  formulas 
(68.8),  where  tx,  t2  is,  as  before,  a  particular  solution  of 
the  third  equation  of  (68.5)  in  which  crx  ==  cr2  =  0. 

The  stress  function  ip  satisfies  the  equation 

JL  / 1  _ <l  _ 

dx  \G1  dx  )  '  dy  \  G2  dy  ) 

(68.16) 


The  normal  stress  is,  as  before,  proportional  to  the  distance 
from  the  free  end,  but  is,  in  general,  a  non-linear  function 
of  the  co-ordinates  x  and  y,  depending  on  the  way  the  modulus 
E3  (x,  y)  is  prescribed.  The  problem  is  also  simplified  in 
the  case  when  the  principal  axes  of  inertia  of  the  section 
x  and  y  are  normal  to  the  planes  of  elastic  symmetry,  and 
the  force  is  directed  along  one  of  these  axes. 


69.  Bending  of  a  Non-homogeneous  Orthotropic  Cantilever 
of  Rectangular  Section 

We  shall  sketch  the  procedure  of  solution  for  one  of  the 
simplest  problems  of  the  bending  of  a  non-homogeneous 
cantilever  by  a  transverse  force  [95].  Let  there  be  an  ortho¬ 
tropic  cantilever  of  rectangular  section  of  dimensions  a, 
b,  l  (l  is  the  length)  with  planes  of  elastic  symmetry  parallel 
to  the  faces  of  the  parallelepiped.  The  axes  x,  y ,  z  are  directed 
as  shown  in  Fig.  95,  and  it  is  assumed  that  the  moduli 
Gx,  G2,  E 3  depend  only  on  y,  and  Poisson’s  ratios  vsX  and 
v32  are  constant.  From  the  considerations  outlined  in  the 
preceding  section  it  appears  that  three  components  of 
stress  are  zero: 

0X  =  Oy  —  TXy 


=  0. 


(69.1) 
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The  normal  stress  at  the  cross  section  is 

az  =  E3  (Axx  +  B^y  +  CJ  z,  (69.2) 

but  it  follows  from  the  first  equilibrium  equation  of  (68.5) 
that  Ai  —  0  and 

az  =  E3  (Bjy  +  CJ  z.  (69.3) 

It  may  be  considered  obvious  that  the  force  P  produces 
no  twisting,  and  hence  =  0.  The  constants  B1  and  C1 
are  determined  from  the  equilibrium  equations  (68.14), 
depending  on  the  way  E3  is  prescribed;  the  resulting  two 
equations  for  them  will  not  be  written  out.  The  third  equi¬ 
librium  equation  of  (68.5)  for  a  continuous  medium  is  of 
the  form 

^  +  +  Q  =  (69.4) 

Assume  B1  and  C1  to  be  known  [determined  from  the 
given  modulus  E3  (y)],  and  take  the  solution  of  (69.4) 
in  the  form 

Tl  =  —  E3  {Biy  +  Cx)  x,  t2  =  0.  (69.5) 

The  remaining  two  stresses  are  determined  by  the  formulas 

=  -|J  -  E3  ( BiV  +  Cl)  X,  Xyz  =  -  (69.6) 

where  the  stress  function  satisfies,  in  this  case,  the  equation 

dx  \  Gx  dx  )  '  dy  \  Gz  dy  ) 

=  x-^[^(B1y+ci)]-2xB1v31.  (69.7) 

The  problem  is  further  solved  in  the  same  way  as  that 
of  a  homogeneous  cantilever.  By  expanding  the  right-hand 
side  of  Eq.  (69.7)  in  a  Fourier  series  in  the  interval  ( —  a/2, 
a/2),  we  obtain  after  elementary  manipulation,  instead 
of  (69.7),  the  equation 
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The  expression  for  is  also  sought  in  the  form  of  a  series: 

oo 

*  =  S  Ym(y)  sin  2^.  (69.9) 

m= 1 

The  equation  for  Ym  is  obtained  as 

■V"  ^2  \r'  t  \  2  Q 2  ^ 

c7rm_ 

=  -iT^gG»{2B'VM-[  B,(8^+Q]'},  (69.10) 

its  general  integral  is  of  the  form 

Ym  =  AmYmi  +  Bm^m2  ~h  ^mo-  (69.11) 

The  expression  obtained  for  the  stress  function  is  similar 
to  that  for  the  stress  function  in  the  torsion  of  a  non-homo- 
geneous  orthotropic  bar  [see  (58.6)]: 

OO 

^  =  2  (AmYml  +  BmYm2  +  rm0)  sin  as.  (69.12) 

m— 1 

The  further  procedure  of  finding  the  solution  of  the  prob¬ 
lem  of  the  bending  of  a  cantilever  reduces,  on  the  one  hand, 
to  the  determination  of  particular  solutions  Yml,  Ym2, 
FTO0  of  Eq.  (69.10)  corresponding  to  given  G{,  G2,  E3  (func¬ 
tions  of  the  variable  y)  and,  on  the  other  hand,  to  the  de¬ 
termination  of  the  constants  Am  and  Bm  from  the  boundary 
conditions  on  the  sides  y  =  ±6/2  (the  conditions  on 
the  other  two  sides  are  obviously  satisfied). 

Below  are  given  particular  solutions  for  the  case  when 
the  moduli  are  exponential  functions  of  the  co-ordinate 
y .  Let 


nny  nny  nny 

Gt  =  gte  b  ,  G2  =  g2e  b  ,  E3^e3e  b  ,  (69.13) 

where  n  is  any  real  number  different  from  zero. 

The  linearly  independent  solutions  of  a  homogeneous 
equation  corresponding  to  (69.10)  and  a  particular  solution 
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of  the  non-homogeneous  equation  are  of  the  form 


fny  hny 

Ym i  =  *  6  ,  Ymz  =  e  »  ,  (69.14) 

nny 

Ymo  =  -f2=f^5(^r)  (-ire  »  (69.15) 

(g  =  -—  =  —  =  constant)  . 

V  “i  gi  f 

Here,  in  addition  to  the  notation  introduced  previously, 
we  have  used  the  symbols 


/_0.5[n4- j/raz+  (-^r)  ], 

fe  =  0.5[n-|/; „2+(i2L)2J. 


(69.16) 


We  leave  the  discussion  at  this  point,  remembering  that 
the  problem  of  the  bending  of  a  non-homogeneous  orthotropic 
cantilever  is  closely  similar  to  that  of  the  torsion  of  the 
same  bar  considered  in  greater  detail  in  Secs.  58  and  59. 


70.  Equilibrium  of  a  Cantilever  Having  Cylindrical 
Anisotropy  under  a  Transverse  Force 

We  now  consider  the  state  of  stress  in  a  homogeneous  can¬ 
tilever  whose  material  possesses  cylindrical  anisotropy;  we 
derive  equations  for  the  determination  of  stresses  and  dis¬ 
placements  and  give  a  specific  example.  Suppose  that  the 
cantilever  is  cylindrically  orthotropic;  a  generalization  of 
the  solution  to  the  case  when  there  is  only  one  plane  of 
elastic  symmetry  or  when  there  is  none  presents  no  great 
difficulty,  except  that  the  equations  become  somewhat 
more  complicated.* 

Let  there  be  a  cantilever  bounded  by  the  surface  of  an 
arbitrary  cylinder.  The  axis  of  anisotropy  passing  either 
inside  the  given  body,  or  along  its  surface,  or  outside  the 
body  is  taken  as  the  z  axis  of  a  cylindrical  co-ordinate  system; 
in  all  cases  it  is  parallel  to  the  generators.  Through  each 


*  The  case  of  one  plane  of  elastic  symmetry  is  considered  in  [26]. 
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point  there  pass  three  planes  of  elastic  symmetry:  the 
first  is  normal  to  the  axis  of  anisotropy,  the  second  passes 
through  the  axis,  and  the  third  is  orthogonal  to  these  two. 
One  end  of  the  cantilever  is  fixed,  and  the  other  is  acted 
on  by  a  bending  force  P  whose  line  of  action  passes  through 
the  centroid  O'  and  coincides  with  one  of  the  principal 
axes  of  inertia  of  the  region  of  the  cross  section  (the  latter 
is  assumed  to  be  finite).  Let 
the  body  be  referred  to  two 
co-ordinate  systems:  (1)  x' ,  y', 
z\  in  which  the  z'  axis  is 
parallel  to  the  generators,  but 
does  not,  in  general,  coincide 
with  the  axis  of  anisotropy, 
and  the  axes  x  ,  y’  are  directed 
along  the  principal  axes  of 
inertia  of  the  section;  (2)  x,  y, 
z,  in  which  the  z  axis  coincides 
with  the  axis  of  anisotropy, 
and  the  axes  x,  y  are  parallel 
to  the  axes  x',y’,  respectively. 

The  polar  angle  0  is  meas¬ 
ured  from  the  x  axis,  and  the 
polar  co-ordinate  r  from  the  origin  O.  The  co-ordinates  of 
the  point  O'  in  the  x ,  y  system  are  denoted  by  £,  p  (Fig.  96). 

In  an  isotropic  or  anisotropic  and  homogeneous  cantilever 
with  a  plane  of  elastic  symmetry  normal  to  the  axis,  the 
resulting  stress  distribution,  as  has  already  been  noted 
above,  is  characterized  by  the  following:  the  stress  az  is 
proportional  to  the  bending  moment: 

®z~  ~  — ~y~  (^"  sin  0  fi) ,  (70.1) 

the  components  tr2,  t6z  are  independent  of  z,  and  the  re¬ 
maining  stresses,  <jr,  ae,  tre,  are  zero.  It  is  easy  to  show 
that  such  a  distribution  is  only  possible  in  the  case  of  an 
orthotropic  body  for  which 

®13  =  ®23’  (/Q.2) 

If  condition  (70.2)  is  not  fulfilled,  it  is  necessary  to  proceed 
from  more  general  assumptions  to  obtain  the  equations 
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and  solution  of  the  problem.  Suppose  that  all  six  components 
of  stress  are  different  from  zero,  but  two  of  them,  xrz  and 
t6z,  are  independent  of  z,  and  the  others  are  proportional 
to  z: 


Or  —  ZOrl,  Oq  —  ZOqj, 
tr0  —  ZTj-ei,  Oz  —  ZOzl. 


(70.3) 


The  fundamental  system  of  equations  of  the  theory  of 
elasticity  for  the  body  under  consideration  is  then  written 
as 


dqrl  i  dTrBl  |  Ori  —  q0l  _ ri 

dr  1"  r  90  ’  r 

,  1  900i  |  2xr0i  n 

dr  ^  r  90  ^  r  U 


9l»rz  i  1  9T0z  ,  Xjrz  i 
dr  '  r  96  'r' 


<*zi  =  0; 


(70.4) 


er=  z  (ftnOfrl  -j- o.12Oet  -)-ni30zi)5 
Be  =  z  (a  i2or  £  a22°0i  ~r  a23°zi)  > 

e2  —  z  («i3arl  -(-  n23(J0i  +  a33azl), 
y$z  ~  ®44^8z»  Yrz  =  ®55^rzi  Yr0  —  ^ee^Trei  • 

Since  the  cantilever  is  assumed  to  be  homogeneous, 
all  atj  are  constant. 

We  deal  with  this  system  in  the  same  way  as  with  those 
considered  previously  in  the  investigation  of  other  problems. 
By  integrating  the  third,  fourth,  and  fifth  equations  of 
(70.5),  we  obtain  expressions  for  displacements  containing 
arbitrary  functions  of  the  variables  r,  0.  Next,  we  satisfy 
the  first,  second,  and  sixth  equations,  and  introduce  stress 
functions  identically  satisfying  Eqs.  (70.4).  As  a  result, 
we  obtain  all  equations  necessary  to  determine  stresses 
and  displacements.  After  some  manipulation  we  arrive 
at  the  following  results. 

The  displacements  are  determined  by  the  formulas 
z3 

uT  —  — g-  (A4  cos  0  +  Bt  sin  0)  -f-  zf74  +  , 

z3 

Mb  =  — g-  ( —  Ai  sin  0  4-  Bt  cos  0)  -f-  zVt  +  Ue , 
w  =  (A4r  cos  0  -(-  Bxr  sin  0  -f-  Ct)  -(-  W  -f  w’ . 


(70.6) 
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Here  Au  B1,  Ct  are  constants  to  be  determined  from  the 
conditions  for  the  equilibrium  of  a  part  of  the  cantilever 
of  arbitrary  length  z,  and  u'r ,  Ug,  w'  are  rigid-body  displace¬ 
ments  determined  by  formulas  (23.13);  they  contain  six 
constants,  which  must  be  found  from  the  fixing  conditions. 
The  functions  Vx,  W  satisfy  the  equations 

-fir  —  4-  Pi2aei  +  | 


1  W i  ,  V  i 
r  dQ  ‘  r 


aia 

a33 


(Af  cos  0  +  B^r  sin  0  +  £,), 


I  (70-7) 


Pl2^rl  -f-  p22^*9l  ~~  i^ir  C0S  Sin  0-f  Cl), 

“33 


1  dU  1  I  dvt  v, 

r  30  '  dr  r 

dW 


r01> 


dr 


U^aMxrz,  ±  ■^-+Fl  =  aMTe,-dr.  (70.8) 


In  Eqs.  (70.7)  are  the  reduced  strain  coefficients: 


~  (i,  j  =  1,2,6;  ai6  =  aM  =  as6  =  0).  (70.9) 

“33 

By  eliminating  Uu  Vi  from  (70.7)  and  W  from  (70.8) 
by  differentiation  and  subtraction,  we  obtain  two  equations 
relating  the  stress  components.  We  next  introduce  two  stress 
functions,  F1  (r,  0)  and  ij)  (r,  0),  as  in  the  plane  strain  and 
torsion  problems: 


o  n  =  ~ 


1  Oh. 

r  dr 


1  32F, 


30 2 


T'rBl  = 


3* 


(*)• 


dr  30 


3ij>  , 

Tez  - - of  +  ^2 


*701  : 


d*Ft 


dr 2 


1  3tb  , 

Trz~7'30'+  Tl’ 


(70.10) 


[t1?  t2  is  a  particular  solution  of  the  third  equilibrium 
equation  of  (70.4)].  The  formula  for  the  stress  ot  is  obtained  as 


oz  =  ( A.r  cos  9  +  Btr  sin  9  -j-  C,)  — 

a33 

— (a13ari  +  a23<7e  i)-  (70.11) 

a83 
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From  the  equations  obtained  by  eliminating  U1,  Vx 
from  (70.7)  and  W  from  (70.8)  we  find  equations  that  are 
satisfied  by  the  stress  functions:* 


L[Fi  =  2  (“?3  aa3)  (A t  cos  6  +  Bt  sin  6) ;  (70.12) 

a83r 

aU  \  dr2  I  r  gr  )  +  a55  r2  502 

-1  9Ul  '  dVl  +  + 

(70.13) 


50 


dr 


In  the  case  of  a  simply  connected  region  of  the  section  the 
conditions  that  must  be  fulfilled  on  the  lateral  surface 
become,  after  integration  with  respect  to  the  arc  length 
of  the  contour, 

5 

4^  =  4jgL  =  0,  \|>  =  j  {x2dr  —  TjrdOJ+tf.  (70.14) 

o 


The  constants  At,  B *,  Cu  and  ■&  are  determined,  as  has 
been  stated,  from  the  equilibrium  conditions.  In  cylindrical 
co-ordinates  these  conditions  are  of  the  form 


Mil  "h  B^  “t~  Cj)  S  —  ^  J  (&13°rri  -f-  fl23°0l)  dS  —  0) 
BiI{  ~  1 1  ^13ffrl  +  a23ffei)  ( r  sin  0  —  T))  dS  = 


■Pa  33, 


AJ2  —  j  j  (flis^n  +  a23°ei)  (r  cos  0  —  1)  dS  —  0, 
j  |  x6zrdS  =  —PZ- 


(70.15) 


Here  S  is  the  cross-sectional  area,  /1?  /2  are  the  moments  of 
inertia  with  respect  to  the  principal  axes  x'  and  y',  respec¬ 
tively;  the  integrals  are  taken  over  the  cross-sectional  area. 


Here  L'k  is  the  differential  operator  (23.16). 
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The  stresses  a  z,  xrz,  x02  characteristic  of  bending  are 
accompanied  by  the  stresses  ar,  cr0,  xr0  characteristic  of 
the  plane  problem;  it  is  possible  to  separate  these  stress 
systems  in  an  orthotropic  body  for  which  =  a23. 

The  procedure  for  solution  is  as  follows.  First  determine 
the  function  Fu  i.e.,  solve  the  plane  strain  problem;  the 
function  thus  found  contains  three  constants,  Au  Bu  Clt 
which  are  determined  from  the  first  three  equations  of 
(70.15).  On  determining  the  stresses  ar,  a0,  xr0,  next  find, 
from  Eqs.  (70.7),  the  functions  U1  and  Vx  entering  into 
Eq.  (70.13),  which  is  satisfied  by  ip. 

The  constant  0  is  found  from  the  fourth  condition  of 
(70.15). 


71.  Stress  Distribution  in  a  Cantilever  in  the  Form 
of  a  Hollow  or  Solid  Cylinder 

As  an  example,  consider  a  cantilever  bounded  by  two 
surfaces  of  coaxial  circular  cylinders  (Fig.  97).  It  is  assumed 
that  the  axis  of  anisotropy 
coincides  with  the  geometrical 
axis  z  and  that  at  each  point 
there  are  three  planes  of  elastic 
symmetry:  the  first  is  perpen¬ 
dicular  to  the  z  axis,  the  sec¬ 
ond  is  radial,  and  the  third 
is  orthogonal  to  these  two  (see 
[26],  Sec.  53). 

The  conditions  on  the  inner 
and  outer  cylindrical  surfaces 
are  written  as  follows:  when 
r  —  a  and  r  =  b, 

or  Xr0  =  xrz  0.  (il.l) 

We  only  consider  the  case  when  the  elastic  constants 
satisfy  the  condition 

#13  =  ^23  (/1.2) 

If  the  strain  coefficients  satisfy  condition  (71.2),  the 
function  F1  satisfies  the  homogeneous  equation  L[F1  =  0 
and  the  first  and  second  conditions  of  (70.14);  hence  it 
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may  be 

taken  that 

Et  =  0,  Bi=- 

P 

I 

,  At  —  Cj  —  ■&  —  0; 

(71.3) 

Or  —  aQ  =  Tre  = 

0, 

p 

oz  =  — zr  siQ  6)  1 

T 

T11  --  «*  I  T  | 

(71.4) 

Trz~  r  90  1 

*  i  7 

T0Z“  9r  +T2>  J 

Here 


/=JL(fe4_ffl4) 

(the  moment  of  inertia  with  respect  to  a  diameter),  and 
t2  is  a  particular  solution  of  the  equation 

■—K-  +  +  rsin0  =  O.  (71.5) 

dr  1  r  90  r  I  ' 

It  may  be  assumed,  for  example,  that 

Tj  =  0,  t2= - ^-r2cos0.  (71-6) 


Equation  (70.13)  for  i|)  then  becomes 

(  d2V  |  1  \  |  «55  d%$  _ 

“44  \  dr2  T  r  dr  j  T  rs  a0a  — 


=  — j-  (3a44  +  2ai3)  r  cos  0.  (71.7) 

The  solution  of  this  equation  is  sought  in  the  form 

—  f  {r)  cos  0.  (71.8) 

The  uhknown  function  f  ( r )  satisfies  the  equation 

“44  ( f  +  ~r ) ' —  “55  ~r  = - j~  (3^44  +  2^13)  r.  (71 .9) 

From  this 


where 


ij)=  ^A/rP-j-iVr_P - J~^r3)  cos  0,  (71.10) 


^  _  3a44-(-2a13  __ 


Gdz 

GT, 


2  Ggzvz 


Ez 


9~n* 


3 


(71.11) 
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Here  G0Z,  Grz  are  the  shear  moduli  for  a  tangential  and 
a  radial  plane,  Ez  is  Young’s  modulus  for  the  axial  direction 
z,  and  vzr  is  Poisson’s  ratio  characterizing  the  deformation 
in  a  radial  direction  when  tension  is  applied  in  the  z  direction. 

On  determining  the  constants  M  and  N  from  the  boundary 
conditions  (71.1),  we  obtain  the  following  final  formulas 
for  the  shearing  stresses: 


Pb*  ,  /  „  l-e^3  IL  .  1— c^-3  IL  a  •  n 

Trz  =  —  k  c>*+3 p-^-1)  sin0, 

Pb 2  ,  n  .  Pb 2  ,  /o  ,  1  —  c^+3  , 

T0Z= - —  p2cosO  +  — —  X  ^3p2 - 2m.  ^  + 

'  i~c  pcil+3p“il_1  j  cos  0.  (71.12) 


^  1-c2^ 

Here  we  have  used  the  notation: 


c  = 


a 

T' 


(71.13) 


The  stresses  at  points  of  a  diameter  perpendicular  to  the 
force  at  the  inner  and  outer  surfaces  are:  at  the  point  A  (p  = 
=  c) 

t9z  =  -g-  bW  ( 3X - 1  +  Xp  ^ )  ;  (71.14) 
at  the  point  B  (p  =  1) 

xez^-Z-b*(3k-l-Xn  )  ■  (7l-15) 

One  of  these  values  is  a  maximum  for  the  whole  cantilever. 
For  example,  for  X  =  p,  =  1,  c  —  0.5,  the  maximum  stress 
is 


Tmax  =  — pi-75  (71.16) 

and  occurs  at  the  inner  surface,  while  the  stress  at  the  outer 
surface  is 


t0z 


Pb * 


0.5. 


I 


(71.17) 
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The  last  two  chapters,  the  eighth  and  ninth,  are  devoted 
to  the  investigation  of  the  elastic  equilibrium  of  anisotropic 
bodies  of  revolution  that  are  deformed  under  external 
forces,  but  remain  bodies  of  revolution  during  deformation. 
This  kind  of  deformation  is  only  possible  for  special  cases 
of  anisotropy  and  for  special  cases  of  load  distribution. 
We  may  distinguish  two  types  of  state  of  stress  and  strain 
in  which  a  body  of  revolution  transforms  into  a  body  of 
revolution:  (1)  torsion  and  (2)  axially  symmetric  deformation. 
In  the  present  chapter  we  derive  general  equations  of  the 
theory  of  torsion  for  bodies  of  revolution  and  give  solutions 
of  several  problems  of  practical  interest. 

72.  General  Equations  of  the  Theory  of  Torsion 
for  Continuously  Non-homogeneous  Bodies 
of  Revolution  Having  Cylindrical  Anisotropy 

Consider  an  elastic  body  of  revolution  (for  example,  a 
bar  of  variable  section)  that  has  cylindrical  anisotropy, 
with  an  axis  of  anisotropy  coinciding  with  the  axis  of  re¬ 
volution  z,  and  is  continuously  non-homogeneous,  with 
elastic  characteristics  atj  depending  only  on  two  co-ordinates. 
For  definiteness,  suppose  that  one  end  is  rigidly  fixed, 
and  the  other  end  is  acted  on  by  distributed  tangential 
forces  reducing  to  a  torque;  the  lateral  surface  is  acted  on 
by  distributed  forces  tn  tangential  to  the  contour  of  the 
cross  section  and  not  varying  along  this  contour.  During 
deformation,  the  body  remains  a  body  of  revolution  if 
the  planes  of  meridional  sections  are  planes  of  elastic  sym¬ 
metry;  if  this  condition  is  not  fulfilled,  the  deformed  body 
is  not,  in  general,  a  body  of  revolution.  Let  the  body  be 
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referred  to  a  cylindrical  co-ordinate  system  (Fig.  98).  The 
generalized  Hooke’s  law  equations  for  a  body  having, 
at  each  point,  a  plane  of  elastic  symmetry  passing  through 
the  axis  of  revolution  z  (i.e.,  a  meridional  plane)  are  of 
the  form 

&r  —  0.i4Or  +  T~  &1 3° 2  4"  Hi5Trz, 

Se  —  di2°T  +  a22°e  +■  a23^z  ~r  0"Zb*Tzi 

e2  ~  «13°r  +  +  033^2  +  ®35tJ-2>  ^2 

YSz  =  ^44^02  4- H48,tr8i 
yTZ  —  Gibar  +  &25a8  +  a3S&z  +  n55Xrz, 

Yr8  —  n48T02  -4-  aggX,.^. 

The  coefficients  a44,  aie,  a66  in  these  equations  may  be 
assumed  to  be  arbitrary  continuous  differentiable  functions 
of  two  variables,  r  and  z;  the  other  coefficients  atf  may  be 


Fig.  §8 


any  functions  of  all  three  variables,  r,  0,  z,  since  they  will 
not  enter  into  the  equations  of  the  theory  of  torsion.* 
In  deriving  the  general  equations  we  shall  proceed  from 
the  same  assumptions  that  underlie  the  theory  of  torsion 
for  a  homogeneous  isotropic  body  of  revolution.  Namely, 
the  cross  sections  do  not  warp  and  no  displacements  occur 
in  radial  directions,  i.e.,  each  cross  section  rotates  trbout 
the  axis  of  revolution  without  changing  its  diameter.** 
In  other  words,  we  proceed  from  the  following  basic  assump- 


*  The  question  as  to  whether  there  are  yet  other  types  of  a/ilso- 
tropy  (beyond  the  framework  of  scheme  (72.1)1  for  which  a  twisted 
body  remains  a  body  of  revolution  requires  speeial  investigation. 
--  **  See  [79]  and  126]  (Chap. '6,  Sec.  .54).  See  also  128],  [88 J. 
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tions: 

ur  —  w  —  0,  ue  =  v  ( r ,  z). 

It  is  obvious  that 

—  £9  —  —  Y rz  ~ 

dv  dv  v 

’  Yre—  IF  T- 

Assuming,  as  usual,  that  Eqs.  (72.1)  are  uniquely  solvable 
for  the  stress  components,  we  obtain 

or  =  ae  =  az=-  Trz  =  0;  (72.4) 

d(r*Tre)  ,  d(r* T8z)  . A 

dr  T'  3z 

— a4iT0z  + a48Tr0,  (■  (72.5) 

dv  v 

■gP - —  —  ^46^02+  fl66Tr0- 

The  conditions  that  must  be  fulfilled  on  the  lateral  surface 
are 

t0z  cos  {n,  z)  +  Tr0  cos  (n,  r)  =  tn.  (72.6) 

If  the  forces  at  the  ends  are  not  prescribed  and  if  we  only 
know  a  twisting  moment  at  any  cross  section  a  distance 
z  from  the  free  end,  M  (z),  the  following  condition  must 
be  fulfilled  at  this  section: 

fl(  2) 

J  t  ezr^dr  =  ^^-.  (72.7) 

Ro<z) 

Here  R  (z)  is  the  outer  radius  of  the  body  at  a  distance 
z  from  the  end  z  =  0,  and  R0  (z)  is  the  radius  of  a  coaxial 
cavity  if  there  is  one;  if,  however,  the  body  is  solid  (without 
cavities),  R0  —  0.  When  z  =  0  and  z  —  l,  we  obtain  end 
conditions  from  (72.7). 

We  may  mention  two  basic  procedures  for  solving  the 
torsion  problem,  depending  on  the  choice  of  the  fundamental 
function  determining  the  stresses  and  displacements. 

Procedure  1.  The  fundamental  function  is  taken  to  be 
the  stress  function  i|j  ( r ,  z),  which  is  introduced  so  as  to 


(72.2) 

(72.3) 


I 
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satisfy  the  first  equation  of  (72.5)  identically.  We  set 


__  1  dt| } 
:  r2  dr 


Xr$  — 


1  dty 

r2  dz 


(72.8) 


By  eliminating  v  from  the  other  two  equations  of  (72.5), 
we  obtain  an  equation  that  is  satisfied  by  the  stress  function: 


d 

dr 


f-^T  (a44 


dr 


—  CL, 


48 

r3 


dz 

d 

dz 


)]- 

[-* 


*86 


ay 

dz 


]=0.  (72.9) 


The  problem  reduces  to  that  of  finding  the  function  ( r ,  z) 
in  the  region  of  one  half  of  a  meridional  section,  i.e.,  a 
region  bounded  by  the  z  axis,  two  line  segments  normal 
to  the  z  axis  (the  ends)  and  a  generator.  If  there  is  a  through 
coaxial  cavity,  one  half  of  a  meridional  section  is  bounded 
by  two  line  segments  and  two  curves.  Condition  (72.6) 
may  be  transformed  by  integration  with  respect  to  the  arc 
length  s  of  the  generator  taking  into  account  that 

cos  (71,  z)  =  — J-  ,  cos  (71,  r)  =  .  (72. 10) 

In  place  of  (72.6)  we  obtain  the  condition 

S 

\|3= — j  tnr2ds-\-c,  (72.11) 

o 

i.e.,  the  stress  function  may  be  considered  to  be  prescribed, 
apart  from  a  constant,  on  the  lateral  surface  and  on  the 
cavity  surface  (or,  more  precisely,  on  their  generators). 
In  addition  this  function  must  satisfy  the  condition 


*(*,  *)-*(flo.  Z)=JHL*  <72-12) 

Condition  (72.11)  is  simplified  if  the  external  forces  (and 
the  reactions)  are  distributed  only  over  the  ends.  The  func¬ 
tion  on  the  generators  of  the  lateral  surface  is  then  a 
constant,  which  for  a  solid  body  may  be  taken  equal  to 
zero. 

If  a  body  is  non-homogeneous  and  orthotropic,  the  general¬ 
ized  Hooke’s  law  equations  [the  fourth  and  sixth  equations 
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of  (72.1)]  are  written  as 

1  1 

Y®z rr"  q  Yr8  ""  g  T].0,  (72.13) 

where  Gj  =  Gez,  G3  =  Gr0  (the  shear  moduli)  are  functions 
of  r  and  z.  Instead  of  (72.9)  we  have  a  simpler  equation: 


Procedure  2.  The  fundamental  function  is  taken  to  be 
the  displacement  v  (r,  z).  By  solving  the  second  and  third 
equations  of  (72.5)  for  t,  we  obtain 


ty.e  =  Ak 


_  a4& 

’  A 


/  Ov  v 

\  1 

\1r  7 

/*  1 

/  dv  v 

\  r 

Vlr  7 

)■ ) 

■  i  ^66  = 

Hi 

A 

S2 

'4#' 

(72.15) 


(72.16) 


Substituting  (72.15)  in  the  first  equation  of  system  (72.5), 
we  obtain  an  equation  that  is  satisfied  by  the  displacement 
v  =  ue: 

'J“{r2['4«’-Jr+4ie  (-Jr  f)]}+ 

+r24~[^44^+^46  (72-17) 

The  boundary  conditions  follow  from  Eqs.  (72.15)  and 
condition  (72.6);  they  are  more  complicated  than  in  the 
case  when  the  fundamental  function  is  taken  to  be  ij).  The 
second  procedure  is  convenient  when  the  displacement  v 
is  prescribed  on  the  surface. 

In  the  case  of  an  orthotropic  body 

■^44  =  =  0,  i4jg  =  G3, 

and  Eq.  (72.17)  becomes 

■  '  +  (72'18^ 
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If  a  body  has  more  general  anisotropy  and  meridional 
planes  are  not  planes  of  elastic  symmetry,  the  problem 
becomes  more  complicated.  In  these  cases  the  deformation 
may  well  be  described,  not  as  torsion,  but  as  generalized 
torsion  of  a  body  of  revolution. 


73.  Torsion  of  a  Homogeneous  Body  of  Revolution 

In  the  case  of  a  homogeneous  body  having  cylindrical 
anisotropy  ai},  Gx,  G3  are  constants,  and  the  corresponding 
differential  equations  are  equations  with  constant  coeffi¬ 
cients  [28]. 

In  the  general  case  we  have,  instead  of  (72.9)  and  (72.17), 


32i|> 

akk  dr3 


c  32t|)  ,  32t|> 

Zaw  dr  dz  dz2 


3g44  i  3g46  dty 


dr 


dz 


=  0; 


d2v 

dr2 


2  A, 


d2v 


46 


dr  dz 


A, 


d2v 
44  dz2 


I  1  dv  v  \  a  1  do  A 

+  Aee  \TTr  7r)  +  44«TlT“0? 


(73.1) 


(73.2) 


In  the  case  of  an  orthotropic  body 
<?2i|>  3  n. 

dr3  dz2  r  dr  U’ 

d2v  .  d2  v  1  dv  v 
dr2  Hz2  +T  ~dr  7r  = 

Here  we  have  used  the  notation: 

Gl  __  G6z 

Gs  Gtq 


(73.3) 

(73.4) 

(73.5) 


In  the  case  of  an  isotropic  homogeneous  body  g  =  1. 
The  problem  of  the  torsion  of  a  homogeneous  anisotropic 
body  of  revolution  with  a  region  S  can  be  reduced  to  that 
for  an  isotropic  body,  but  with  a  modified  region  Si,  by  a 
simple  change  of  the  variables.  For  an  orthotropic  body, 
this  change  is  of  the  form 


Ye  ' 


(73.6) 


rA=r,  z, 
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The  procedure  for  obtaining  a  region  St  from  a  given 
one  is  illustrated  in  Fig.  99. 


Fig.  99 


Sometimes,  depending  on  the  elastic  properties  and  the 
shape'fof  the  section,  it  is  more  convenient  to  use  curvi¬ 
linear  co-ordinates,  and  in 
i  M  particular  spherical  co-ordi¬ 

nates.  We  give  basic  formu¬ 
las  and  equations  in  spher¬ 
ical  coordinates  for  the 
torsion  of  a  homogeneous 
body  having  spherical  anisot¬ 
ropy. 

The  spherical  co-ordinates  p, 
cp,  9  of  a  point  are  the' distance 
of  the  point  from  the  origin 
of  co-ordinates  or  the  pole, 
the  angle  formed  by  the  radius 
vector  with  ,  the  z  axis,  and 
the  angle  formed  by  the  pro- 
-  jection  of  the  radius  vector 

Fig.  100  on  the  xy  plane  with  the  polar 
axis  x  (Fig.  100).  The  relation 
between  spherical  and  cylindrical  co-ordinates  is  as  follows: 


p  sin  cp,  z  =  p  cos  cp, 


(73.7) 
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The  only  non-vanishing  component  of  displacement  is 
denoted,  as  before,  by  v  (p,  qp).  The  equations  will  involve 
stresses  on  planes  normal  to  the  co-ordinate  directions 
p,  qp,  0;  the  only  non-zero  components  are  t01p  and  Tp0. 
Taking  this  into  account,  we  write  down  the  expressions 
for  the  strain  components  and  the  equilibrium  equation 
for'  a  continuous  medium  quoted  from  Love’s  book  [29] 
(pp.  56,  91): 


II 

& 

CO 

II 

Q. 

CO 

^0  —  Yp<p  0, 

) 

9v 

Ype  ^  ^p  " 

_  v  1  dv  ^  v 

>  (73.8) 

dxpQ  1 

dp  +■  P 

Sx¥>  ,  3tp0  2xve  n  I 

ftp  +  p  +  p  COtp_Q>  1 

(73.9) 

Op  =  CT<p  =  Oe==Tp(1;  =  0.  > 

The  generalized  Hooke’s  law  for  a  spherically  anisotropic 
orthotropic  body  is  expressed  by  the  equations 

Tpe  =  ^6^6,  He  =  Gf8Y<pB-  (73.10) 

Substituting  these  expressions  in  (73.9),  we  obtain  an  equa¬ 
tion  for  v : 

j  d2v  i  2  dv  \  .  n  .  v 

+  j^w('W+cot(pv)=0'  (73J1) 

Here  gs  denotes  the  ratio  of  the  shear  moduli: 

(73-12) 

^(pB 

The  equation  for  is  not  given  since  it  is  not  used  in  the 
following  discussion. 

74.  Torsion  of  a  Curvilinearly  Anisotropic  Cone 

The  problem  of  the  torsion  of  a  homogeneous  isotropic 
body  in  the  form  of  a  truncated  cone,  solid  or  hollow,  is 
investigated  in  detail  in  [4],  The  torsion  of  an  anisotropic 
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cone  (with  anisotropy  of  a  special  kind)  subjected  to  a 
torque  applied  at  the  vertex  is  considered  in  the  author’s 
works  [791,  [26],  [28]. 

We  shall  show  how  the  solution  of  the  problem  is  derived 
for  a  homogeneous  body,  and  just  make  some  remarks 
concerning  the  solution  for  a  non-homogeneous  body. 

Let  an  elastic  body  of  length  l  be  given,  bounded  externally 
and  internally  by  the  surfaces  of  circular  cones  with  a 


common  axis  and  a  common  vertex  (conical  hollow  bar,  not 
necessarily  thin-walled)  and  by  two  plane  end  surfaces 
normal  to  the  axis.  The  body  has  anisotropy  of  a  special 
kind,  namely  at  each  point  there  is  a  plane  of  elastic 
symmetry  normal  to  the  axis  of  revolution  (or  parallel  to 
the  planes  of  the  cross  sections).  Let  the  common  vertex 
of  the  conical  surfaces  be  taken  as  the  origin  of  Co-ordinates, 
with  the  z  axis  of  a  cylindrical  co-ordinate  system  directed 
along  the  common  axis  of  the  conical  surfaces,  and  r 
directed  arbitrarily  (normal  to  z;  Fig.  101).  The  generalized 
Hooke’s  law  equations  for  this  body  are  of  the  form  of 
(72.1);  they  contain  13  (12)  elastic  consthnts  Suppose 
that  one  end  (for  example,  the  one  of  larger  area)  is  fixed 
in  a  certain  way,  and  the  other  is  acted  on  by  distributed 
external  forces.  The  law  of  distribution  of  the  forces  is 
not  given,  but  a  twisting  moment  M,  to  which  they  reduce, 
is  prescribed.  If  the  problem  is  solved  by  using  the  stress 
function  if,  this  function  must  satisfy  Eq.  (73.1),  the  bounda- 
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ry  conditions 

i|)  =  Cx  =  constant  when  r  =  z  tan  a, 

%p  =  c3  —  constant  when  r  =  z'tan  a0, 


(74.1) 


and  the  condition  at  any  cross  section  and  at  the  ends: 


IrJ 

ij:  (z  tan  a,  z)  —  ij:  (z  tan  a0,  z)  — 


(74.2) 


Here  a  and  a0  are  the  angles  of  inclination  of  the  generators 
of  the  outer  and  inner  surfaces  to  the  z  axis  (a0  <  a);  the 
twisting  moment  M  is  a  constant.  Conditions  (74.1)  and 
(74.2)  will  be  satisfied  if  a  solution  of  Eq.  (72.1)  is  found 
in  the  form  of  a  function  of  the  ratio  t  •=  rlz,  i.e., 


$  =  /  (*)• 


(74.3) 


Substituting  (74.3)  in  Eq.  (72.1),  we  obtain  an  ordinary 
equation,  which  is  easily  solvable: 

(1  +  2 mt  +  nW)  r  (<)+(-  -f  ■ -  m  +  2nH )  f  ( t )  =  0  (74.4) 
(in  =  -2**-,  n=l/^L). 

\  ait  y  ait  I 

The  general  integral  of  (74.4)  is  given  by 

^  =  c\  i±pt__  (1±f>8]  +  C0  (x==^i  +  2rot  +  Bip). 

(74.5) 

By  satisfying  condition  (74.2),  which  takes  the  form 


/  (tan  a)  —  /  (tan  a0)  =  ■ 


we  obtain 


^  _  2nlV 


t  rft=  - 


z-\-mr  (s  +  rar)s 


_  (z  ~r  mr)3  I  _ 

3 K*  J  ’ 


M  (a2  —  m2)2  rz 
2n)V  W 
Min*  —  m*)2  r2 


P  '  i 


(74.6) 


(74.7) 


(74.8) 
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where 


1  +  m  tan  a  (1  +  m  tan  a)3  1  +  m  tan  a0  , 

Tx  3  K\  ~  T0 

,  (1  +  m  tan  a0)3 

3K§ 

K  *=  Y  z2  -f-  2  mrz  -j~  ra2r2, 

K{  —  j/ 1  -f  2m  tan  a  -f-  n2  tan2  a, 

K0  —  Y 1  +  2m  tan  a„  +  n2  tan2  a0. 


(74.9) 

(74.10) 


C0  is  a  constant  having  no  influence  on  the  stresses  and 
strains;  it  may  be  set  equal  to  zero. 

The  displacement  v  is  found  by  integrating  the  second  and 
third  equations  of  (72.5).  The  arbitrary  constant  resulting 
from  integration  is  found  by  specifying  the  fixing  conditions. 
Assuming  that  the  outer  circumference  of  the  wider  end 
r  =  (Z  +  Z0)  tan  a  is  fixed,  we  obtain,  on  determining  the 
constant,  an  expression  for  the  angle  of  rotation  of  a  radius 
r  of  a  section  at  a  distance  z  from  the  vertex  of  the  cones: 


to  ( r ,  z) 


M  (na  —  m3)2 


6niV 


au 


1 


/C3  (l  +  W  K\ 


f].  (74.11) 


Since  to  is  a  function  of  two  variables,  r  and  z,  it  is  neces¬ 
sary  to  specify  what  we  imply  by  the  total  angle  of  twist. 
It  may  be  taken,  for  example,  that  the  total  angle  of  twist 
(Dmax  is  the  angle  turned  through  by  the  outer  circumference 
of  the  free  end  (its  radius  is  l0  tan  a).  We  obtain 


(0n 


M  (ra2  — m3)2  fl44Z  3Z0  (l  +  Z9)  +  Z2  1 


6rtZV  Z§(Z  +  Z o)*  K*  ' 

For  a  solid  non-orthotropic  cone,  ce0  =  0,  K0  =  1, 

_  1  +  mtana  (l-j-mtana)3  2 

•V  Tx  3 K\  '  3  • 


(74.12) 


(74.13) 


In  the  case  of  an  orthotropic  cone  we  must  set  m  =  (h 
n  =  Yg  throughout;  consequently, 

K  -  !  z2  -f-  gr2,  K  x  )/  1  -)-  g  tan2  a,  A'0  =  Yi  -f  g  tan2  a0. 

(74.14) 
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Setting  m  —  0,  n  =  1,  g  =  i  in  all  formulas,  we  obtain  the 
wellknown  solution  for  an  isotropic  body. 

If  a  cone  has  cylindrical  anisotropy  but  is  continuously 
non-homogeneous,  i.e.,  its  shear  moduli  are  continuous  dif¬ 
ferentiable  functions  of  the  co-ordinates  r  and  z,  it  is  pos¬ 
sible  to  indicate  a  number  of  cases  where  the  solution  of  the 
torsion  problem  is  rather  easily  found.  Below  are  given  two 
such  cases  (the  solutions  for  them  are  available  in  the 
author’s  book  [28]): 

(1)  the  shear  moduli  are  arbitrary  functions  of  the  ratio 
t  —  r/z;  in  particular, 

Gt  =  gj*,  G3  =  g3tn,  (74.15) 

where  n  is  any  real  number; 

(2)  the  shear  moduli  are  given  by  the  expressions 


e.=«*(TnTnrr-  <74-16> 


( p ,  q  are  real  numbers). 

Note  that  for  a  homogeneous  cone  having  spherical 
anisotropy,  when  the  origin  of  co-ordinates  is  at  the  vertex 
of  the  conical  surface  and  the  z  axis  is  directed  along  the 
geometrical  axis,  the  solution  is  quite  elementary: 


tp  (74.17) 

the  other  components  are  zero;  C  is  determined  from  the 
equilibrium  condition. 


75.  Effect  of  a  Spherical  and  a  Spheroidal  Inclusion 
or  Cavity  on  the  Stress  Distribution 
in  a  Twisted  Bar 

As  shown  in  Chap.  4,  a  circular  or  an  elliptical  inclusion 
of  different  material  in  a  plate  that  is  in  plane  stress  under 
given  forces  distorts  the  stress  field.  The  same  phenomenon 
is  also  observed  in  the  case  when  there  is  a  hole,  and  not  an 
inclusion,  in  a  plate;  the  stresses  near  the  hole  are  higher 
than  in  a  solid  plate  subjected  to  the  same  forces,  or,  in 
other  words,  there  is  a  concentration  of  stress.  A  distortion 
?f  the  stress  field  is  also  observed  in  a  body  that  is  in  a 
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three-dimensional  state  of  stress  and  contains  inclusions  of 
dissimilar  material  or  cavities  in  the  form  of  bodies  of  three 
dimensions. 

We  shall  consider  the  simplest  cases  of  a  circular  cylinder 
of  radius  R  that  has  a  spherical  inclusion  or  a  cavity  on  the 
axis  of  revolution  and  is  in  elastic  equilibrium  under 
twisting  moments  M  applied  at  the  ends.  All  problems  of 
this  kind  will  be  solved  approximately:  the  cylinder  is 
considered  as  an  infinite  elastic  space  with  an  inclusion  or  a 
cavity,  and  the  stresses  are  sought  so  that  they  will  exactly 
satisfy  the  conditions  on  the  surface  of  the  inclusion  or  cav¬ 
ity  and  tend,  with  increasing  distance  from  them,  to  the 
stresses  in  a  cylinder  twisted  by  the  moments  M. 

The  simplest  case  is  that  of  an  isotropic  cylinder  with  a 
spherical  inclusion  on  the  axis  made  of  a  material  with 
spherical  anisotropy  and  orthotropic.  The  centre  of  the  sphere 
is  taken  as  the  origin  of  a  spherical  co-ordinate  system  p,  cp, 
0,  related  to  a  cylindrical  system  r,  0,  z,  in  which  the  g 
axis  is  directed  along  the  geometrical  axis  of  the  cylinder 
(see  Fig.  100).  The  stresses  and  displacements  in  the  cylinder 
will  be  denoted  by  the  superscript  (1),  and  in  the  inclusion 
by  the  superscript  (2).  Let  the  radius  of  the  inclusion  be 
denoted  by  a ,  its  shear  moduli  referred  to  the  spherical 
co-ordinatesystembyG^e,  Gp0,  and  the  shear  modulus  of  the 
cylinder  by  G.  We  proceed  to  find  an  approximate  solution 
(see  [64]). 

In  a  solid  cylinder  we  have  the  stresses 

=  ^'  =  0,  (75-1) 

the  displacement  and  the  angle  of  twist  per  unit  length 

=  =  (75-2) 

(to  within  a  rigid-body  displacement,  i.e.,  a  rotation  about 
the  z  axis).  For  the  inclusion,  the  generalized  Hooke’s  law 
equations  are 


Tpi)  =  GPey$ ,  =  Gv  ey$ 


(75.3) 
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and  the  equation  for  the  displacement  is  [see  (73.10)  and 
(73.11)] 

+  -(^^(-^L+COtCP-y<2>)=0  (75‘4) 

(g»  =  ^0/6^0). 

The  conditions  on  the  surface  of  contact  between  the  inclu¬ 
sion  and  cavity  are  of  the  form  (for  the  case  when  no  slip¬ 
ping  is  possible  over  the  surface  of  contact  between  the 
cavity  and  core) 


y<2>  ==y<l>,  T  pV  =  TpV. 

(75.5) 

The  stresses  inside  the  inclusion  must  be  finite,  and  the 
displacements  must  tend,  with  increasing  distance  from  the 
inclusion,  to  those  in  a  solid  cylinder: 

vli)  ->  fizr  =  —  p2  sin  2cp. 

(75.6) 

Taking  into  account  condition  (75.6),  the 
Eq.  (75.4)  is  sought  in  the  form 

solution  of 

u(2)  =  /  (p)  sin  2cp. 

(75.7) 

We  obtain  an  elementary  function: 

y<2>  ==  (_d2pn-°-5  4-  B2 p-n-0.5)  sjn  2(pj 

(75.8) 

where 

n  =  0.5  K9+  16gs. 

(75.9) 

The  constant  B2  must  be  rejected  since  otherwise  the 
stresses  at  the  centre  of  the  inclusion  will  have  a  singularity. 
Consequently, 

u<2)  =  ^p"-0-5  sin  2cp; 

(75.10) 

'tp^  =  (7p0  («  — 1-5)  ^2Pn_1'6  sin2cp, 

=  —  2GV0pn-1-5  sin2cp. 

J  (75.11) 

The  displacements  and  stresses  in  an  isotropic  cylinder 
are  obtained  from  (75.8)  and  (75.9)  by  putting  gs  =  1. 


SB6 


foMStoN  of  fcobiSs  6f  bbVbLtiTtofcr 


[dti.  g 


Then  n  =  2.5  and 

iAv  =  ( Atp 2  +  #iP~3)  sin  2cp; 
4  Bt 


=  G  (i4,p - sin  2cp, 


2G  sin2 cp. 


(75.12) 

(75.13) 


The  constants  Alf  Bu  and  A  2  are  determined  from  the 
conditions  (75.5)  and  (75.6).  The  final  formulas  are 

5  M  fl2.5-npn-0.5 


y(2) 


m 


= 


GnR 4  4+g*(R  — 1.5) 
g8  (ft  —  i.5)  a2- 5-npn-l,5 
ni?4  4+^s(«  — 1.5) 
lOAf  gifl2-5-npn-1-5 


sin  2<p; 
sin  2cp, 


-1.5) 


sin2  cp; 


(75.14) 

(75.15) 

(75.16) 

(75.17) 

G-’  ,v~  4+ g2  (re- 1.5)  •  (75-18) 

The  maximum  value  of  occurs  at  the  surface  of  the 
inclusion  at  the  points  cp  —  n/ 4,  and  the  maximum  value  of 
at  the  equator  at  the  points  cp  =  ji/2: 


XC1)  _ 

Tq>0  — 


n  R*  4+^2  (n- 

=  elfe-(P2-’-?'-^)sin2'P; 

^I-(p-4>.^-)  sin 2<p, 

2M  (p  +  ^-p-)  sin2cp. 


Jtft4  V  ‘  "  p' 

Here  we  have  used  the  notation: 

g<p9  Gpo  ,  1 

G  ’  82 


gf 


-Hi  (w— 1.5) 


/,<u\  5Ma  (n— 1.5)  g2 

Itpelmax  -  44. 


1.5) 


iOMa 


(75.19) 

(75.20) 


ni?4  4+  g2  (re  — 1.5) 

The  solution  for  the  case  of  the  torsion  of  a  cylinder  with  a 
spherical  cavity  is  obtained  from  (75.17)  by  setting  g2  =  0: 

T$  =  -^"(P 


TU>  ~ 

T4>e  — 


2M 


nfl4 


^r)  sin2cp, 

(p  4-0.25  -^)  sin2  cp. 


(75.21) 
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The  maximum  stress  in  the  cylinder  as  obtained  from  the 
last  formula  is 

W  =  1.25.  (75.22) 

On  comparing  this  expression  with  (75.1),  we  obtain  the 
stress  concentration  factor  in  an  isotropic  cylinder  with  a 
spherical  cavity  on  its  axis  under  torsion: 

k  =  1.25. 


By  setting  g2  =  po  in  (75.16)  to  (75.18),  we  obtain  the 
stress  distribution  in  an  isotropic  cylinder  with  an  abso¬ 
lutely  rigid  spherical  inclusion  on  its  axis: 


T$  =  W  (p-f-~)sin2cp,  1 

x$=iSM“p+£)sin2<p-  J 

On  the  surface  of  the  rigid  inclusion 

(t$)p=„  =  2.5  -gg-  sin  2«p,  (x$)p=a  =  0; 


(75.23) 


(75.24) 

(75.25) 


The  maximum  stress  in  a  cylinder  with  an  absolutely 
rigid  inclusion  is  twice  that  in  a  similar  cylinder  with  a 
spherical  cavity  on  its  axis. 

S.C.  Das  [62]  has  solved  the  torsion  problem  for  an  iso¬ 
tropic  cylinder  with  an  inclusion  in  the  form  of  an  oblong 
ellipsoid  of  revolution  (Fig.  102a),  a  sphere,  and  an  oblate 
ellipsoid  of ’revolution  (Fig.  1025).  The  solutions  for  cylin¬ 
ders  with  rigid  inclusions  are  found  as  special  cases.  S.C. Das 
has  calculated  the  stress  concentration  factors,  i.e.,  the 
ratios  of  the  maximum  stress  on  the  contact  surface  to  the 
stress  at  the  same  points  of  a  cylinder  with  no  inclusion  for 
several  ratios  of  the  semiaxes  bta  and  of  the  shear  modulus 
G'  of  the  inclusion  to  the  shear  modulus  of  the  cylinder. 
Below  is  a  table  taken  from  the  cited  paper  (Table  23). 

From  this  short  table  it  may  be  noticed  that  the  stress 
concentration  factor  increases  with  increasing  torsional 
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Stress  Concentration  Factors  in  an  Isotropic  Cylinder  Table  23 

with  an  Isotropic  Inclusion 


G'/G 

0.25 

k 

■ 

Oblong  ellipsoid,  d  — 0.866 

sa 

2.8 

7.0 

Sphere,  d  =  1 

S9 

2.5 

5.0 

Oblate  ellipsoid,  d  =  1.15 

0.36 

1.8 

2.5 

rigidity,  i.e.,  with  increasing  ratio  G'/G,  and  decreases  with 
increasing  ratio  d  =  b/a  of  the  semiaxes  of  the  ellipsoid. 


Problems  of  this  kind  have  also  been  solved  for  several 
special  cases  of  the  anisotropy  of  a  cylinder  and  an  inclusion. 
We  list  some  of  these: 

S.C.  Bose  [58]  and  [57]  (a  transversely  isotropic  cylinder 
and  an  isotropic  inclusion  in  the  form  of  a  sphere  or  an 
ellipsoid  of  revolution); 
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S.C.  Bose  [56]  (a  transversely  isotropic  cylinder  and  a 
spherical  inclusion  of  material  with  spherical  anisotropy); 

S.K.  Bhowmick  [53],  R.  Subramaniam  [124]  (an  isotropic 
cylinder  with  an  elastic  inclusion  having  curvilinear 
anisotropy  of  a  special  kind); 

P.P.  Chattarji  [59]  (a  transversely  isotropic  cylinder 
with  a  rigid  spherical  inclusion); 

S.K.  Bhowmick  [54]  (a  transversely  isotropic  cylinder, 
an  ellipsoidal  inclusion). 

There  are  other  works  on  this  subject,  but  we  shall  not 
mention  them  here  (see  [28]). 


76.  Exact  Solution  of  the  Torsion  Problem 
for  a  Circular  Cylinder 

The  torsion  problems  for  bars  considered  in  Chap.  6  have 
all  been  solved  approximately:  the  boundary  conditions  on 
the  lateral  surface  are  satisfied  exactly,  and  those  at  the  ends 
approximately.  The  tangential  forces  on  the  end  surfaces 
are  not  specified,  but  they  must  reduce  to  prescribed 
twisting  moments.  However,  for  a  circular  cylinder  of  finite 
length,  hollow  or  solid,  homogeneous  or  non-homogeneous, 
it  is  possible  to  obtain  an  exact  solution  (at  least,  for  special 
cases  of  anisotropy  and  non-homogeneity),  i.e.,  to  find  the 
stresses  corresponding  to  tangential  twisting  forces 
distributed  over  the  ends  according  to  a  given  law  when  the 
lateral  surface  and  the  surface  of  a  cavity  (if  any)  are  not 
loaded  or  fixed. 

We  proceed  to  derive  this  solution.  Let  a  circular  cylinder 
of  finite  length  be  given,  and  let  the  cylinder  be,  in  general, 
hollow  and  have  cylindrical  anisotropy  with  an  axis  di¬ 
rected  along  the  geometrical  axis.  The  cylinder  is  assumed 
to  be  orthotropic  but  non-homogeneous;  its  shear  moduli 
Gez  =  G\  (r) ,  Gr0  =  Gz  ( r )  are  functions  of  one  co-ordinate, 
r,  the  distance  from  a  given  point  to  the  geometrical  axis. 
Let  the  body  be  referred  to  a  cylindrical  co-ordinate  system; 
the  centre  of  either  of  the  ends  is  taken  as  the  origin,  and 
the  geometrical  axis  as  the  z  axis;  l  is  the  length,  b  and  a 
are  the  radii  of  the  cross  section  (the  outer  radius  and  the 
radius  of  the  cavity).  Of  all  the  various  cases  of  loading  we 

24-0800 


370 


TORSION  OP  BODIES  OP  REVOLUTION 


[CH.  3 


shall  consider  only  two:  (1)  both  ends  are  loaded  by  identical 
tangential  forces  normal  to  the  radii  and  prescribed  as 

functions  of  r  (such  forces 
obviously  reduce  at  each  end 
to  twisting  moments  that  are 
opposite  in  sense  and  mu¬ 
tually  balanced);  (2)  one  end 
is  rigidly  fixed  (so  that  each 
of  its  points  remains  station¬ 
ary),  and  the  other  is  loaded 
by  tangential  forces  reducing 
to  a  twisting  moment  and 
prescribed  as  functions  of  r 
(Fig.  103). 

In  the  case  of  a  non-homo- 
geneous  orthotropic  body  the 
stresses  are  expressed  in  terms 
of  the  stress  function  ij)  satis¬ 
fying  a  second-order  equation  with  variable  coefficients 
Iwe  rewrite  (72.8)  and  (72.14)): 


Fig.  103 


T0I  = 

1 

3i| ) 

1 

3ij) 

'  r” 

dr  ’ 

dz 

d 

f  — 

d\p  ' 

\  .  1  ** 

—  0 

dr 

\  r3G 

x  dr  i 

1  ‘  r3Gs  dz a 

- V, 

(76.1) 

(76.2) 


The  procedure  for  the  solution  of  the  problem  is  as  fol¬ 
lows.  The  solution  of  Eq.  (76.2)  permitting  a  satisfaction  of 
the  conditions  on  the  cylindrical  surfaces,  i.e.,  that  when 
r  '=  b  and  r  —  a 

Tr0  =  0,  (76.3) 


is  sought  in  the  form  of  a  product: 

=  R  (r)  Z  (z).  (76.4) 


Substituting  (76.4)  in  (76.2),  and  separating  the  variables, 
we  obtain 


£  («) 

4  (z) 


r3G»  (r) 
R  <r) 


r  R'  (r) 

L  r3G1  (r) 


) 


bTg 


constant. 


(76.5) 
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From  this  we  obtain  two  (ordinary)  equations,  namely 


M  wt)^ 

\X 


LSr)+(^) 


b  Y~g 


R 

>3G3 


■  0, 


(76.6) 

(76.7) 


In  Eq.  (76.5)  g  is  a  positive  constant,  which  may  be 
prescribed  arbitrarily,  and  X  is  another  constant,  which  must 
be  determined.  The  general  solutions  of  Eqs.  (76.6)  and 
(76. 7)  are  of  the  form  (when  X  0) 

Z  ;=  A  cosh  -—a-  +  B  sinh  ;  (76.8) 

bVe  bVe  ’ 

R  =  CJtt  (r,  l)  +  C2R2  (r,  X).  (76.9) 

When  X  =  0, 

Z  =  Az  +  B.  (76.10) 

R=.Cl  J  Gir*dr  +  C2.\  (76.11) 

Linearly  independent  solutions  Rl  and  i?2  for  X  =£  0  can, 
of  course,  be  found  explicitly  only  by  prescribing  the 
functions  Gx  ( r )  and  Gs  ( r ). 

Suppose  that  the  functions  and  Gs  are  given,  and  i?l7 
R2  are  determined.  We  require  that  each  solution  (76.4) 
should  satisfy  conditions  (76.3)  on  the  free  surfaces  (or  the 
condition  v  =  0  on  the  rigidly  fixed  surfaces).  We  then 
obtain  a  system  of  first-degree  homogeneous  equations  for 
the  constants  C1  and  C2;  by  equating  its  determinant  to  zero, 
we  obtain  an  equation  that  is  satisfied  by  X,  namely  A  (X)  = 
—  0.  From  this  we  obtain  the  eigenvalues  X  (Xj,  X2,...,Xm,...) 
to  which  correspond  the  eigenfunctions  i?m;  they  are  deter¬ 
mined  to  within  a  constant  factor.  The  constant  factor  may 
be  incorporated  in  A  or  B,  or,  what  is  the  same  thing,  set 
equal  to  unity.  The  expression  for  i})  is  then  written  as  the 
sum 


$  =  #o  (A0z  -f  B0)  -f-  ^  Rm  (r)  {Am  cosh  amz  -f -Bm  sinhamz), 

•  *  • '  m=i 

(76.12) 
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where 

a^TVT-  (76-13) 

To  satisfy  the  conditions  at  the  ends  loaded  by  identical 
forces,  it  is  necessary  to  represent  these  given  forces  as  a 
series: 

oo 

7r[>„^(r)+  2  <*»**(»•)] 

m=  1 

(76.14) 

If  this  can  be  done,  we  obtain,  from  the  end  conditions, 
two  non-homogeneous  equations  for  each  m,  which  are  satis¬ 
fied  by  Am  and  Bm,  and  determine  the  stress  function  and 
the  stresses  themselves  as  series. 

If  a  cylinder  has  no  cavity,  i.e.,  it  is  solid,  we  must  try 
to  reject,  in  expressions  (76.9)  and  (76.11),  terms  that 
increase  indefinitely  as  the  axis  is  approached. 

The  problem  is  solved  in  the  same  way  when  a  displacement 
(equal  to  zero)  is  prescribed  on  the  outer  surface  and  on  the 
surface  of  a  cavity,  or  when  a  stress  is  prescribed  on  one 
cylindrical  surface  and  a  displacement  on  the  other.  Of 
course,  in  both  cases  a  displacement  v  must  be  found  cor¬ 
responding  to  the  stress  function  by  integration  of 
Eqs.  (72.13). 

77.  Torsion  of  a  Cylinder  in  Which  the  Shear  Moduli 
Vary  Directly  As  a  Power  of  the  Distance  r 
(Exact  Solution) 

One  of  the  simplest  cases  is  that  when  the  shear  moduli 
vary  over  the  section  in  proportion  to  some  power  of  the 
distance  and  do  not  vary  along  the  length.  In  this  case  the 
general  integral  of  Eq.  (76.7)  can  be  foiind  explicitly. 

Consider  a  solid  cylinder  in  which  the  shear  moduli  are 
given  as 

Gi  =  £iP",  <58  —  £sPn,  (7  7.D 

where  glt  g3  are  factors  having  the  dimensions  of  shear 
modulus,  n  is  a  real  number,  and  p  =  rib.  Equation  (76.7) 
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has  a  general  integral  expressible  in  terms  of  Bessel  functions. 
Let  the  ratio  of  the  shear  moduli  be  denoted  by  g  (g  =  gt/g3) 
and  introduce  the  notation  a  =  1  +  0.5re.  By  rejecting  the 
functions  giving  singularities  at  the  centre  of  the  section  in 
the  expression  for  ip  (76.12),  we  obtain,  for  a  solid  cylinder 
(without  a  cavity), 


* 


0*,  r2a+2 

2(0+1)  {,2a~2 


+  ^  r“+1^a+1(^mP)(^mCoshamz  +  fimsinhamz);  (77.2) 

1 


m=i 


tn  =  — —  r2a-<  4 
T0Z  &2a-2r  •  T 


r“- 1 


2  a  ( W)  (^m  cosh  amz  +  fim  sinh  amz) , 


m— 1 


i  (77.3) 


,a-l 


7-r0 —  ^  yr-  2  (^-mP)  X 


m=i 


v  =  fizr  +  co3r  + 

j,2a-2rl-a 

/ilia 


X  (^lm sinh amz  +  cosh  amz); 


2  *7®  (T'mP)  (^fm  sinh  amz  +  fim  cosh  txmz). 


?n— 1 


(77.4) 


The  constant  oi3  is  determined  from  the  condition  at 
the  middle  cross  section  or  at  the  fixed  end. 

Consider  two  basic  cases. 

Case  1.  Both  ends  are  loaded  by  identical  twisting 
tangential  forces  t  (p)  distributed  along  the  radii  according 
to  a  given  law.  The  end  conditions  are:  when  z  —  0  and 
z  =  l, 

T9z  =  x(p).  (77.5) 


By  multiplying  this  equality  by  p1-a,  and  expanding  the 
function  xp1-“  in  a  Dini-Bessel  series,  we  obtain 


oo 


Tp1-“^a0pa+  2  amJ b(M. 

771—1 


(77.6) 
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where  Xm  are  the  consecutive  roots  of  the  Bessel  function  of 
the  first  kind  of  order  a  +  1,  i,e.,  /a+1  ( x ).  The  coefficients 
a0,  am  are  determined  by  the  formulas* 

i 

a  =  (2a  -f  2)  f  xpa+1  dp, 

°  ,  (77.7) 

2km  (■ 

('m  ^  (*•,-«*)/£  (*m)  +  W(*m)  J  Tp/“  (AmP)  df>’ 

Consequently,  when  z  =  0  and  z  —  l, 

oo 

T0z  =  aoP2a_1  +  P“" 1  H  am/a(>.mp).  (77.8) 

m=l 

By  satisfying  the  boundary  conditions  (77.5),  we  determine 
the  constants  i4m,  Bm,  and  by  formulas  (77.3)  and  (77.4) 
the  stresses  and  the  displacement  v : 


To  —  a  o2“-1-l-na-1  V  a  J  0  o') costl  am  (z~~Q-50 
Tez-a0p  +  P  2j  am-'aV*mP)  cosh  o.5aml 


m=i 


p<x-i  I 

^rt)  =  .  /  -  a+1  (^-n»P) 


/i 


m=1 


sinh  am  (z—G.5l) 
cosh  0.5am7 


(77.9) 


v=2L(g-0.5l)p  + 


+ 


Here 


1  _ cv  am  t  /«\  \  fcinh  CLjyi  (2  0.5Z) 


V  thS3 


p.-a  V  |2Lya(xmP). 


cosh  0.5amZ 


m= 1 


b  Yg  '  Si 


(77.10) 


(77  11) 


The  middle  section  may  be  considered  stationary;  the  com. 
stant  co3  has  been  determined  from  this  condition. 

Case  2.  One  end,  z  =  0,  is  loaded  by  given  forces,  and 
the  other  end,  z  =  /,  is  completely  fixed  (the  displacement 


*  See,  for  example,  the  book  by  G.  N.  Watson  [39],  p.  580. 
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of  each  of  its  points  is  zero).  The  formulas  for  the  stresses 
and  displacement  are  obtained  from  (77.9)  and  (77.10)  by 
replacing  l  by  21  throughout. 

By  setting  n  —  0  throughout,  we  obtain  formulas  for  a 
homogeneous  cylinder  with  constant  moduli  Gx,  G3.  In 
this  case  km  are  the  roots  of  the  Bessel  function  of  the  second 
order,  i.e.,  J 2  (x).  The  stress  x0z  and  the  displacement  v 
are  represented  by  series  in  the  Bessel  functions  of  the 
first  order,  and  xr9  in  the  Bessel  functions  of  the  second 
order. 

The  solutions  for  a  homogeneous  orthotropic  cylinder  can 
also  be  obtained  from  that  for  an  isotropic  cylinder  (for 
details,  see  [28],  Sec.  47). 


Chapter  9 


AXIALLY  SYMMETRIC 
DEFORMATION 
OF  A  TRANSVERSELY 
ISOTROPIC  BODY 
OF  REVOLUTION 


This  last  chapter  is  concerned  with  the  second  type  of  state 
of  stress  and  strain  under  which  a  body  of  revolution,  while 
deforming,  remains  a  body  of  revolution;  in  this  case  the 
deformation  is  said  to  be  axially  symmetric.  The  theory  of 
axially  symmetric  deformation  has  been  thoroughly  develop¬ 
ed  only  for  an  isotropic  body  and  a  body  having  anisotropy 
of  a  special  kind,  namely  a  transversely  isotropic  body. 
In  this  chapter  we  shall  always  assume  that  the  body  under 
consideration  is  transversely  isotropic;  the  formulas  for  an 
isotropic  body  are  obtained  from  those  for  a  transversely 
isotropic  body  as  special  cases. 


78.  General  Equations  for  Axially  Symmetric 
Deformation.  Stress  Function 

Imagine  a  body  of  an  elastic  homogeneous  transversely 
isotropic  material  bounded  by  one  or  several  coaxial  surfaces 

of  revolution,  which  is  in  equilib¬ 
rium  under  external  surface  and 
body  forces.  Suppose  that  the  planes 
of  isotropy  passing  through  each 
point  of  the  body  are  normal  to  its 
geometrical  axis  (the  axis  of  revo¬ 
lution),  and  the  force  distribution 
has  rotational  symmetry  about  the 
same  axis.  , 

Let  the  body  be  referred  to  a 
cylindrical  co-ordinate  system  r,  0, 
z,  with  the  origin  placed  at  some 
point  on  the  geometrical  axis  (for 
example,  at  the  centre  of  the  extreme  section),  the  z  axis 
directed  along  this  axis,  and  the  polar  x  axis  directed  arbit- 
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rarily  in  the  plane  of  the  cross  section  (Fig.  104).  Let  the 
projections  of  the  surface  forces  on  the  co-ordinate  direc¬ 
tions  r,  z  be  denoted  by  Rn,  Zn,  and  the  projections  of 
the  body  forces  by  R,  Z  (0n  =  0  =  0).  As  usual,  the 
surface  forces  are  referred  to  unit  area,  and  the  body 
forces  to  unit  volume.  The  generalized  Hooke’s  law  equa¬ 
tions  are  written  as  in  a  Cartesian  system  [see  (4.8)],  namely 


er  =  duOr  -j-  (itfPQ  -{-  al3<jz, 
Be  =  a.l2 or  -(-  a^iOQ  -f-  o-isPz, 

=  &13  (°r  4"  CTe)  4~  &3Saz, 

"Y9r  —  di^Qzi  yrz  ~ 

Yr9  =  2  (flu  flj2)  Tr0. 


(78.1) 


We  have  altogether  five  independent  elastic  constants. 
By  solving  (78.1)  for  the  stress  components,  we  obtain  the 
generalized  Hooke’s  law  equations  in  an  alternate  form: 


or  —  AnS,r  -f  4*  A13ez, 
ue  =  A12er  4-  AjjEe  -j-  A13ez, 
oz  —  Al3  (er  eg)  4-  A33Bz, 

=  ■4-44T9zi  trz~  Ay^rzi 

Tr9  =  ~2  {An  A12)  yrQ. 


(78.2) 


By  expressing  the  coefficients  A(j  in  terms  of  ai;-,  we  have 


lll ; 


alla33— ' ‘  a13 


Aif  ■ — 


a13 —  a12a33 


(«n  —  a12)m’  12  («i,  —  a12)m’ 


A  i3=  — 


’44 


1 

a44 


Ml 


■^33  — 
■^12  = 


an  4aia 

m 

1 

aU — a12 


(78.3) 


Here 

zn,  =  (flu  -f-  flj2)  ^33  2fljg.  (78.4) 

The  strain  coefficients  atj  and  the  elastic  moduli  Ai}  may 
also  be  expressed  in  terms  of  the  engineering  constants 
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[see  (4,9)1: 


a  n  = 

al3  — 


1 

E 


012  — 


V 

IF 


«44  — 


V 

~E 

G' 


fl33  — 


E' 


2  (flu  ~  012)  =  2  j7  V)  =  7T . 


(78.5) 


where  2?,  E'  are  Young’s  moduli  for  tension  and  compression 
in  the  plane  of  isotropy  and  in  a  direction  perpendicular 
to  it,  v  is  Poisson’s  ratio  characterizing  contraction  in  the 
plane  of  isotropy  for  tension  in  the  same  plane,  v'  is 
Poisson’s  ratio  characterizing  contraction  in  a  direction 
normal  to  the  plane  of  isotropy  for  tension  in  this  plane, 
G  =  EI2  (1  -f-  v),  G'  are  the  shear  moduli  for  the  planes  of 
isotropy  and  perpendicular  (radial)  planes.  The  expressions 
for  Atj  in  terms  of  E,  G,  v  will  not  be  given  here. 

Because  of  the  symmetry  of  the  force  distribution  and  the 
elastic  symmetry  the  radial  sections  remain  plane  and  the 
body  remains  a  body  of  revolution  in  the  strained  condition, 
i.e., 

ur  =  ur  (r,  z),  ue  =  0,  w  =  w  ( r ,  z).  (78.6) 

It  follows  that  y02  =  yr0  =  0  and  x02  =  xr0  =  0;  the 
othei  components  of  strain  are  independent  of  6: 


er 


dw  _ 1  dur  .  dw 

dz  ’  ^ rz  dz  '  dr 


(78.7) 


The  four  non-zero  components  of  stress  satisfy  two  equi¬ 
librium  equations: 

i  PX'r2  ^  ( 1r  Or0  _ q 

<)r  ‘  d:  '  •  r  '  :  . T_ 

dr  dz  r 


(the  third  equation  becomes  an  identity). 

By  adding  to  this  the  first,  second,  third,  and  fifth 
equations  of  the  generalized  Hooke’s  law  (78.1)  and  (78.2), 
we  obtain  a  system  of  six  independent  equations  for  deter¬ 
mining  the  six  independent  functions,  or,  ae,  a2,  xr2,  ur,  w. 

Consider  the  case  when  there  are  no  body  forces,  i.e., 
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assume  R  =  Z  =  0.  By  eliminating  the  displacements  uTr 
w  from  the  expressions  for  the  strain  components  (78.7), 
we  obtain 

Br  -Jr  (ree)  =  0, 

d2er  d%  d2yrz  » 
dz2  '  dr2  dr  dz 


Substituting  the  expressions  for  the  strains  from 
Eqs.  (78.1),  we  obtain 


allcrr  +  ai2cre  +  a130'z — [r  (ai2ar+all°re  +  a13crz))=::0, 
d 2 

(all°r  +  a12°e  +  a13az)  + 

Q 2 

+  "gTr  (a12ar  T  ffliiOe  +  fll30z)  —  a44  =  0* 


(78.10) 


By  adding  to  this  (Eqs.  (78.8),  we  have  four  equations  for 
four  unknowns,  the  stress  components. 

The  first  equilibrium  equation  (when  R  —  0)  and 
Eqs.  (78.10)  can  be  satisfied  by  introducing  a  stress  function 
(p  (r,  z),  which  is  a  generalization  of  the  stress  function  for 
an  isotropic  body.*  The  expressions  for  the  stresses  in  terms 
of  cp  for  a  transversely  isotropic  body  are  of  the  form 


where 


d 

l  dH 

+ 

b  fl  r 

dz 

(l7T 

r  dr 

+  a  **■) 

- 

d 

/.  d2(p 

1  dip 

i  „  32q>  j 

dz 

V1T 

r  dr 

'+a  ~d#) 

■  I , 

„  . 

< 

l  *L.  j 

dz 

y 

'  <r‘l  i 

-  dr  +a  dz2  J  ’ 

d 

■  ( 

d\ 

1 

| 

a  \ 

dr 

\ 

dr2  ' 

r 

dr 

a  dz2  )  ’ 

(78.11) 


0  _  a18  (all —  an)  _ a13  (a13  a4«)  —  a12a33 

alla13 — a?3  '  alla33  al3 

c  a13  (all  —  a12)~halla«4  ^  afl  —  a12 

alla33  afs  ’  alla38  a?3 

*  See,  for  example,  Love’s  course  [29],  p.  275. 
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From  the  second  equilibrium  equation  of  (78.8)  (when 
t  =  0)  we  obtain  an  equation  for  the  stress  function: 


(JL 

lIA 

\  dr 2 

r  dr 

)( 


d2q>  .  1  dcp 


dr 2 
d 2 
dz 2 


dr 


■«£)  + 


d2q) 


dz2 

d(p 


dr 2 


dr 


d$)  =  0.  (78.13) 


Associated  with  the  fourth-order  differential  equation 
(78.13)  is  the  algebraic  equation 

ds 4  -  (a  +  c)  s2  +  1  =  0,  (78.14) 

whose  roots  are 


,  i,/  a  +  c+/(“tda- 
- 25 - ’ 


*2,  4  ' 


a  +  c—  V  (a  +  c)1— 
y  2  d 


(78.15) 


By  introducing  the  differential  operators 

52  ■  1  d  ■  ±J!_  -/l=Pi  21 

s?  dz2  ll 


V? 


dr2 


r  dr 


(78.16) 


we  can  write  Eq.  (78.13)  in  a  very  simple  form  (see  [26], 
and  [79]): 

V?V2q>  =  0.  (78.17) 


The  operators  yj  and  y^  are  interchangeable  since  it 
can  easily  be  verified  that  yjy*q>  —  y^ip. 

The  following  theorem  can  be  proved  for  the  numbers 
Si  and  s2  depending  on  the  elastic  constants  atj. 

Theorem.  The  numbers  s1  and  s4.  for  any  transversely 
isotropic  elastic  body  can  only  be  real  or  complex  (with  a  real 
part  different  from  zero),  but  cannot  be  pure  imaginary. 

This  theorem  is  proved  by  the  same  method  as  Theorems 
1  to  4  considered  in  Sec.  20.  The  expression  for  the  elastic 
potential  for  a  transversely  isotropic  body  is  written  as 

—  1 

E  =  ~2  [au  (®*  +  0$)  ~r  2a12arae  -j-  aS3al  -j- 

4  2«i3  (ar  -|-  Oa)  az  -}-  a^t(z] .  (78.18) 


General  equations 


381 


§  78] 

By  assigning  the  stress  values  as 

k2  i  k 

Gz==~N’  Tr*=W’ 

0»==  ~^(ai2&2+a«)’ 

where  ft  and  N  are  arbitrary  real  numbers  and  N  =£■  0, 
we  obtain 

V  =  ai-gffj3'  [d&  +  (a  +  c)  k*  +  1  ] .  (78.20) 

For  all  real  ft  and  N  we  have  F  >  0.  Since  we  always 
have  an  >  0,  aua33  —  af3  >  0  (see  [8],  Part  1  or  [50]),  it 
follows  that 

dk*  +  (a  +  c)  ft2  +  1  >  0  (78.21) 

for  all  real  ft,  and  hence  the  equation 

dp4  +  (a  +  c)  p2  +  1  =  0  (78.22) 

cannot  have  real  roots.  But  the  parameters  sx  and  s2  are 
related  to  the  roots  of  Eq.  (78.22)  px  and  fig  by  the  equalities 

4  =  —44,  s2  =  —i  p2,  (78.23) 

which  can  be  verified  by  solving  Eq.  (78.22),  and  comparing 
the  solution  with  (78.15);  hence,  they  cannot  be  pure  imagi¬ 
nary.  The  squares  of  the  parameters  sf  and  of  the  roots 
p?  can  be  real  or  complex  numbers.  This  follows  from  formu¬ 
las  (78.23);  they  can  also  be  pure  imaginary  (if  the  real  part 
of  pi  is  numerically  equal  to  the  imaginary  part). 

The  boundary  conditions  in  the  case  of  prescribed  forces 
Rn  and  Zn  on  the  lateral  surface  reduce  to  conditions  on  the 
meridians  of  the  surface  of  revolution  and  are  of  the  form 

ar  cos  ( n ,  r)  +  rT2  cos  (n,  z)  =  Rn,  1 
xrz  cos  ( n ,  r)  4-  a  z  cos  ( n ,  z)  =  Zn.  ]  (78.24) 

When  the  displacements  gx  ( s ),  g2  (s)  are  prescribed  on  the 
surface,  we  have  the  conditions 

uT  =  gi  (s),  W  =  gg  (s).  (78.25) 

In  both  cases  the  prescribed  forces  or  displacements  mpy 
be  considered  as  functions  of  the  arc  length  s  of  the  meridian 
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of  a  radial  section  or  of  some  other  parameter  determining 
the  position  of  a  point  on  this  curve. 

The  equations  and  formulas  for  an  isotropic  body  are 
obtained  as  a  special  case  from  the  foregoing  equations  and 
formulas  for  a  transversely  isotropic  body.  In  the  case  of  an 
isotropic  body  with  Young’s  modulus  E  and  Poisson’s  ratio 
v  we  have 


a  =  b  — 


i— v  ’ 
fl  +  c  =  2, 


2- 
1  —  v  ’ 


d=  1, 


Sl  =  «2=  1- 


By  introducing  a  new  function 


|  (78.26) 


X 


JjP_ 

1  —  v’ 


(78.27) 


we  obtain,  from  (78.11),  the  well-known  formulas 

■W--I- (w*x-4-g-) , 

r'! = ~SF  [  •* —  v)  v’x — I?  J  ’ 

where 


(78.28) 


V2 


d*  1  d 
dr *  '  r  dr 


d 2 

dz 2  - 


(78.29) 


Tlie  function  X  satisfies  the  equation 

VaV2X  -  0,  (78.30) 

i.e.,  it  is  biharmonic  (see  (291,  p.  275). 


79.  General  Expressions  for  Stresses  and  Displacements 
in  Terms  of  Two  Functions.  The  General  Case 
of  the  Deformation  of  a  Transversely  Isotropic  Body 

In  addition  to  the  general  representation  of  the  stresses 
and  displacements  using  one  function  cp  (r,  z)  satisfying  a 
fourth-order  equation,  another  representation  may  be 
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indicated,  using  two  functions  satisfying  second-order 
equations. 

The  general  formulas  of  this  kind  were  suggested  by 
H.  A.  Elliott  in  [661;  they  were  used  later  by  various  authors 
in  the  solution  of  specific  problems  (A. A.  Babloyan  [48], 
[49]  among  others). 

We  introduce  into  consideration  two  functions,  <px  (r,  z) 
and  cp2  (r,  z),  satisfying  the  equations 

V?q>,  =0,  V&2-0,  (79.1) 

where  V?  are  operators  (78.16).  Assuming 

$-  =  91  +  92,  (79-2) 

d  d 

and  using  the  equality  —  V,2V29  ==  V2Vi9,  we  see 

that  Eq.  (78.17)  is  satisfied,  i.e.,  the  sum  (px  +  <p2  is  its 
solution. 

We  state,  without  derivation,  formulas  for  the  displace¬ 
ments  and  stresses  (see  [66],  [48],  [49]): 

ur  =  -gf  (9i  +  92) ,  w~~fo  (^191  +  ^292);  (79.3) 

Or==_ili^lL^.((pi  +  (p2)_ 

~  ^TirU1  +  ^1)  9i  +  (1  +  ^2)  92]' 

0fl  =  AllIlAi*  ~(<pl  +  tp2) + 

+  "air  [(^13^1  —  ^12^1)  9i  +  (Ais^2  —  ^12^-2)  92),  (79-4) 

d2 

a2  --  "fzt  [  (A33/C1  —  A13?.j)  q?!  -f-  (A33/C2  —  A13X2)  92J , 

Trz  =  -Qf-Qz  I  (1  +  &i)  9i  +  (1  +  ^2)  92], 

Tez  —  Tr0  =  0. 

Here  X2  are  the  squares  of  the  roots  of  the  equation 

AuA44X4  -f-  [A13  (A13  -4-  2A44)  —  AuA33]  k2  -f- 

+  A33A  44  =  0,  (79.5) 
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which  are  assumed  to  be  distinct, 


h 


a44 

^13  +  ^44  ’ 


(*  =  1,2) 


(79.6) 


and  A  a  are  the  elastic  constants  from  the  generalized  Hooke’s 
law  equations  (78.2)  solved  for  the  stress  components.* 
Note  that  Eq.  (79.5)  may  be  written  in  a  simpler  form, 
namely 

-  (a  +  c)  k2  +  d  =  0,  (79.7) 


where  a,  c,  d  are  determined  by  formulas  (78.12).  It  is  easy 
to  notice  the  relation  between  the  roots  of  Eqs.  (78.22), 
(79.7)  and  the  parameters  st: 


— 


(79.8) 


It  follows  that  the  roots  can  be  real  or  complex, 

but  cannot  be  pure  imaginary,  and  the  squares  kj,  are 
real  or  complex  numbers.  It  is  quite  possible  that  xf  are 
pure  imaginary  (if  the  real  part  of  p,  is  numerically  equal 
to  the  imaginary  part). 

In  [601,  which  will  come  under  consideration  in  Sec.  85, 
W.T.  Chen  somewhat  modifies  the  general  formulas  (79.3) 
and  (79.4)  by  introducing  new  variables 


z1  = 


z 


^2  ’ 


and  potential  functions  cDj  (r,  zj  and  <D2  (r,  z2)  instead  of 
cpx  (r,  z)  and  <p2  (r,  z).  These  general  formulas  [the  transfor¬ 
med  formulas  (79.3)  and  (79.4)]  are  of  the  form 

Wr  =  (^i  4-  ^2) ' 

tn  —  ,  k2  dffig  , 

dzj  '1~  \2  dz2  ' 


*  The  notation  used  in  the  cited  papers  is  somewhat  different: 
the  elastic  constants  and  the  roots  of  Eq.  (79.5)  are  denoted  by  ctj 
and  V;,  respectively.  We  have  changed  the  notation  in  accordance 
with  that  adopted  in  the  present  book. 
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A\ i  —  A* 


dr 

i  a  I  32  ,  1  d  \  f  1-f-kj  ^ 

'rAii\-d^  +  7  IF) 

°e  —  ~  C^n  ^12)  -z~f  (^i  4-  ^2)  + 


(d)t  -f  ®2)  + 

( i+fc, 


(D 

X2  ^2 


dr 2 


(  d2 

l!1 

\  dr2 

r  dr 

+  ^44 
°z  =  ^44  [(1  +&l) 


*+*!  iT>  I  1  +  ^20 


M 


a2<D! 

az| 


CDj  + 

32<D, 


n 


). 

). 


e+y^]. 


(79.10) 


The  functions  CD,  (r,  z£)  are  harmonic  functions  of  the 
variables  r  and  z,-,  i.e. ,  they  satisfy  the  equation 

dWt  ,  1  dd>t  ,  a2<Di==()  (J.  =  1)2).  (79.11) 


dr2 


r  dr 


dz ? 


The  advantages  of  the  general  representation  (79.9), 
(79.10)  lie  in  the  fact  that  we  deal  with  the  harmonic 
functions  and  02,  which  must  be  determined  from  the 
surface  conditions.  A  shortcoming  of  this  representation  is 
that  the  functions  have  different  arguments:  (fh  is  a  function 
of  r  and  zlt  and  <D2  is  a  function  of  r  and  z2. 

Consider,  now,  a  transversely  isotropic  body  that  is 
deformed  by  forces  producing  a  general  deformation  depend¬ 
ing  on  all  three  co-ordinates.  Hu  Hai-chang  and  W.  Nowa- 
cki  have  shown  that  the  displacements  and  stresses  may  be 
expressed  in  terms  of  a  function  satisfying  a  fourth-order 
equation  and  also  in  terms  of  functions  satisfying  a  second- 
order  equation.* 

Let  the  body  be  referred  to  a  Cartesian  co-ordinate  system, 
with  the  axis  directed  normally  to  the  planes  of  isotropy. 
Below  are  given  the  formulas  for  the  displacements  taken 
from  [69]: 

d2<P  dty  .  <flq>  |  dip  *. 

dxdz  dy  ’  dy  dz^  dx  ’  !  g  12 

i  32<p  .  a2<p  ,  d2qp  \  (  ' 


*  See  [69]  and  [105];  in  [69]  F  and  qp  are  used  instead  of  qp  and  ir¬ 
respectively. 
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Here 


du 

n  —  1  x  v  - — 

^44 

(79.13) 

dl3+d44  ’  d 

13+d44 

At]  are  the  elastic  constants  from  Eqs.  (4.8) 
The  'functions  <p  and  i])  satisfy  the  equations 

or  (78.2). 

© 

II 

A 

> 

> 

(79.14) 

vS<p  =  o. 

Here 

(79.15) 

_  a2  ,  a*  ,  l  a8 

Vl  a*2  '  a^«  r  s2  az2 

c7 

o 

ii 

•i** 

(79.16) 

slt  s2  are  the  parameters  introduced  previously, 
determined  by  formulas  (78.15)  and  (78.12),  and 

which  are 

-2_  deB 

a44 

(79.17) 

The  stress  components  are  determined  from  the  generalized 
Hooke’s  law  equations  (4.8)  by  substituting  the  expressions 
for  the  displacements.  They  will  not  be  given  here. 

If  we  use  a  cylindrical  system  r,  0,  z,  with  the  z  axis 
directed  normally  to  the  planes  of  isotropy,  the  expressions 
for  the  displacements  take  the  form 


ur  = 


w- 


a*(p 

1  d\ f> 

i  a2<p 

*l>  A 

dr  dz 

r  ae  ’  “8_ 

r  dddz 

dr  ’ 

/a2cp  , 

i  acp  l  a*cp 

i  a*q> ) 

•  (79.18) 

\  3r2  + 

r  dr  '  r8  30* 

dz1  )  ' 

J 

Equations  (79.14)  and  (79.15)  remain  true 
functions  <p  and  i[),  with 


Vj  = 


a2  l  a  ,  l  a8  l 

dr%  "I"  r  dr  '  r8  30*  +  s\ 


a8 

dz 2 


for  the 
(79.19) 


The  expressions  for  the  stresses  in  terms  of  <p  and  are 
obtained  from  Eqs.  (78.2).  Here,  too,  we  can  introduce, 
instead  of  the  function  <p,  two  funtions,  <pj  and  qjj,  of  the 
variables  x,  y,  z  or  r,  0,  z  satisfying  the  equations  (see  [66]) 

V?<Pi  =  0,  vfra  =  0,  (79.20) 

where  the  operators  V?  are  of  the  form  of  (79.16)  and 
(79.19). 
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Many  problems  have  been  solved  using  the  representations 
indicated  in  this  and  the  preceding  section.  Thus,  Hu  Hai- 
chang  has  investigated  the  bending  of  a  cone  by  a  transverse 
force  applied  at  the  vertex  ([69]),  W.  Nowacki  has  considered 
the  state  of  stress  in  a  half-space  and  a  thin  plate  ([1051), 
A. A.  Babloyan  has  solved  a  non-trivial  problem  of  the  elastic 
equilibrium  of  a  circular  cylinder  of  finite  length  ([48], 
[491),  etc. 


80.  Stress  Distribution  in  a  Cylinder 

under  an  Arbitrary  Axially  Symmetric  Load 

Consider  a  cylinder  loadedj^over  the  lateral  surface  by 
arbitrary  axially  symmetric  forces  N  ( z )  and  T  ( z ).  We  adopt 
only  one  restriction,  namely  that  the  forces,  as  functions  of 
z,  satisfy  the  Dirichlet  conditions,  and  hence  can  be  repre¬ 
sented  by  Fourier  series. 

In  this  case  the  solution  of  Eq.  (78.17)  must  also  be 
sought  in  the  form  of  a  series  of  the  sines  or  cosines  of  the 
arguments  mnz/l  (m  =  1,  2,  3,...).  We  first  determine  the 
solution  of  Eq.  (78.17)  in  the  form  of  a  product: 

q>m  =  /m(r)sin-^p-,  (80.1) 


where  m  is  an  integer,  or  in  the  corresponding  form  with  the 
cosine.  Substituting  (80.1)  in  (78.17),  we  obtain  a  fourth- 
order  equation  for  fm : 


(80.2) 


which  reduces  to  two  Bessel  equations.  The  general  integral 
of  this  equation  is  expressed  in  terms  of  the  Bessel  and 

Weber  functions  of  zero  order  of  the  arguments  IE!Lr  ana 
~jr  complex  in  general.  If  sx  and  s2  are  real  numbers, 

fm  and  <pm  are  expressed  in  terms  of  modified  Bessel  functions 
and  Macdonald  functions.  For  definiteness,  we  shall  consider 
only  the  case  of  real  distinct  and  s2.  The  final  expression 
25* 
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for  the  function  <pm  is 

+  C”K»  r)  +  c»£o  (t?-  r)  ]  si» -^f1  ■  <80-3) 

The  function  <pm  is  expressed  as  a  product  fm  (r)  cos^p 
in  a  similar  way. 

We  outline  the  procedure  for  the  solution  of  the  following 
problem.  A  solid  circular  cylinder  (having  no  cavity) 

is  loaded  over  the  lateral  sur¬ 
face  by  normal  forces  N  distrib¬ 
uted  symmetrically  with  res¬ 
pect  to  the  middle  cross  section 
(Fig.  105).  Let  the  origin  of 
co-ordinates  be  placed  at  the 
centre  of  the  middle  section,  and 
let  the  length  be  denoted  by  21. 
We  expand  the  function  N  (z) 
in  a  Fourier  series,  which  will 
contain  only  the  cosines  and  a 
constant  term.  The  conditions 
on  the  lateral  surface  are  written  as  follows:  when  z  =  R, 


<xr=-W=-fl0-  2  amcos  — ,  xrz  =  0,  (80.4) 

771=  1 

By  requiring  that  the  resultant  of  the  forces  at  the  ends 
should  be  zero,  we  add  a  further  condition:  when  z  —  ± l , 

R 

J  azrdr  =  0.  (80.5) 

o 

The  function  K0  has  a  singularity  at  r  =  0;  consequently, 
the  coefficients  of  K0  in  the  expression  for  <p  must  be  set 
equal  to  zero. 
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The  final  expression  for  <p  is 
<p  =  B30zs  -f-  B32zr2Jr 

+  2  [4.L  +  (80-6) 

m— 1 

Next,  we  determine  the  stresses  by  formulas  (78.11)  and 
satisfy  the  boundary  conditions  (80.4).  We  obtain  two  equa¬ 
tions  for  Am  and  Bm  and  one  equation  for  B30  and  B3i. 
The  lacking  equation  is  obtained  from  the  end  condition 
(80.5).  The  stress  xrz  vanishes  at  the  ends,  as  required.  We 
restrict  ourselves  to  these  general  remarks. 

At  present  an  exact  solution  is  known  for  a  circular 
cylinder,  satisfying  both  the  conditions  on  the  lateral 
surface  and  at  the  ends.  It  has  been  found  by  A.  A.  Babloyan 
in  [48]  (special  case)  and  in  [49]  (more  general  case).  We 
shall  not  elaborate  upon  these  solutions,  but  only  indicate 
the  general  procedure  for  the  solution  of  the  problem  con¬ 
sidered  in  [49]. 

It  is  assumed  that  a  solid  cylinder  of  length  21  and  radius 
R  is  loaded  over  the  lateral  surface  by  given  forces  represent¬ 
ed  as  Fourier  series: 

Ar  =  v;+  2  Ymcos-^,  r=Sv»8in-^,  (80.7) 

TO=  1  TO=  1 

and  at  the  ends  by  forces  represented  as  series: 

CO  CO 

=  f )  ,  Tt  =  2  8rnJ  1  (^)  -  (80.8) 

m— 1  m—  1 

The  stresses  and  displacements  satisfy  the  conditions 

or  (R,  z)  =  TV,  xr2  (R,  z)  =  T\  (80.9) 

az  (r,  l )  =  Nu  xrz  (r,  l)  =  Tu  (80.10) 

and  further  conditions: 

xTz  (0,  z)  =  wr  (0,  z)  =  0, 

Itz  (r,  0 )  =  m(r,  0). 


(80.11) 
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The  functions  (pl5  <pa  are  sought  in  the  form* 

*.-•,•  +  6,  (4_£)  +  2  Atj,(J£p -r)coS^L  + 

%  TO=  i 

+  2  (s»“shw+c"sinhS)Mi:f) 

TO=  1 

(£  =  1,2)  (80.12) 

(here  and  in  the  foregoing  pm  are  the  roots  of  the  equation 
J1  ( x )  =  0;  ±klt  ±Xa  are  the  roots  of  Eq.  (79.5),  which 
are  assumed  to  be  distinct).  On  satisfying  some  of  the  con¬ 
ditions,  the  constants  A C A^,,  Cm  are  expressed  in 
terms  of  new  constants,  Xm,  Ym,  with  Blm  =  B2m  =  0. 

The  problem  is  further  reduced  to  that  of  determining  the 
unknown  constants  Xm,  Ym.  The  resulting  infinite  system  of 
equations  for  them  is,  as  shown,  regular.  The  coefficients 
6lt  ar®  determined  uniquely,  and 

(80.13) 

rc2 

where  ftj,  k2  are  found  by  formula  (79.6).  We  leave  brief 
account  at  this  point,  and  refer  those  wishing  to  become 
acquainted  with  the  subject  in  greater  detail  to  the  papers 
by  A. A.  Babloyan  already  cited. 

81.  Stress  Distribution  in  a  Heavy  Block 
with  a  Vertical  Cavity 

Closely  related  to  the  problem  of  the  equilibrium  of  a 
cylinder  is  the  following  problem  of  some  interest  in  mining. 

There  is  a  homogeneous  transversely  isotropic  block 
bounded  by  a  horizontal  plane  (half-space);  all  planes  of 
isotropy  are  parallel  to  the  boundary  plane.  A  vertical 
cavity  in  the  form  of  a  circular  cylinder  of  radius  R0  extends 


*  See  formulas  and  equations  (79.3)  to  (79.7).  We  have  somewhat 
modified  the  notation  used  by  A.  A.  Babloyan  in  accordance  with 
that  adopted  in  this  book.^The  origin  of  co-ordinates  is  placed  at 
the  centre  of  the  middle  section. 
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from  this  plane  inwards.  It  is  required  to  determine  the 
stresses  near  the  cavity  due  to  gravity. 

In  the  theory,  the  block  is  first  assumed  to  be  infinite,  as 
is  the  length  of  the  cavity.  Let  the  origim-of  co-ordinates  be 
placed  on  the  boundary  plane 
at  the  centre  of  the  section 
of  the  cavity,  with  the  z  axis 
directed  vertically  downward 
(Fig.  106).  The  problem  is 
solved  in  an  elementary  way 
(see  [79]  and  [26]). 

We  first  determine  the 
stresses  and  displacements  due 
to  gravity  in  a  solid  block 
(without  a  cavity);  they  will  be 
marked  by  zeros.  Assuming 
u°r  =  ug  =  0,  w°  =  w°  (z), 
from  the  generalized  Hooke’s  law  equations  (78.1)  we  find 

o!-so8  =  -^fc<’;-  T”-°-  <811> 

By  integrating  the  second  equilibrium  equation  of  (78.8), 
where  R  —  0,  Z  =  y  (y  is  the  specific  weight),  and  satisfying 
the  condition  on  the  free  surface  z  =  0,  where  we  must 
have  a®  =  0,  we  obtain 


®13 


yz, 


li“  =  lig  =  0, 


ll  +  a12 

(o _  2af3  —  (ftn  -|-  2)  & 


W “ 


2  («ll  +  a12) 


(81.2) 


(c  is  an  arbitrary  constant). 

The  stress  distribution  in  a  half-space  with  a  cavity  is 
obtained  by  superimposing  stresses  (81.2)  and  the  stresses 
determined  by  formulas  (78.11)  and  corresponding  to  the 
stress  function 


<P  =  (C20z2  +  C22ra)  In  r,  (81.3) 


the  latter  tend  to  zero  as  r  increases  indefinitely. 

If  no  external  forces  are  applied  on  the  surface  of  the 
cavity,  the  following  conditions  must  be  fulfilled  there: 
when  r  =  R0, 


Or  =  Trr  =  0. 


(81.4) 
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In  addition,  on  the  plane  z  —  0 

o2  =  rTZ  =  0.  (81.5) 

By  determining  the  constants  C20  and  from  these 
conditions,  we  obtain 


Of 


0Q 


a13 


4 


yz 


aii+®i2 
—  yz,  tr2  =  0, 


(*-£) 


J 


Ur  = 

w  — 


a13 

all_Ha12  r 

2gi8 —  (an  4~ai2)  g33  V72 _ 

2(au  +  «ia)  ^ 

ai3(an  —  aia) 


yR\  In  r  4  c.  j 


(81.6) 


(81.7) 


The  stress  a0  at  radial  sections  at  the  surface  of  the  cavity 
is  determined  by  the  formula 


<h) 


2ais 

an  +  ai2 


yz  = 


2  E  v' 

E'  1  — v 


yz. 


(81.8) 


This  stress  is  twice  that  in  a  solid  block  at  the  same 
distance  z  from  the  boundary  plane.  The  expressions  for 
the  displacements  show  that  the  edge  of  the  hole  in  the 
deformed  block  considered  from  the  viewpoint  of  the  classic¬ 
al  theory  of  elasticity  must  rise  a  little. 

If  the  surface  of  the  cavity  is  acted  on  by  a  pressure  qz 
varying  directly  as  the  distance  z,  then  to-  stresses 
(81.6)  are  added  the  following: 


ar=-^-z,  a9  =  -ij«  z,  az  =  xTz  =*0.  (81.9) 

t 

This  is  the  case  when  the  cavity  is  filled  to  the  top  with 
liquid. 

A  much  more  complicated  problem  is  that  of  stress 
distribution  in  an  elastic  heavy  block  with  a  vertical 
cavity  of  finite  length,  i.e.,  having  a  flat  bottom.  This 
problem  has  been  solved  by  V.Z.  Vasil’ev  for  the  case  of 
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an  isotropic  block  (see  [127]).  The  problem  has  been  reduced 
to  a  system  of  three  integral  equations,  which  has  been 
solved  approximately.  The  formulas  obtained  allow  the 
stresses  to  be  calculated  to  a  zero  and  a  first  approximation. 


82.  Stress  Distribution  in  an  Elastic  Half-space 
under  an  Axially  Symmetric  Normal  Load 

The  problem  is  formulated  as  follows.  An  elastic 
homogeneous  transversely  isotropic  half-space  is  bounded 
by  an  infinite  plane  and  has  planes  of  isotropy  parallel  to 
the  boundary  plane.  Normal  forces  distributed  over  the 
area  of  a  circle  on  this  bound¬ 
ary  plane  have  rotational 
symmetry  about  a  normal 
drawn  through  the  centre  of 
the  circle,  which  is  taken  as 
the  origin  O  of  a  cylindrical 
co-ordinate  system  (the  z  axis 
is  directed  normally  to  the 
boundary  inwards). 

Denoting  the  intensity  of 
loading  by  p  (r)  (Fig.  107), 
we  assume  that  this  function 


Fig.  107 


satisfies  the  conditions: 
(1)  it  is  finite  for  all  r,  (2)  in  any  finite  interval  r  >  0  the 
number  of  points  of  discontinuity  and  extreme  points  is 

OO 

finite,  and  (3)  the  integral  j  p ]/  r  dr  converges  absolutely, 

o 

i.e.,  the  resultant  force  vector  is  finite  or  zero.  These  rather 
general  restrictions  allow  the  load,  as  a  function  of  r,  to 
be  represented  by  the  Fourier-Bessel  integral,  i.e.,  in  the 
form 


where 


P  (r)  =  j  ^  (0  tJ o  (if)  dt , 
0 

oo 

^(0=  [  P(%)  &o  (&)dl. 


(82.1) 


(82.2) 


JQ  is  the  zero-order  Bessel  function  of  a  real  argument. 


394 


AXIALLY  SYMMETRIC  DEFORMATION 


[CH.  9 


The  surface  conditions  are  written  as  follows:  when  z  =  0, 

oo 

oz  =  —  p  (r)  =  —  j  ty(t)  tJ0  ( tr )  dt,  xTl  —  0.  (82.3) 

o 

It  is  natural  to  assume  that  the  stresses  at  infinity  are 
all  zero,  i.e.,  as  z  -voo, 

<jr  =  a0  =  oz  =  xrz  =  0.  (82.4) 

The  expression  for  <p  is  first  sought  in  the  form 
of  a  product: 

q>  =  Z  ( tz )  J0  (tr).  (82.5) 

Substituting  in  Eq.  (78.13),  we  obtain  an  equation  for 
Z: 

dZ iv  —  (a  +  c)  ZT  +  Z  =  0  (82.6) 

(the  derivatives  are  taken  with  respect  to  the  argument 
tz)  to  which  corresponds  the  characteristic  equation 

ds4  -  (a  +  c)  s2  +  1  =  0.  (82.7) 

This  equation  has  already  been  encountered  (in  Sec.  78); 
its  roots,  ±sx,  ±s2,  are  always  real  or  complex  numbers, 
but  cannot  be  pure  imaginary.  When  sx  and  s2  are  distinct, 
expression  (82.5)  is  of  the  form 

q>  =  (Ae,'tz  +  Bes»tz -f  Ce~^tz  +  De~‘*tz)  J0  (tr),.  (82.8) 

and  when  =  s2  =  s, 

<p  =  ((A  +  Btz)  estz  +  (C  +  Dtz)  e~sU)  JQ  (tr).  (82.9) 

We  require  that  the  stresses  found  from  the  function  <p 
should  satisfy  the  conditions  at  infinity  (82.4);  for  this  it 
is  obviously  necessary  to  set  A  =  B  =  0. 

The  function  <p  obtained  by  integrating  expressions 
(82.8)  or  (82.9)  with  respect  to  t  is  also  (at  least  formally) 
a  solution  of  Eq.  (78.17).  Assuming  that  sx  s2,  we  take 
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for  the  function  <p  the  expression 
00 

<p  =  j  (Ce-S*tz  +  De-*'tz)  J0  ( tr )  dt,  (82. 10) 
o 

where  C  and  D  depend  on  the  parameter  t.  The  corresponding 
stresses  found  by  formulas  (78.11)  are  also  represented  as 
integrals;  in  particular, 


ct2  =  —  j  [Csj  (ds®  —  c)  e~sitz  -f  Ds2  (ds\  —  c)e  s«<z]  x 
o 


X  t3J0  (tr)  dt, 

oo 

trz  =  —  j  [ C  (as*  —  1)  +  D  (asl  —  1)  e-s«<z]  x 

o 


(82.11) 


X  t3Jt  (dr)  dt ) 

(/x  is  the  Bessel  function  of  the  first  order).  By  satisfying 
conditions  (82.3),  we  obtain  the  equations 


Cst  (ds*  -c)  +  Dsz  (ds*2  -  c)  = 
C(asl-i)  +  D(asl-i)  =  0. 


(82.12) 


From  this 

c  H>(0  (1  —  asl)  Yd 

t *  (Sj  —  s2)  (ac—  d)  ’ 

r,  ...  ^  (*)  (1  —  asj)  V* 

t*  (*!-*,)  (ac-d) 

For  shortness,  we  introduce  the  notation: 

Pi  =  l-as“,  ft  =  (6  —  fl«*)(l—  asl), 

p2  =  \~asl,  ‘  ft  =  (6  —  0*;)  (1 -««■), 

,  (6—1)  Yd  _  1  —  v 

ac  —  d  yj  ' 

.  (6—  !)(«+/?)  _,4  a+V"d 

^  d  ' 


(82.13) 


(82.14) 
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the  final  formulas  for  the  stresses  then  become  (see  [79], 
pp.  49-50  and  [26]) 


CT'=  --fe-!;)/?  5 *(t) 

X  tJ o  (£r)  dt  -f- 


X 


T^~TT  t  ^  (t)(siPze  Sltz  —  s2p{e-s*tz)  J J  (tr)  dt, 
S 1 — s2  r  J 


XtJ0(tr)dt — 

oo 

I  i|>  (t)  (SiP2e~^  —  s2p1e_s»lz)  / i  (tr)  dt, 


—  $2  r 

u6 

(*i— % 

X  1 

*i 

—  s2  r 

a,= 

1 

}  (82.15) 


(*i  —  sa) 


^yj  j  *  (t)  (e~e<tz  -  e-**t*)  tJ i  (tr) 


dt. 


To  determine  the  stresses,  it  is  first  necessary  to  find 
the  function  i[5  ( t )  corresponding  to  a  given  load  by  formula 
(82.2).  For  simple  distributions  of  the  forces  p  ( r ),  the 
evaluation  of  the  integrals  entering  into  (82.15)  presents  no 
great  difficulty. 

We  shall  not  consider  the  case  of  equal  roots  since  the 
formulas  for  a  given  load  are  obtained  by  passing  to  the 
limit  as  s1  -vs8. 

By  this  method  we  can  obtain  solutions  of  problems  for 
the  cases  when  both  normal  and  tangential  symmetrically 
distributed  forces  xrz  (r,  0)  or  axially  symmetric  displace¬ 
ments  ur  ( r ,  0),  w  ( r ,  0)  are  prescribed  on  the  boundary, 
and  also  solutions  of  mixed  problems  (one  displacement 
component  and  one  stress  component  are  prescribed). 
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83.  Stress  Distribution  in  a  Half-space  under 

a  Concentrated  Force  and  an  Arbitrary  Normal  Load 

Let  a  concentrated  force  P  be  applied  to  a  half-space  at 
a  point  O  on  the  boundary  plane  (Fig.  108).  To  obtain  the 
stresses  produced  by  this  force,  p 

we  first  consider  a  normal  load 
of  intensity  p  —  P/ne 2  dis¬ 
tributed  uniformly  over  Lthe 
area  of  a  circle  of  infinitesi- 

mal  radius  e.  For  this  load  x 


$(t)=p  ]  j0mtdt= 


=uir/i(*e)-  (83>1)  1 

We  substitute  this  expres-  zT  TV  [ 

sion  in  formulas  (82.15)  and  SZX. V! 

then  allow  the  radius  e  to 

tend  to  zero.  As  e  -*-0,  the  108 

expressions  appearing  under 

the  integral  signs  tend  to  definite  limits  since 

lim^L=-k  (83.2) 

All  integrals  entering  into  the  stress  formulas  reduce  to 
four  different  integrals  whose  expressions  are  known;  these 
are  as  follows  (see  [121,  pp.  721  and  726): 


(83.2) 


0 

<50 

j  e~tizJi  (tr)  dt  =  y(  1  — - 


(83.3) 


/  r*  +  s 


ztJ  t  (tr)  dt  = 


(r2-fs2z2)3/2 
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(s  is  a  real  or  complex  number  with  a  positive  real  part, 
but  not  an  imaginary  number). 

We  obtain  the  following  formulas  giving  the  stress 
distribution  in  a  transversely  isotropic  half-space  due  to 
a  concentrated  force:* 


P  [ 

°r ~  2n  { 


—  X 


(si  sz)  'j/- d 

x  r _ a _ fi _ i + 

L  (r2-f-s?z2)3/2  (r*  +  *i*a)*/*  J  ^ 

^ _ £_  r  S1P2  s%Pi  "1 _ p  1 

Sj  s2  r2  L  ]/V2-|-sJz2  Y r2 s|z2  -I  7-2  1  ’ 


<*e 


= _ z  r. 

2ji  1  ^ s  1  s2  L 


si9a 


sl?i 


(r2+s?z2) 3/2 
z 


(r2  +  s2z2 

Yr_jPL. 

L 


•  X 


2n  yn 

p 


1  X  z 

J  st  —  s2  rs 

sjiPi  "1  4_Ji\ 

/ r2+s|z2  J  7-2  /’ 

(r2  +  s?z2)3/2  _  (r2  +  s|z2)3/2  j  • 

r  T  1  In 

2n  Yd  *1  —  sa  L  (r2  +  s?z2)3/2  (ra-f-s|za)3/s  J  ‘ 


—  f 

*j—  sa  L 


1 


(83.4) 


The  expressions  for  az  and  xrz  may  be  written  in  an 
alternate  form: 


a  _  p  (si+s2)  ,3  v 
- 2 nd  Z  X 


X 


3d2r4+3  (a-f-c)  dz2  r2+  [(a  +  c)2 — d]  z4 
[dr4+(a+c)  z2r2  +  z4]3/2  [(r2+sfz2)3/2  +  (r2  +  s2z2)3/2] 


(83.5) 


*rz  = 


r 

z 


a 


z- 


The  characteristic  features  of  the  state  of  stress  under 
consideration  are  as  follows.  We  first  observe  that  all 
stresses  vary  inversely  as  the  square  of  the 'distance  p  from 
the  point  of  application  of  the  force,  i.e.,  they  decrease 


*  See  the  author’s  paper  [79]  and  book  [26].  The  solution  of  the 
problem  (for  the  special  case  of  a  transversely  isotropic  half-space 
whose  Poisson’s  ratios  are  all  zero)  was  obtained  earlier  by  K.  Wolf 
in  [129]. 
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fairly  rapidly.  On  planes  normal  to  the  force  there  acts  a 
stress  tz  with  components  oz  and  xrz.  The  magnitude  of  the 
total  stress  on  these  planes  is 

t2  =  v ol  +  rlz=  |CTZ|  |/"  1  4-  (-j)2 ,  (83.6) 


and  its  direction  coincides  with  that  of  a  radius  vector 
drawn  from  the  point  of  application  of  the  force  to  a  given 
point,  or  it  is  opposite  to  the  direction  of  this  radius  vector 
(Fig.  108).  Points  where  the  stress  has  a  given  constant 
value  tz  =  t0  are  situated  on  a  surface  of  revolution  passing 
through  the  origin;  the  equation  of  this  surface  is 

z2  Y  r2  +  z2  X 


3d3r*+3  (o  +  c)  dzV  +  [(a  +  c)2— d]  z* 

[dr^  +  ^+c)  z2r 2+z4]3/2  [(r2+ sjz^  +  f^  +  slz2)3/2] 

2n  dtg 

~  P  (s,+S2)  • 


(83.7) 


The  stress  distribution  in  an  isotropic  half-space  is  found 
by  a  limiting  process.  Putting  sx  =  s2  =  1,  v'  =  v  in 
(83.4),  and  evaluating  the  indeterminacies,  we  obtain* 


3  P  z3  3  P  z2r 

2n  p3  ’  Trz—  2 it  p3  • 


(83.8) 


Here  p  =  ]/r2  -f  z2  is  the  distance  from  the  point  of 
application  of  the  force  to  a  given  point.  The  surfaces  of 
constant  stress  tz  =  t0  become  spherical  surfaces,  passing 
through  the  point  of  application  of  the  force  and  centred  on 
the  line  of  action  of  the  force. 

It  is  easy  to  pass  frbm  a  concentrated  force  to  a  normal 
load  distributed  arbitrarily  over  the  boundary  plane.  It 
is  more  convenient  in  this  case  to  carry  out  the  investigation 
by  using  a  Cartesian  co-ordinate  system  in  which  the  xy 
plane  coincides  with  the  boundary  plane  of  a  half-space. 

We  must  first  find  the  stresses  due  to  a  force  P  applied, 
not  at  the  origin,  but  at  an  arbitrary  point  O'  with  co- 


*  See,  for  example,  [37],  p.  401. 
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ordinates  £,  rj  (Fig.  109).  Knowing  the  stresses  ar,  ae, 
a  z,  xTz  for  a  cylindrical  co-ordinate  system  with  the  z' 
axis  directed  along  the  line  of  action  of  the  force,  we  find  the 
stress  components  in  a  Cartesian  system  x,  y,  z: 


ox  =  ±(or  +  oe)  +  -L(ar-oe)  , 

<7®  =  T  (a'  +  ~ T , 


r  _ t  (r  cs  \  (*— S)  (LzJT) 

,-(Or-Og)  (X_?)2  +  („_T1)*  . 


=  T  r 


—  rz 


x—l 


Y(*—  i)2+(y— ’ll2 

_ y— o _ 

/(*-£)*+ (y-n)*  ' 


(83.9) 


Here  ar,  a0,  a2,  xTZ  are  determined  by  formulas  (83.4)  in 

which  r  must  be  replaced  by 

V(*  -  S)2  +  Jy  -  W 

Let  a  normal  load  be  distrib¬ 
uted  over  a  portion  S  of  the 


boundary  plane,  and  let  it  be  a  function  of  and  \y, 
p  (x,  y)  (Fig.  110).  An  element  d%  dr\  of  the  loaded  portion 
is  acted  on  by  Ja  load  p  dE  dr\,  which  is  considered  as 
a  concentrated  force.  The  stresses  ox,  oy,  .  ,  .,xyz  are  ob¬ 
tained  by  summing  the  stresses  produced  by  infinitesimal 
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forces,  i.e.,  by  integrating  with  respect  to  £  and  q  within 
the  region  S.  We  shall  not  give  all  the  formulas,  but  only 
write  the  expression  for  a  z: 

°z  =  2n  Yd(Sl  —  s2)  1  I  [(*—  t)*  +  (y—  ri^  +  sfz2]3/2  ~ 

8 

[(*-©*+(»- ]^dt?-  (83-10) 


84.  Extension  of  an  Elastic  Cone 

The  theory  of  the  axially  symmetric  deformation  of  a 
transversely  isotropic  body  enables  one  to  determine 
the  stresses  in  a  conical  bar  extended  by  an  axial  force 
P  (Fig.  111). 

It  is  assumed  that  the  planes  of  isotropy  in  the  cone 
under  investigation  (in  general,  truncated)  are  normal  to 


Fig.  Ill 

the  geometrical  axis.  In  other  words,  we  consider  the  elastic 
equilibrium  of  a  body  bounded  by  the  surface  of  a  circular 
cone  and  two  end  planes  normal  to  the  geometrical  axis  of 
the  cone.  One  end  (say  the  wide  end)  is  assumed  to  be  fixed 
in  a  certain  way,  and  the  other  to  be  loaded  by  forces  reduc¬ 
ing  to  a  force  P.  Let  the  vertex  of  the  conical  surface  be 
taken  as  the  origin  of  a  cylindrical  co-ordinate  system,  with 
the  z  axis  directed  along  the  geometrical  axis.  The  vertex 
angle  is  denoted  by  2a,  the  length  of  the  bar  by  l ,  and  the 

26-0800 
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distances  from  the  vertex  to  the  narrow  and  wide  ends  by 
l0  and  Z0  +  l,  respectively. 

The  boundary  conditions  on  the  lateral  surface  are  written 
as  follows:  when  r  =  z  tan  a, 

ar  cos  a  —  Trz  sin  a  =  0, 

Trz  cos  a  —  oz  sin  a  =  0. 

By  cutting  the  body  by  a  plane  normal  to  the  z  axis,  we 
add  to  conditions  (84.1)  the  equilibrium  condition 

z  tan  a 

J  a*rdr  =  -W’  (84-2) 

0 

it  must  obviously  be  fulfilled  at  any  distance  z  from  the 
vertex,  and  in  particular  at  the  ends  z  =  Z0  and  z  =  Z0  -f  l. 
Moreover,  the  stresses  must  be  finite  at  any  point  except 
the  vertex  (if  the  equilibrium  of  a  complete  cone  is  under 
consideration),  and  must  tend  to  zero  with  increasing 
distance  from  the  vertex. 

Let  the  parameters  and  s2  be  distinct.  The  function 
<p  can  then  be  represented  as  the  sum 

q>  =  Al  [sjZ  In  ( s tz  +  ]/  r2  +  sjz2)  —  stz  In  r  —  ]/  r2  +  s2z2]  + 

+  Az  [s2z  In  (s2z  +  Y  r2  +  s2z2)  —  s2z  In  r — V rz  +  s*z2]  + 

+  5zlnr.  (84.3) 

With  this  choice  of  <p,  we  can  satisfy  all  conditions,  both 
the  exact  ones  on  the  lateral  surface  (84.1)  and  the  equilib¬ 
rium  condition  (84.2).  The  corresponding  stresses  are 
determined  by  formulas  (78.11)  and  (78.12);  they  will 
depend  on  three  constants,  Alt  A2,  B. 

For  the  stresses  to  be  finite  (except  at  the  vertex  if  the 
body  has  the  shape  of  a  complete  cone),  we  must  set 


(84.1) 


B  —  ^4^  -f-  Ats2. 


(84.4) 
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The  expressions  for  the  stresses  determined  from  the 
function  <p  by  formulas  (78.11)  are  then  written  as 


oT  —  A !  £ 

+  si 


PiSl  (r2-f  S222)3/2 
6—1 


(■ 


2  (r2  +  s2z2)3/2  ' 

6—1 


Y  r2  +  s?z2 

+  A2  £  —  Pns: 

,  6—1  / 

+  s2~7a—  ( 

+*•  jlY( 


1)]+ 


Y  '•2+* 


*)]• 


(r2  +  s2z2)3/2  ' 

6  —  1  /  SjZ 


Y  ra  +  sfz2 


l)]“ 


1  (84.5) 


A2[r2sl- 


+ 


+  s. 


2  2  (r2  +  s2z*)3/2 

6 —  1  /  jSjZ 


(• 


/  r2  +  s 


*)]• 


CTZ  ^iPl  (r2_^s222)3/2  +^2^2  (r2  +  s|22)3/2 


%TZ  —  z  °Z • 


:) 


(84.6) 


Here  we  have  used  the  notation: 

pl  =  i  —  as\,  rj  =  6  —  as2, 
p2=l  — as2,  r2=-6-as22 

Finally,  by  satisfying  conditions  (84.1)  and  (84.2), 
we  find  expressions  .for  the  constants  A±  and  A2: 

P  Yd 


At  — 


A2 


2n  +  s2  cot2  a  ( (  l  +  s2cot2a  + 

Pi  Y  t  4~  S1  c°t2  «  +  risi  c°t a 
(S1  s2)  D 


+  s i cot  a) 
P  Yd 


2n  V  l  +  s2cot2a(V  1 -f  s2  cot2  a -f 

Pi  Y 1  +  sfcot2  a  +  rjjj  cota 


+  «2  Cot  a) 


(*!  —  «*)  D 


(84.7) 
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where 

D  =  (st  -f-  ^2)  —  6d)  cot  a  -f- 

+  (ac ~ d)  +  + si COt' -  (84.8) 

Formulas  (84.5)  together  with  (84.7),  (84.8)  completely 
determine  the  stresses  in  an  elastic  truncated  cone  for  any 
angle  2a  ^  n;  we  shall  not  transform  them  further,  but 
take  them  as  final.  The  length  l  and  the  distance  l0  do  not 
enter  into  these  formulas,  and  hence  the  stress  distribution 
(84.5)  to  (84.8)  is  obtained  for  all  values  of  l  and  Z0. 

The  stress  distribution  in  a  cone  has  the  same  features  as 
that  in  a  half-space  under  a  normal  force.  The  stresses 
vary  inversely  as  the  square  of  the  distance  from  the  vertex. 
The  total  stress  tz  on  planes  normal  to  the  axis  is  directed 
along  the  radius  vectors  (or  in  the  opposite  sense). 

By  a  limiting  process  when  %  =  s2  =  1,  v'  =  v  we 
arrive  at  the  well-known  formulas  for  an  isotropic  cone 
extended  by  an  axial  force  P.* 

85.  Stress  Distribution  around  an  Ellipsoidal 
and  a  Spherical  Inclusion  or  Cavity 
under  Uniaxial  and  Uniform  Tension 

As  is  known  (Chap.  4),  the  problem  of  stress  distribution 
in  an  anisotropic  body  near  a  cylindrical  cutout  of  elliptical 
or  circular  section  is  solved  by  a  comparatively  simple 
method  using  conformal  mapping  and  series.  Solutions  have 
been  obtained  for  a  body  under  generalized  plane  strain 
conditions  and  the  plane  problem  for  general  loading,  with 
solutions  of  special  problems  carried  to  the  final  stage. 
A  rigorous  solution  has  been  found  for  a  cutout  with  a 
section  in  the  form  of  an  ellipse  or  a  circle,  and  an  approxi¬ 
mate  solution  for  cutouts  of  other  shapes  if  the  section  of  a 
cutout  may  be  considered  as  differing  very  little  from  an 
elliptical  or  a  circular  one,  or  in  cases  where  the  anisotropy 
may  be  regarded  as  low  (see  [27],  Chaps.  7,  8). 

Of  great  interest  are  also  the  problems  of  stress  distribu¬ 
tion  near  inclusions  in  the  form  of  an  ellipsoid  of  revolution 

*  See,  for  example,  [29],  pp.  202-203. 
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or  a  sphere  in  a  body  under  conditions  of  axially  symmetric 
strain,  but  these  problems  are  much  more  complicated  than 
those  mentioned  above.  In  [60]  W.T.  Chen  gives  a  fairly 
complete  solution  of  one  special  problem  of  this  kind  and  its 
analysis;  below  is  a  brief  account  of  this  solution.* 


Pz  Fig.  112 

Suppose  that  a  body  in  the  form  of  a  circular  cylinder 
has,  on  its  axis,  an  inclusion  of  different  material  or  a  cavity 
in  the  form  of  an  ellipsoid  of  revolution  or  a  sphere.  One 
of  the  axes  of  the  ellipsoid,  the  axis  of  revolution,  is  directed 
along  the  geometrical  axis  of  the  cylinder,  the  centre  of  the 
ellipsoid  or  sphere  is  taken  as  the  origin  0  of  a  cylindrical 
co-ordinate  system,  and  the  z  axis  is  directed  along  the  axis 
of  the  cylinder.  The  body  and  the  elastic  inclusion  are 
transversely  isotropic  and  have  planes  of  isotropy  normal 
to  the  axis  of  the  cylinder.  The  load  is  prescribed  as  normal 
forces  pT  (per  unit  area)  distributed  uniformly  over  the 

*  We  have  changed  some  of  the  symbols  used  by  W.T,  Chen 
in  accordance  with  the  notation  adopted  in  this  book.  The  solution 
for  an  isotropic  medium  is  available  in  [30],  Chap.  V,  Sec.  5. 
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cylindrical  surfaces  and  normal  forces  p  z  (also  per  unit  area) 
distributed  uniformly  over  the  ends  (Fig.  112). 

The  equation  of  the  surface  of  the  inclusion  is  of  the  form 


(85.1) 


The  dimensions  of  the  inclusion,  a  and  b,  are  assumed  to 
be  small  compared  with  the  radius  and  length  of 
the  cylinder;  this  provides  the  justification  for  treating  the 
cylinder  as  an  infinite  space  with  an  ellipsoidal  cavity  filled 
with  different  material  or  an  empty  one.  The  centre  of  the 
cavity  is  taken  as  the  origin  of  co-ordinates;  the  state  of 
stress  at  infinity  is  given  as 

a«  =  o§  =  pr,  a°z  =  pz,  4*  =  T?*  =  T?e  =  0.  (85.2) 


The  solution  is  constructed  using  the  theory  of  the  axially 
symmetric  deformation  of  a  transversely  isotropic  body. 
All  quantities  (stresses,  displacements,  elastic  constants) 
for  the  cylinder  (elastic  space)  are  denoted  as  usual,  and 
those  for  the  elastic  inclusion  are  primed.  The  displacements 
and  stresses  are  expressed  in  terms  of  two  potential  functions, 
<t>i  (r,  zj  and  <3>a  ( r ,  z2)  [see  formulas  (79.9)  and  (79.10)), 
which  are  to  be  determined  taking  into  account  that  they 
are  harmonic  functions  of  the  variables  r  and  zf,  i.e.,they 
satisfy  the  equations 


a2®*  i  a2o>i  n 

dr2  "  r  dr  '  dz\  U 


(85.3) 


and  that  the  stresses  and  displacements  satisfy  the  conditions 
on  the  surfaces  of  contact  between  the  inclusion  and  the 
space  ( matrix ,  in  Chen’s  terminology)  and  also  the  conditions 
at  infinity.  It  is  assumed  that  no  slipping  is  possible  for  the 
inclusion  material  over  the  surface  of  the  cavity  in  the 
space. 

The  conditions  on  the  contact  surfaces  ,are  written  as 


R'n  —  Z'n  —  %n 


(85.4) 


(the  forces  on  the  surfaces  of  the  inclusion  and  space  must 
be  equal)  and 


ur  —  uT, 


w'  =  w 


(85.5) 
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(the  displacements  of  points  of  the  surfaces  of  the 
inclusion  and  cavity  must  be  the  same).  Conditions  (85.4) 
may  be  written  in  a  different  way  using  the  expressions  for 
the  projections  of  the  forces  [see  (78.24)]: 

(a;  —  ar)  cos  ( n ,  r)  -f  (r’rz  —  xrz )  cos  («,  z)  =  0,  J 

(t;z  —  Trz)  cos  ( n ,  r)  +  ( a'z  —  az)  cos  (n,  z)  =  0.  J  ^ 

The  conditions  at  an  infinitely  great  distance  from  the 
centre  of  the  inclusion  are  written  as  follows: 

Ot  —  pr,  Oq  Pri  Orz  =  pz,  Trz  =  0.  (85.7) 

It  is  very  important  to  know  the  nature  of  the  stress 
distribution  inside  the  elastic  inclusion.  Referring  to  [67], 
W.T.  Ghen  assumes  that  the  stresses  there  are  constant, 
and  hence  the  displacements  are  linear  functions  of  r  and 
2,  i.e., 

u'r  =  B{r,  w'=B2z ,  1 

or  =  Oq  =  (An  -f  Bl  +  A1sB2,  1  (85.8) 

az  =  2  At3Bt  +  A3SB2.  J 

The  stresses  in  the  space  (matrix)  are  made  up  of  two  parts: 
(1)  the  stresses  in  a  solid  space  (with  no  inclusion)  deformed 
by  the  given  forces,  and  (2)  the  added  stresses  tending  to 
zero  with  increasing  distance  from  the  centre  of  the  inclu¬ 
sion;  the  latter  are  denoted  by  the  superscript  A.  Thus, 


ar~Pr  +  ari 
°e  =  Pr  +  1 
°z=Pz  +  °t, 


Ur  =  Vrr  Ur  , 
W  =  VzZ  +  WA, 


(85.9) 


_  -433 Pr  —  Ai3pz 

l/r - - - ~ 

m 


(4114-^tla)  pz  —  2A13pr 


m  ’  z  }  (85.10) 

m  ■—  A33  (Atl  —  Ai2)  —  2A\S.  J 

We  further  introduce  a  function  q  ( r ,  z)  related  to  r  and 
z  by  the  equality 

Y  +  (c2  =  «2-62)*  ,  CSS-H) 
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and  functions  qt  determined  from  the  equation 

+  =  c?  (*  =  1’2)-  (85.12) 

Here 


(85.13) 


Xt  are  the  roots  of  Eq.  (79.7).  In  addition,  we  introduce  the 
constants 


a2—  • 


(85.14) 


If  we  set  qt  =  pt,  the  two  equations  (85.12)  transform  into 
the  equation,  of  the  surface  of  the  ellipsoid  (85.1),  and  this 
circumstance  plays  an  important  part  in  constructing  the 
solution. 

According  to  W.T.  Chen,  the  functions  giving  a  solution 
of  the  problem  under  consideration  are  of  the  form 


0>i  (r,  *|)  =  i4j£r(r,  *0,  1 

02(r,  z2)=A2H(r,  z2).  J 


Here  Al5  are  constants  to  be  determined  from  conditions 
(85.5),  (85.6)  and  the  conditions  at  infinity,  and 


H  ( r ,  2)  =-|-  [z2lPi  (?)  +  r2$2  (?)  —  c2i|)0  (?)].  (85.16) 

Here 


(?)  —  0.51n 

H,l(g)  =  0.51n-i±i-|, 

^2  (?)=*—  0.25  In -^zt  +  0.5-^- 


(85.17) 


Next,  the  values  of  d)2  must  be  substituted  in  the 
general  formulas  for  the  displacements  and  stresses  (79.9), 
^79.10).-  The  resulting  formulas  are  rather  unwieldy,  and 
we  shall  not  give  them  here,  referring  the  interested  readers 
to  [60J  (p.  772).  We  only  note  that  the  expressions  for  the 
lfeft:hand  sides  of  equalities  (85.6)  on  the  surface  of  the 
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cavity  (inclusion)  take  a  very  simple  form,  which  enables 
one  to  determine  all  constants,  ^4l5  A2,  Bu  B2. 

In  the  case  of  an  elastic  inclusion,  from  the  conditions 
for  continuity  of  displacements  (85.5)  we  obtain  the  equa¬ 
tions 


^1^2  (Pi)  +  (Pz)  —Bl=—Vr,  1 
^r~4i(Pi)  +-^fr-'t>i(p2)  —  BZ  =  —  Vz,  I 


(85.18) 


and  from  the  conditions  for  continuity  of  forces  (85.4)  or 
(85.6)  we  have 


2AtAu  (1 4-  kx)  42  (Pi)  +  2^42-^44  (1  +  kz)  42  (Pz)  + 

+  25f4'13  +  B2A'33  =  pz, 

At  ^44  4l  (p l)  +  (-^11 —  Al2)  42  (Pi)  j  + 
~\-A2  ^44  — 2 .  4l  (P2)  +  (-^ii  Al2)  \|}2  (p2)  j  + 

+  Bl  (-^u  —  ^12)  +  ^2^13  ~  Pr 


(85.19) 


[kx  and  k2  are  determined  by  formula  (79.6)]. 

Equations  (85.18)  and  (85.19)  give  a  system  from  which 
all  four  unknown  constants  are  determined. 

If  an  inclusion  is  absolutely  rigid  (non-deformable), 
it  is  necessary  to  set  Bx  =  B  2  =  0;  the  constants  Ax  and 
A  2  are  determined  from  the  system 


^l42  (Pi)  +  ^242  (Pz)  =—Vr,  1 
Ai-^'pl(Pi)  +  A2-!^  4i(p2)  =  —  vz,  J 


(85.20) 


In  the  case  of  a  spheroidal  cavity  (having  the  shape  of 
an  ellipsoid  of  revolution)  not  filled  with  anything,  we  must 
also  set  Bx  =  B 2  =  0;  for  the  remaining  constants,  Ax 
and  A2,  we  obtain,  on  the  basis  of  the  two  conditions  for 
forces  (85.6),  Eqs.  (85.19)  from  which  the  terms  containing 
Bx  and  B2  are  deleted. 
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[n  [60]  W.T.  Chen  considers  in  detail  the  case  of  a  spheri¬ 
cal  cavity  not  filled  with  anything.  For  this  case  a  =  b, 

/>!  =  (85.21) 


/  i+y  i— 5i?  x 

v|>o (Pt)  =  In  ( - -t - L),  (*  =  1,2), 

/  l  +  /T^Y? 

(Pf)  =  In  ( - ^ - 

^>2  (Pe)  =  °-5  I  ■■■— r*  - — In 


)  — 1/1— 
i  +  yTZT? 


h 


(85.22) 


The  stresses  in  the  space  at  the  surface  of  the  cavity  are: 
at  the  points  of  the  equator 

(az)z—o  —  At  (1  -f-  k\)  \p£  ( Pi )  -)-  A2  (1  -f  k2)  i|>i  (pz)  +  Pz't  (85.23) 

q=p 

at  the  poles 

(«r)r=0  =  A,  [-£.  (1 +  kt)  -  2  {pi)  + 

+  A*  [-£■  (1  +  k2)  -  ^  (ft)  +  ft-  (85.24) 

In  [60]  are  given  two  tables  of  values  of  the  stresses  at 
the  equator  and  at  the  poles  of  a  spherical  cavity  for  several 
substances  crystallizing  in  the  hexagonal  system  (the 
equations  and  formulas  for  them  are  the  same  as  for  a 
transversely  isotropic  body).  Two  types  of  loading 
have  been  considered:  (1)  uniaxial  tension  in  a  direction 
normal  to  the  planes  of  isotropy  (pr  =  0,  pz  >  0)  and 
(2)  uniform  tension  (pr  —  Pz  =  p)-  Below  are  two  tables  taken 
from  [GO].* 

By  analysing  the  data  of  Tables  24  and  25,  it  may  be 
noted  that,  in  general,  the  stresses  in  the  materials  considered 
differ  very  little  at  the  corresponding  points  at  the  cavity 
surface,  so  that  the  materials  in  question  may  be  described 
as  low  anisotropic.  It  does  not,  of  course,  follow  that  all 
materials  are  low  anisotropic. 

In  uniaxial  tension,  the  numerically  greatest  stresses 
occur  at  the  equator  of  the  cavity.  In  uniform  tension,  the 


*  The  numerical  values  of  the  elastic  constants  are  taken  from  [70J 
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Stresses  at  the  Cavity  Surface  in  Uniaxial  Tension  Table  24 


Material 

Stresses 

at  equator 

at  poles 

a  I'd 
r'^z 

Isotropic  material  (v  =  0.3) 

2.046 

Zinc 

1.626 

Magnesium 

2.129 

[5-quartz 

2.027 

Cadmium 

1.791 

Cobalt 

2.306 

—0.635 

Barium  titanate  (ceramics) 

2.080 

—0.654 

Stresses  at  the  Cavity  Surface  in  Uniform  Tension  Table  25 


Stresses 

Material 

at  equator 

at  poles 

<yp 

or/P 

Zinc 

iHf: 

0.654 

Magnesium 

1.695 

{5-quartz 

1.323 

Cadmium 

1.524 

0.855 

Cobalt 

1.626 

2.093 

Barium  titanate  (ceramics) 

1.450 

1.639 

numerically  greatest  stresses  may  occur  at  the  equator,  but  for 
some  materials  they  may  occur  near  the  poles  (see  Table  25). 


86.  Stress  Distribution  in  the  Wall  of  a  Spherical 
Vessel  under  Internal  and  External  Pressure 

We  close  this  chapter  by  considering  an  elastic  body  in 
the  form  of  a  hollow  sphere  (spherical  vessel)  acted  on  by  an 
internal  pressure  p  distributed  uniformly  over  the  surface, 
and  an  external  pressure  q,  also  distributed  uniformly. 

Elastic  equilibrium  of  an  isotropic  sphere,  hollow  or 
solid,  is  fairly  well  studied.*  If,  however,  the  sphere  is 


*  See,  for  example,  [29],  Chap.  11,  and  [30],  Chap.  5. 
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not  isotropic,  the  cases  so  far  studied  are  much  fewer  in 
number.  We  shall  consider  only  the  simplest  problem  for 
an  anisotropic  hollow  sphere  solved  by  Saint-Venant  [1131. 
Namely,  the  material  of  a  given  body  is  assumed  to  possess 

transverse  isotropy  about 
any  [radius  vector  drawn 
from  the  common  centre  of 
the  spheres  to  a  given  point. 

The  investigation  is  most 
conveniently  carried  out  by 
using  a  spherical  co-ordi¬ 
nate  system  p,  0,  cp  with 
origin  at  the  centre  of  the 
spheres.  The  x  and  z  axes 
from  which  the  angles  0  and 
cp  are  measured  are  directed 
arbitrarily  at  right  angles 
to  each  other  (Fig.  113). 
We  introduce  the  notation: 

Fig.  113  if,  if0  =  outer  and  inner 
radii,  o'p,  o'ai  o'qn  ^9<pi 
Tp(p,  Tp0  =  stress  components  on  planes  normal  to  the  co¬ 
ordinate  directions  p,  0,  cp;  e„,  e0,  e,,,  ye<e,  ypv,  7Pe  = 
=  extensions  and  shears  for  tne  co-ordinate  directions. 

The  generalized  Hooke’s  law  equations  in  a  spherical 
co-ordinate  system  may  be  written  in  different  ways.  If 
the  engineering  constants  are  introduced,  the  equations 
take  the  form 
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Here  E'  and  E  are  Young’s  moduli  for  tension  along  a 
radius  vector  p  and  in  a  direction  perpendicular  to  it;  v'  is 
Poisson’s  ratio  characterizing  transverse  contraction 
in  directions  perpendicular  to  p  when  tension  is  applied  in 
the  p  direction;  v  is  Poisson’s  ratio  characterizing  contraction 
in  a  plane  normal  to  a  radius  vector  for  tension  in  the  same 
plane;  G ,  G'  are  the  shear  moduli  for  planes  normal  to  p 
and  for  (diametral)  planes  passing  through  the  centre.  The 
generalized  Hooke’s  law  equations  solved  for  the  stress 
components  are  of  the  form 

Op  =  Aliep  +  Aiz  (e,f  -f-  69), 

°q>  =  Ai2Bp  +  ^22e<p  “1“  -^23e0t 

°e  =  Ai2ep  -|-  -423e<p  -f-  A22Eq, 

te<t  —  ~2~  (-^22  -^23)  Ybipi 

tp<Ii  =  H44'y0,t,  Tpe  +  ^44VP0-  ) 


(86.2) 


The  elastic  moduli-  Atj  are  related  to  E,  G,  v  as  follows: 
,  E'(i-x)  Ex'  ) 


A 22  (l  +  v)m  (4  V  2  E'  )  ’ 
A23=  (1 4- V)  m  ('V  +  V  ZTr  )  ’ 


I  (86.3) 


1  E 

■^44  —  G  ,  ~2~  (A 22  ^23)  —  G  =  2  (i  y)  * 


where 


m  =  l  —  x  —  2v'2 -jr . 


(86.4) 


It  is  obvious  that  in  the  case  of  the  elastic  properties 
indicated  the  distribution  of  stress  and  strain  depends 
only  on  one  variable,  p,  and  all  points  are  displaced  only 
in  radial  directions  during  deformation.*  Denoting  the 
single  (radial)  component  of  displacement  by  u  (p),  we  have 


*  Of  course,  if  possible  rigid-body  displacements  of  a  body  as 
a  whole  (.involving  no  deformation)  are  rejected.  ' 
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the  strain  components  referred  to  spherical  co-ordinates: 

eP=-^-,  e<p  =  e0  =  y,  Veq>  =  YPq>  =  YPe  =  0.  (86.5) 

Since  all  shears  are  zero,  it  follows  that  the  shearing 
stresses  proportional  to  them  are  zero,  i.e.,  t9<p  =  tp<()  = 
=  Tp0  =  0,  and  CTjp  =  cr0.  Of  the  equilibrium  equations 
for  a  continuous  body  referred  to  a  spherical  co-ordinate 
system  there  remains  only  one: 

-$-+-jr(ap-a*)=°-  <86-6> 

The  conditions  on  the  outer  and  inner  surfaces  are: 


when  p  =  R,  ap  =  — q; 


(86.7) 


when  p  =  R0,  ap  =  — p. 

In  this  problem  it  is  more  convenient  to  use,  not  the 
stress  functions,  but  the  displacement  u  as  the  basic  function. 
Substituting  the  first  three  expressions  for  the  stresses 
from  the  generalized  Hooke’s  law  equations  (86.2)  in  (86.6), 
we  obtain  an  equation  for  the  displacement: 


d2U  .  2  du  2  -^22~i~-^23  —  -^12  u 
dp2  '  p  dp  An  p2 

We  introduce  the  notation: 


(86.8) 


n=yr \  +  2  Al 2  ;  (86.9) 

l  -^22  H~  -^28  H~  -^12  (”  —  0-5) 

2A12  +  A11(n-0.5) 

j  A22-\-A2 8 — Al2  (re-j-0.5) 

-n~  2A12 — Atl  (re+0.5) 

The  general  integral  of  Eq.  (86.8)  is  of  the  form 

u  =  Apn-°s  +  Bp-n-o*.  (86.11) 

Substituting  in  (86.2),  and  determining  the  constants 
A  and  B  from  the  surface  conditions  (86.7),  we  find 

A  pC1.5+n  —  q  pl.i-n 

A  ~  l^c2"  2 A12  +  An  (re-0.5)  ’ 

-  q  —  pCl.s-n  c2nRl.i-n 

i  —  c2n  2A12  —  An  (re +  0.5)  ‘ 


(86.12) 


(86.10) 
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The  formulas  for  the  stress  components  are  obtained  as 

„  _  pcM+n—  q  i  p  1.5  (  ) 

°P  —  1 _ cin  l  "B~  /  +  ! 


I  g  -pc1-*-"  , 

T  1_C2  n  0 


a0  =  a<p  =  Xn^ 


(86.13) 


-f-  n  ' 


1 —  pc1*5- n 
1  —  c3n 


R  \  n+1 .5 

TV 


The  stresses  attain  their  greatest  values  on  planes  passing 
through  a  radius  vector,  at  the  inner  or  outer  surface.  De¬ 
noting  the  ratio  of  the  radii  by  c  =  R0/R,  we  have:  at  the 
cavity  surface  (p  =  R0), 


a  a  —  D  — |  qcn- 1.5  • 

u0  —  u<p  P  i c2  n  \HL  j c2  n  y 

at  the  outer  surface  (p  =  R), 

ae  =  =  pc»+i-s  +  g-X--^=T . 


(86.14) 


(86.15) 


It  is  impossible  to  say  beforehand  which  of  the  two 
quantities  appearing  on  the  right-hand  sides  of  equalities 
(86.14)  and  (86.15)  is  numerically  greater. 

In  the  case  of  an  isotropic  material  n  =  1.5,  and  formulas 
(86.13)  give  the  well-known  solution:* 


_  p<?-q  q-p  ,  (R_\3 

p  1_C3  1_C3  V  P  )  ’ 


^0  =  ^==-^ 


lllS-c 3 
1-c3 


(t). 

(r  )’• 


(86.16) 


*  See  the  first  footnote  at  the  beginning  of  this  section. 
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